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GROUP THEORY 
 
 
 

UNIT 1: GROUPS 

Binary Operation – Algebraic structure – semi group-monoid – Group definition and elementary properties 

Finite and Infinite groups – examples – order of a group. Composition tables with examples. 

 
 

UNIT 2: SUBGROUPS 

Complex Definition – Multiplication of two complexes Inverse of a complex-Subgroup definition – 

examples-criterion for a complex to be subgroups. 

Criterion for the product of two subgroups to be a subgroup-union and Intersection of subgroups. 

 

Co-sets and Lagrange’s Theorem: 

Co-sets Definition – properties of Co-sets–Index of subgroups of a finite groups–Lagrange’s Theorem. 

 
 

UNIT 3: NORMAL SUBGROUPS: 

Definition of normal subgroup – proper and improper normal subgroup–Hamilton group – criterion for a 

subgroup to be a normal subgroup – intersection of two normal subgroups – Sub group of index 2 is a 

normal sub group – simple group – quotient group – criteria for the existence of a quotient group. 

 

UNIT4: HOMOMORPHISM 

Definition of homomorphism – Image of homomorphism elementary properties of homomorphism – 

Isomorphism – auto morphism definitions and elementary properties–kernel of a homomorphism – fundamental 

theorem on Homomorphism and applications. 

 
 

UNIT 5: PERMUTATIONS AND CYCLIC GROUPS 

Definition of permutation – permutation multiplication – Inverse of a permutation – cyclic permutations – 

transposition – even and odd permutations – Cayley’s theorem. 

Definition of cyclic group – elementary properties – classification of cyclic groups. 

 

Activities 

Seminar/ Quiz/ Assignments/ Applications of Group Theory to Real life Problem /Problem Solving 

Sessions 

Text Book 
Modern Algebra by A.R.Vasishtha and A.K.Vasishtha, KrishnaPrakashanMedia Pvt. 
Ltd., Meerut. 

Reference Books 

1. Abstract Algebra by J.B. Fraleigh, Published by Narosa publishing house. 
2. Modern Algebra by M.L. Khanna, Jai Prakash and Co. Printing Press, Meerut 
3. Rings and Linear Algebra by Pundir&Pundir, published by PragathiPrakashan
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UNIT-1: GROUPS 
 
INTRODUCTION: A group is commonly studied as an abstraction of the number systems and 

the system of permutations on set (i.e. the study of algebraic structures is called group) 
 

ℕ = 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 = {1,2,3, … … … } 
 

ℤ = 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 = {… … . . −3, −2, −1,0,1,2,3, … … … } 
 

ℤ+ = 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 = {1,2,3, … … … . . } 
 

ℤ− = 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 = {… … . . −3, −2, −1} 
  

ℚ = 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 = { ⁄𝑝 , 𝑞 ∈ ℤ 𝑎𝑛𝑑 𝑞 ≠ 0} 
 
 

= {… − 
2 

, 
2 

, − 
5 

,
7 

… . . } 

 

ℚ+ = 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 = {
2

, 
5

… … } 

 

ℝ − ℚ = 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 = {√2, √3, √5, π e, … … … . } 
 
ℝ = 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 = ℕ ∪ ℤ ∪ ℚ ∪ ℝ − ℚ 
 

ℝ+ = 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 
 

ℚ0 = ℚ − {0} = 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 
 

ℝ 0 = ℝ − {0} = 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 
 

ℂ = {𝑥 + 𝑖𝑦⁄ , 𝑦 ∈ ℝ 𝑎𝑛𝑑 𝑖2 = −1} 
 

Non-empty set: A set contains at least one element is called non-empty set. 
 

Ex: 𝐴 = {1, −1,2,3,5,8, } 𝑖𝑠 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑒𝑡. 
 

Prime number: A number P (>1) which divides 1 and itself is called as a prime number. 
 

Ex: Prime numbers are 2, 3, 5, 7 ……….. 
 

Composite number: A number P (>1) which is not a prime number is called as a composite 

number. 
 

Ex: Composite numbers are 4, 6, 8, 9……… 
 

Note: 1 is neither a prime number nor a composite number 
 

2 is the only even prime
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Binary operation (closure property): A non-empty set 𝐺 with a operation (∗: 𝐺 × 𝐺 → 𝐺) is 

said to be a binary operation if 𝑎 ∗ 𝑏 ∈ 𝐺 ∀𝑎, 𝑏 ∈ 𝐺 
 

Ex: (𝑖)(ℕ, +): 1 + 2 = 3 ∈ ℕ; 2 + 4 ∈ ℕ 
 

𝐿𝑒𝑡 𝑎, 𝑏 ∈ ℕ, 𝑎 + 𝑏 ∈ ℕ ⟹′  +′𝑖𝑠 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑛 ℕ. 
 

(𝑖𝑖)(ℕ, −) 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑡𝑖𝑜𝑛 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝐿𝑒𝑡 𝑎 = 1, 𝑏 = 2 𝑛𝑜𝑤 𝑎 − 𝑏 = −1 ∉ ℕ 
 

(𝑖𝑖𝑖)(ℕ,×) 𝑖𝑠 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑡𝑖𝑜𝑛. 𝐿𝑒𝑡 𝑎, 𝑏 ∈ ℕ ⟹ 𝑎𝑏 ∈ ℕ 
 
 

(𝑖𝑣)(ℕ,÷) 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑡𝑖𝑜𝑛 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝐿𝑒𝑡 𝑎 = 1,  = 2 𝑛𝑜𝑤 𝑎 ÷ 𝑏 = 
2 

∉ ℕ 

 

𝐻𝑒𝑛𝑐𝑒 (ℕ, +), (ℕ,×) 𝑎𝑟𝑒 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 𝑏𝑢𝑡 (ℕ, −), (ℕ,÷) 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠. 
 

(ℤ, +), (ℤ, −), (ℤ,×) 𝑎𝑟𝑒 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 𝑏𝑢𝑡 , (ℤ,÷) 𝑖𝑠 𝑛𝑜𝑡 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 
 

(ℚ, +), (ℚ, −), (ℚ,×) , (ℚ,÷) 𝑎𝑟𝑒 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 
 

Algebraic system: A non-empty set 𝐺 is said to be algebraic system if it contains one or more 

binary operations. 
 

Ex: (𝑖) (ℕ, +), (ℤ, −), (ℚ, +), (ℝ, +) (𝑖𝑖) (ℕ, +,×), (ℤ, +, −), (ℚ, +, −,×), (ℝ, +, −,×,÷) 
 

Groupoid: A non-empty set 𝐺 is said to be groupoid if it contains a binary operation. 
 
Remark: 1.Every groupoid is always an algebraic system but an algebraic system need not be 

groupoid. 
 

Associative property: A non-empty set 𝐺 with a binary operation ∗ is said to be associative if 

(𝑎 ∗ 𝑏) ∗ 𝑐 = 𝑎 ∗ (𝑏 ∗ 𝑐) ∀𝑎, , 𝑐 ∈ 𝐺 
 

Ex: 

(𝑖) (ℕ, +), (ℕ,×) 𝑎𝑟𝑒 𝑎𝑙𝑙 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦. 𝑏𝑢𝑡(ℤ, −) 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 
 

(𝑖𝑖)𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠 𝑖𝑠 𝑎𝑛 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 
 

𝑖. 𝑒. (𝑖) 𝐴 + (𝐵 + 𝐶) = (𝐴 + 𝐵) + 𝐶(𝑖𝑖) 𝐴(𝐵𝐶) = (𝐴𝐵)𝐶 ∀𝐴, 𝐵, 𝐶 
 

(𝑖𝑖𝑖) 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑖𝑠 𝑎𝑛 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 
 

𝑖. 𝑒. (𝑖) 𝑧1 + (𝑧2 + 𝑧3) = (𝑧1 + 𝑧2) + 𝑧3(𝑖𝑖) 𝑧1(𝑧2𝑧3) = (𝑧1𝑧2)𝑧3     ∀𝑧1, 𝑧2, 𝑧3 ∈ ℂ 
 

3. Composition of mapping is an associative 𝑖. 𝑒. (𝑓 ∘ 𝑔) ∘ ℎ = 𝑓 ∘ (𝑔 ∘ ℎ) ∀𝑓, 𝑔, ℎ 
 

4. (ℚ, −) is not associative. Since 3, -4, 6, ∈ ℚ ⇒ 3 – (-4 -6) = (3 – (-4)) – 6⇒ 13 ≠ 1.
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Semi group: A non – empty set 𝐺 with a binary operation ∗ is said to be a semi group if it 

satisfies associative property. 
 

Ex: 1. (ℕ, +), (ℕ,×) are all semi groups. 
 

2. (ℚ, −) is not semi group 
 

Identity property: Let 𝐺 be non –empty set and ∗ be a binary operation on 𝐺 then there exist 

an element e ∈ 𝐺 such that a ∗ e = a = e ∗ a ∀ a ∈ 𝐺 Here ‘e’ is called the identity 

element 
 

Remark: (i) If ∗= + (Addition) then ‘0’ is the additive identity. i.e. a + 0 = 0 + a = a ∀ a ∈ 𝐺 
 

(ii) If ∗ = × (Multiplication) then ‘1 ‘is the multiplicative identity i.e. a. 1 = 1. a = a ∀ a ∈ 𝐺 
 

Monoid: A non-empty set G is said to be Monoid if (i) ∗ is a binary operation (ii) Associative 

property (iii) Identity property 
 

Ex: (𝑖)(ℕ, +), (ℤ, −) are not a Monoids 
 

(𝑖𝑖)(ℕ,×), (ℤ, +), (ℤ,×) , (ℚ, +), (ℚ,×) , (ℚ,÷), (ℝ, +), (ℝ,×) , (ℝ,÷) are all a Monoids 
 

Inverse property: Let 𝐺 be non – empty set and ∗ be a binary operation on 𝐺 then for each a ∈ 
𝐺 so there exist b ∈ 𝐺 such that a ∗ b = e = b ∗ a where e is identity element. 
 

Remark: 
 

1. – a is the additive inverse of a. since a + ( -a ) = 0 = ( -a) +a. 
 
 

2. 
a 

is the multiplicative inverse of a for a ≠ o since a ( 
a 

) = 1 = ( 
a 

) a. 

 

3. a ∗ b = 
ab 

, ∀ a, b∈ R, Identity = K, Inverse = 
𝑎 

, ∀ a ∈R, a≠0 

 

GROUP: A non – empty set 𝐺 with a operation ∗ is said to be a group if it satisfies 
 

1. Closure property: 𝑎 ∗ 𝑏 ∈ 𝐺 ∀𝑎, 𝑏 ∈ 𝐺 
 

2. Associative property: (𝑎 ∗ 𝑏) ∗ 𝑐 = 𝑎 ∗ (𝑏 ∗ 𝑐) ∀𝑎, 𝑏, 𝑐 ∈ 𝐺 
 
3. Identity property: 𝑠𝑜 ∃ 𝑒 ∈ 𝐺 ∋ 𝑎 ∗ 𝑒 = 𝑎 = 𝑒 ∗ 𝑎 ∀𝑎 ∈ 𝐺 ℎ𝑒𝑟𝑒 e 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑡ℎ𝑒 𝑖𝑑𝑛𝑡𝑖𝑡𝑦 
 
4. Inverse property: 𝐹𝑜𝑟 𝑒𝑎𝑐ℎ 𝑎 ∈ 𝐺 𝑠𝑜 ∃ 𝑏 ∈ 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎 ∗ 𝑏 = 𝑒 = 𝑏 ∗ 𝑎 
 
ℎ𝑒𝑟𝑒 𝑏 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎 
 

Ex:(𝑖) (ℕ, +) 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑎𝑠 0 ∉ ℕ
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(𝑖𝑖)(ℕ,×) 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑎𝑠 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑖𝑠 𝑓𝑎𝑖𝑙𝑢𝑟𝑒 (∵ 2 ∈ ℕ, 2 (
2
) = 1 𝑏𝑢𝑡 

2 
∉ ℕ) 

 

(𝑖𝑖𝑖)(ℤ, +), (ℚ, +), (ℝ, +) 𝑎𝑟𝑒 𝑎𝑙𝑙 𝑔𝑟𝑜𝑢𝑝𝑠 𝑏𝑢𝑡 (ℤ,×) 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑎𝑠 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑓𝑎𝑖𝑙𝑢𝑟𝑒. 
 

(𝑖𝑣)(ℚ,×) , (ℝ,×) 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑔𝑟𝑜𝑢𝑝𝑠 𝑎𝑠 0 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 ℎ𝑎𝑠 𝑖𝑛𝑣𝑒𝑟𝑠𝑒. 
 

(𝑣) ( ℚ0,×), (ℝ 0,×) 𝑎𝑟𝑒 𝑎𝑙𝑙 𝑔𝑟𝑜𝑢𝑝𝑠 
 

Note: (ℤ, +), (ℚ, +), (ℝ, +), ( ℚ0,×), (ℝ 0,×) 𝑎𝑟𝑒 𝑎𝑙𝑙 𝑔𝑟𝑜𝑢𝑝𝑠 
 

Commutative property: A non – empty set 𝐺 with a operation ∗ is said to be commutative if 
 

𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎 ∈ 𝐺 ∀𝑎, 𝑏 ∈ 𝐺 
 

Abelian group: A group 𝐺 is said to be an abelian group if it satisfies the commutative property. 
 

Ex: (ℤ, +), (ℚ, +), (ℝ, +), ( ℚ0,×), (ℝ 0,×) 𝑎𝑟𝑒 𝑎𝑙𝑙 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝𝑠 
 

Finite group: A group 𝐺 is said to be finite group if number of elements in group is finite 
 

Ex: (𝑖) 𝐺 = {1, −1}, 𝐺 = {1, , 2}, 𝐺 = {1, −1, 𝑖, −𝑖} 𝑎𝑟𝑒 𝑎𝑙𝑙 𝑓𝑖𝑛𝑖𝑡𝑒 𝑔𝑟𝑜𝑢𝑝𝑠 
 

𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 
 

Infinite group: A group 𝐺 is said to be infinite group if number of elements in group is infinite 
 

Ex: (ℤ, +), (ℚ, +), (ℝ, +), ( ℚ0,×), (ℝ 0,×) 𝑎𝑟𝑒 𝑎𝑙𝑙 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒 𝑔𝑟𝑜𝑢𝑝𝑠 
 

Order of group: Number of elements in a group is called order of group. And it is denoted by o 

(G) or |G| 
 

Ex: (𝑖) 𝐺 = {1, −1} 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑠𝑜 (𝐺) = 2 
 
Problems: 
 

1. Prove that the set of positive rational numbers form an abelian group under ∗ is defined 

by a∗ 𝒃 = 
𝒂𝒃 

 

Sol: 𝐺 = The set of all positive rational numbers = ℚ+ 

 

𝑎𝑛𝑑 ∗ is defined by a∗ 𝑏 = 
𝑎𝑏     

∀ 𝑎, 𝑏 ∈ ℚ+ 

 

To prove that (𝐺,∗) is an abelian group 
 

(i) Closure property: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ ℚ+ ⟹ 𝑎𝑏 ∈ ℚ+ ⟹ 
𝑎𝑏 

∈ ℚ+ ⟹ a ∗ 𝑏 ∈ ℚ+ 

 

∴ a ∗ 𝑏 ∈ 𝐺 ∀𝑎, 𝑏 ∈ 𝐺



𝑏 
3 

3 9 

 
𝑏 
3 

3 9 
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(ii) Associative property: 𝐿𝑒𝑡 𝑎, , 𝑐 ∈ ℚ+ 

 

(𝑎 ∗ 𝑏) ∗ 𝑐 = (
𝑎𝑏

) ∗ 𝑐 = 
(

𝑎

3

) 𝑐 
= 

𝑎𝑏𝑐 
𝑎𝑛𝑑 𝑎 ∗ (𝑏 ∗ 𝑐) = 𝑎 ∗ (

𝑏𝑐
) = 

𝑎 

3

𝑐
) 

= 
𝑎𝑏𝑐 

 

∴ (𝑎 ∗ 𝑏) ∗ 𝑐 = 𝑎 ∗ (𝑏 ∗ 𝑐) ∀𝑎, 𝑏, 𝑐 ∈ 𝐺 
 
(iii) Existence of identity: 𝐿𝑒𝑡 𝑎 ∈ 𝐺 𝑎𝑛𝑑 ′e' 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 
 

𝑁𝑜𝑤 𝑎 ∗ 𝑒 = 𝑎 ⟹ 
𝑎𝑒 

= 𝑎 ⟹ 𝑒 = 3 
 

𝑁𝑜𝑤 𝑎 ∗ 𝑒 = 𝑎 ∗ 3 = 𝑎. 
3 

= 𝑎 similarly we can prove 𝑒 ∗ 𝑎 = 𝑎 ⟹ 
𝑒𝑎 

= 𝑎 ⟹ 𝑒 = 3 
 

∴ 𝑇ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 3 
 
(iv) Existence of inverse: 𝐿𝑒𝑡 𝑎 ∈ 𝐺 𝑎𝑛𝑑 ′ 𝑏′ 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎 
 

𝑁𝑜𝑤 𝑎 ∗ 𝑏 = 𝑒 ⟹ 
𝑎𝑏 

= 3 ⟹ 𝑏 = 
9 

 
 

𝑇ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎 𝑖𝑠 
𝑎     

𝑠𝑜 𝑒𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 ℎ𝑎𝑠 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑎𝑏𝑙𝑒 

 

(v) Commutative property: 𝐿𝑒𝑡 𝑎,  ∈ 𝐺 𝑁𝑜𝑤 𝑎 ∗ 𝑏 = 
𝑎𝑏 

= 
𝑏𝑎 

= 𝑏 ∗ 𝑎 
 

∴ 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎 ∀ 𝑎, 𝑏 ∈ 𝐺 
 

∴ (𝐺,∗) 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝. 
 
2. Prove that the set ℤof all integers form an abelian group w.r.t the operation defined by 

𝒂 ∗ 𝒃 = 𝒂 + 𝒃 + 𝟐 ∀ 𝒂,  ∈ ℤ 
 

Sol: 𝐺 = The set of all integers = ℤ 
 
𝑎𝑛𝑑 ∗ is defined by a∗ 𝑏 = 𝑎 + 𝑏 + 2 ∀ 𝑎,  ∈ ℤ 
 
To prove that (𝐺,∗)is an abelian group 
 

(i) Closure property: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ ℤ ⟹ 𝑎 + 𝑏 ∈ ℤ ⟹ 𝑎 + 𝑏 + 2 ∈ ℤ ⟹ a ∗ 𝑏 ∈ ℤ 
 
∴ a ∗ 𝑏 ∈ 𝐺 ∀𝑎, 𝑏 ∈ 𝐺 
 
(ii) Associative property: 𝐿𝑒𝑡 𝑎, , 𝑐 ∈ ℤ 
 

(𝑎 ∗ 𝑏) ∗ 𝑐 = (𝑎 + 𝑏 + 2) ∗ 𝑐 = (𝑎 + 𝑏 + 2) + 𝑐 + 2 = 𝑎 + 𝑏 + 𝑐 + 4 
 

𝑎𝑛𝑑 𝑎 ∗ (𝑏 ∗ 𝑐) = 𝑎 ∗ (𝑏 + 𝑐 + 2) = 𝑎 + (𝑏 + 𝑐 + 2) + 2 = 𝑎 + 𝑏 + 𝑐 + 4
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∴ (𝑎 ∗ 𝑏) ∗ 𝑐 = 𝑎 ∗ (𝑏 ∗ 𝑐) ∀𝑎, 𝑏, 𝑐 ∈ 𝐺 
 
(iii) Existence of identity: 𝐿𝑒𝑡 𝑎 ∈ 𝐺 𝑎𝑛𝑑 ′e' 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 
 
𝑁𝑜𝑤 𝑎 ∗ 𝑒 = 𝑎 ⟹ 𝑎 + 𝑒 + 2 = 𝑎 ⟹ 𝑒 = −2 
 

𝑁𝑜𝑤 𝑎 ∗ 𝑒 = 𝑎 ∗ (−2) = 𝑎 + (−2) + 2 = 𝑎 similarly we can prove 
 

𝑒 ∗ 𝑎 = 𝑎 ⟹ 𝑒 + 𝑎 + 2 = 𝑎 ⟹ 𝑒 = −2 
 
∴ 𝑇ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 − 2 
 
(iv) Existence of inverse: 𝐿𝑒𝑡 𝑎 ∈ 𝐺 𝑎𝑛𝑑 ′ 𝑏′𝑏𝑒 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎 
 
𝑁𝑜𝑤 𝑎 ∗ 𝑏 = 𝑒 ⟹ 𝑎 + 𝑏 + 2 = −2 ⟹ 𝑏 = −4 − 𝑎 
 
𝑇ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎 𝑖𝑠 − 4 − 𝑎 𝑠𝑜 𝑒𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 ℎ𝑎𝑠 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑎𝑏𝑙𝑒 
 
(v) Commutative property: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 𝑁𝑜𝑤 𝑎 ∗ 𝑏 = 𝑎 + 𝑏 + 2 = 𝑏 + 𝑎 + 2 = 𝑏 ∗ 𝑎 
 
∴ 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎 ∀ 𝑎, 𝑏 ∈ 𝐺 
 

∴ (𝐺,∗) 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝. 
 
3. Prove that the set ℤof all integers form an abelian group w.r.t the operation defined by 

𝒂 ∗ 𝒃 = 𝒂 + 𝒃 + 𝟏 ∀ 𝒂,  ∈ ℤ 
 

Sol: 𝐺 = The set of all integers = ℤ 
 
𝑎𝑛𝑑 ∗ is defined by a∗ 𝑏 = 𝑎 + 𝑏 + 1 ∀ 𝑎,  ∈ ℤ 
 
To prove that (𝐺,∗)is an abelian group 
 

(i) Closure property: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ ℤ ⟹ 𝑎 + 𝑏 ∈ ℤ ⟹ 𝑎 + 𝑏 + 1 ∈ ℤ ⟹ a ∗ 𝑏 ∈ ℤ 
 
∴ a ∗ 𝑏 ∈ 𝐺 ∀𝑎, 𝑏 ∈ 𝐺 
 
(ii) Associative property: 𝐿𝑒𝑡 𝑎, , 𝑐 ∈ ℤ 
 

(𝑎 ∗ 𝑏) ∗ 𝑐 = (𝑎 + 𝑏 + 1) ∗ 𝑐 = (𝑎 + 𝑏 + 1) + 𝑐 + 1 = 𝑎 + 𝑏 + 𝑐 + 2 
 

𝑎𝑛𝑑 𝑎 ∗ (𝑏 ∗ 𝑐) = 𝑎 ∗ (𝑏 + 𝑐 + 1) = 𝑎 + (𝑏 + 𝑐 + 1) + 1 = 𝑎 + 𝑏 + 𝑐 + 2 
 

∴ (𝑎 ∗ 𝑏) ∗ 𝑐 = 𝑎 ∗ (𝑏 ∗ 𝑐) ∀𝑎, 𝑏, 𝑐 ∈ 𝐺 
 
(iii) Existence of identity: 𝐿𝑒𝑡 𝑎 ∈ 𝐺 𝑎𝑛𝑑 ′e' 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 
 
𝑁𝑜𝑤 𝑎 ∗ 𝑒 = 𝑎 ⟹ 𝑎 + 𝑒 + 1 = 𝑎 ⟹ 𝑒 = −1
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𝑁𝑜𝑤 𝑎 ∗ 𝑒 = 𝑎 ∗ (−1) = 𝑎 + (−1) + 1 = 𝑎 similarly we can prove 
 

𝑒 ∗ 𝑎 = 𝑎 ⟹ 𝑒 + 𝑎 + 1 = 𝑎 ⟹ 𝑒 = −1 
 
∴ 𝑇ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 − 1 
 
(iv) Existence of inverse: 𝐿𝑒𝑡 𝑎 ∈ 𝐺 𝑎𝑛𝑑′ 𝑏′𝑏𝑒 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎 
 
𝑁𝑜𝑤 𝑎 ∗ 𝑏 = 𝑒 ⟹ 𝑎 + 𝑏 + 1 = −1 ⟹ 𝑏 = −2 − 𝑎 
 
𝑇ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎 𝑖𝑠 − 2 − 𝑎 𝑠𝑜 𝑒𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 ℎ𝑎𝑠 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑎𝑏𝑙𝑒 
 

(v) Commutative property: 𝐿𝑒𝑡 𝑎,  ∈ 𝐺 𝑁𝑜𝑤 𝑎 ∗ 𝑏 = 𝑎 + 𝑏 + 1 = 𝑏 + 𝑎 + 1 = 𝑏 ∗ 𝑎 
 
∴ 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎 ∀ 𝑎, 𝑏 ∈ 𝐺 
 

∴ (𝐺,∗) 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝. 
 
4. P.T the set 𝑮 of rational (real) numbers other than 1 with operation 
 

𝒂 ⊕ 𝒃 = 𝒂 + 𝒃 − 𝒂𝒃 ∀𝒂, 𝒃 ∈ 𝑮 is an abelian group. Hence show that 𝒙 = 
𝟐 

is a solution 

 

of the equation (𝟒 ⊕ 𝟓) ⊕ 𝒙 = 𝟕 
 
Sol: 𝐺 = ℝ − {1} 
 
𝑎𝑛𝑑 ⊕ is defined by 𝑎 ⊕ 𝑏 = 𝑎 + 𝑏 − 𝑎𝑏 ∀𝑎, 𝑏 ∈ 𝐺 
 
To prove that (𝐺,⊕)is an abelian group 
 

(i) Closure property: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 𝑤ℎ𝑒𝑟𝑒 𝑎 ≠ 1 ∈ ℝ,  ≠ 1 ∈ ℝ 
 
𝑠𝑖𝑛𝑐𝑒 𝑎,  ∈ 𝐺 ⟹ 𝑎 + 𝑏 ∈ 𝐺 𝑎𝑛𝑑 𝑎𝑏 ∈ 𝐺 𝑤ℎ𝑒𝑟𝑒 𝑎 + 𝑏 − 𝑎𝑏 ≠ 1 
 
⟹ 𝑎 + 𝑏 − 𝑎𝑏 ∈ 𝐺 ⟹ 𝑎 ⊕ 𝑏 ∈ 𝐺 
 
∴ 𝑎 ⊕ 𝑏 ∈ 𝐺 ∀𝑎, 𝑏 ∈ 𝐺 
 
(ii) Associative property: 𝐿𝑒𝑡 𝑎, , 𝑐 ∈ 𝐺 
 

(𝑎 ⊕ 𝑏) ⊕ 𝑐 = (𝑎 + 𝑏 − 𝑎𝑏) ⊕ 𝑐 = (𝑎 + 𝑏 − 𝑎𝑏) + 𝑐 − (𝑎 + 𝑏 − 𝑎𝑏)𝑐 
 
= 𝑎 + 𝑏 + 𝑐 − 𝑎𝑏 − 𝑏𝑐 − 𝑎𝑐 + 𝑎𝑏𝑐 
 

𝑁𝑒𝑥𝑡 𝑎 ⊕ (𝑏 ⊕ 𝑐) = 𝑎 ⊕ (𝑏 + 𝑐 − 𝑏𝑐) = 𝑎 + (𝑏 + 𝑐 − 𝑏𝑐) − 𝑎(𝑏 + 𝑐 − 𝑏𝑐) 
 
= 𝑎 + 𝑏 + 𝑐 − 𝑎𝑏 − 𝑏𝑐 − 𝑎𝑐 + 𝑎𝑏𝑐
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∴ (𝑎 ⊕ 𝑏) ⊕ 𝑐 = 𝑎(⊕ (𝑏 ⊕ 𝑐) ∀𝑎, 𝑏, 𝑐 ∈ 𝐺 
 
(iii) Existence of identity: 𝐿𝑒𝑡 𝑎 ∈ 𝐺 𝑎𝑛𝑑 ′e' 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 
 

𝑁𝑜𝑤 𝑎 ⊕ 𝑒 = 𝑎 ⟹ 𝑎 + 𝑒 − 𝑎𝑒 = 𝑎 ⟹ (1 − 𝑎) = 0 ⟹ 𝑒 = 0 𝑠𝑖𝑛𝑐𝑒 𝑎 ≠ 1 
 

𝑁𝑜𝑤 𝑎 ⊕ 𝑒 = 𝑎 ⊕ (0) = 𝑎 + (0) − (0) = 𝑎 similarly we can prove 
 

𝑒 ⊕ 𝑎 = 𝑎 ⟹ 𝑒 + 𝑎 − 𝑒𝑎 = 𝑎 ⟹ (1 − 𝑎) = 0 ⟹ 𝑒 = 0 𝑠𝑖𝑛𝑐𝑒 𝑎 ≠ 1 
 
∴ 𝑇ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 0 
 
(iv) Existence of inverse: 𝐿𝑒𝑡 𝑎 ∈ 𝐺 𝑎𝑛𝑑′ 𝑏′𝑏𝑒 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎 
 

𝑁𝑜𝑤 𝑎 ⊕ 𝑏 = 𝑒 ⟹ 𝑎 + 𝑏 − 𝑎𝑏 = 0 ⟹ (1 − 𝑎) = −𝑎 ⟹ 𝑏 = 
1 − 𝑎 

= 
𝑎 − 1 

 
𝑇ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎 𝑖𝑠 

𝑎−1 
𝑠𝑜 𝑒𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 ℎ𝑎𝑠 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑎𝑏𝑙𝑒 

 

(v) Commutative property: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 𝑁𝑜𝑤 𝑎 ⊕ 𝑏 = 𝑎 + 𝑏 − 𝑎𝑏 = 𝑏 + 𝑎 − 𝑏𝑎 = 𝑏 ⊕ 𝑎 
 
∴ 𝑎 ⊕ 𝑏 = 𝑏 ⊕ 𝑎 ∀ 𝑎, 𝑏 ∈ 𝐺 
 

∴ (𝐺,⊕) 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝. 
 

( 4 ⊕ 5) ⊕ 𝑥 = 7 ⟹ (4 + 5 − 20) ⊕ 𝑥 = 7 
 
 

⟹ −11 ⊕ 𝑥 = 7 ⟹ (−11 + 𝑥 + 11𝑥) = 7 ⟹ 12𝑥 = 18 ⟹ 𝑥 = 
2 

 
5. P.T the set 𝑮 of rational (real) numbers other than −𝟏 with operation 𝒂 ⊕ 𝒃 = 𝒂 + 𝒃 + 

𝒂𝒃 ∀𝒂,  ∈ 𝑮 is an abelian group. Hence show that 𝒙 = − 
𝟑 

is a solution of the equation 

(𝟐 ⊕ 𝒙) ⊕ 𝟑 = 𝟕 
 

Sol: 𝐺 = ℝ − {−1} 
 
𝑎𝑛𝑑 ⊕ is defined by 𝑎 ⊕ 𝑏 = 𝑎 + 𝑏 + 𝑎𝑏 ∀𝑎, 𝑏 ∈ 𝐺 
 
To prove that (𝐺,⊕)is an abelian group 
 

(i) Closure property: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 𝑤ℎ𝑒𝑟𝑒 𝑎 ≠ −1 ∈ ℝ, 𝑏 ≠ −1 ∈ ℝ 
 
𝑠𝑖𝑛𝑐𝑒 𝑎,  ∈ 𝐺 ⟹ 𝑎 + 𝑏 ∈ 𝐺 𝑎𝑛𝑑 𝑎𝑏 ∈ 𝐺 𝑤ℎ𝑒𝑟𝑒 𝑎 + 𝑏 + 𝑎𝑏 ≠ 1 
 
⟹ 𝑎 + 𝑏 + 𝑎𝑏 ∈ 𝐺 ⟹ 𝑎 ⊕ 𝑏 ∈ 𝐺 
 
∴ 𝑎 ⊕ 𝑏 ∈ 𝐺 ∀𝑎, 𝑏 ∈ 𝐺



𝒔𝒊𝒏𝜶 𝒄𝒐𝒔𝜶 

11 
 
 

(ii) Associative property: 𝐿𝑒𝑡 𝑎, , 𝑐 ∈ 𝐺 
 

(𝑎 ⊕ 𝑏) ⊕ 𝑐 = (𝑎 + 𝑏 + 𝑎𝑏) ⊕ 𝑐 = (𝑎 + 𝑏 + 𝑎𝑏) + 𝑐 + (𝑎 + 𝑏 + 𝑎𝑏)𝑐 
 
= 𝑎 + 𝑏 + 𝑐 + 𝑎𝑏 + 𝑏𝑐 + 𝑎𝑐 + 𝑎𝑏𝑐 
 

𝑁𝑒𝑥𝑡 𝑎 ⊕ (𝑏 ⊕ 𝑐) = 𝑎 ⊕ (𝑏 + 𝑐 + 𝑏𝑐) = 𝑎 + (𝑏 + 𝑐 + 𝑏𝑐) + 𝑎(𝑏 + 𝑐 + 𝑏𝑐) 
 
= 𝑎 + 𝑏 + 𝑐 + 𝑎𝑏 + 𝑏𝑐 + 𝑎𝑐 + 𝑎𝑏𝑐 
 

∴ (𝑎 ⊕ 𝑏) ⊕ 𝑐 = 𝑎(⊕ (𝑏 ⊕ 𝑐) ∀𝑎, 𝑏, 𝑐 ∈ 𝐺 
 
(iii) Existence of identity: 𝐿𝑒𝑡 𝑎 ∈ 𝐺 𝑎𝑛𝑑 ′e' 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 
 

𝑁𝑜𝑤 𝑎 ⊕ 𝑒 = 𝑎 ⟹ 𝑎 + 𝑒 + 𝑎𝑒 = 𝑎 ⟹ (1 + 𝑎) = 0 ⟹ 𝑒 = 0 𝑠𝑖𝑛𝑐𝑒 𝑎 ≠ −1 
 

𝑁𝑜𝑤 𝑎 ⊕ 𝑒 = 𝑎 ⊕ (0) = 𝑎 + (0) + (0) = 𝑎 similarly we can prove 
 

𝑒 ⊕ 𝑎 = 𝑎 ⟹ 𝑒 + 𝑎 + 𝑒𝑎 = 𝑎 ⟹ (1 + 𝑎) = 0 ⟹ 𝑒 = 0 𝑠𝑖𝑛𝑐𝑒 𝑎 ≠ −1 
 
∴ 𝑇ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 0 
 
(iv) Existence of inverse: 𝐿𝑒𝑡 𝑎 ∈ 𝐺 𝑎𝑛𝑑′ 𝑏′𝑏𝑒 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎 
 

𝑁𝑜𝑤 𝑎 ⊕ 𝑏 = 𝑒 ⟹ 𝑎 + 𝑏 + 𝑎𝑏 = 0 ⟹ (1 + 𝑎) = −𝑎 ⟹ 𝑏 = 
1 + 𝑎 

 
𝑇ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎 𝑖𝑠 

𝑎+1 
𝑠𝑜 𝑒𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 ℎ𝑎𝑠 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑎𝑏𝑙𝑒 

 

(v) Commutative property: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 𝑁𝑜𝑤 𝑎 ⊕ 𝑏 = 𝑎 + 𝑏 + 𝑎𝑏 = 𝑏 + 𝑎 + 𝑏𝑎 = 𝑏 ⊕ 𝑎 
 
∴ 𝑎 ⊕ 𝑏 = 𝑏 ⊕ 𝑎 ∀ 𝑎, 𝑏 ∈ 𝐺 
 

∴ (𝐺,⊕) 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝. 
 

( 2 ⊕ 𝑥) ⊕ 3 = 7 ⟹ (2 + 𝑥 + 2𝑥) ⊕ 3 = 7 
 

⟹ (2 + 3𝑥) ⊕ 3 = 7 ⟹ [(2 + 3𝑥) + 3 + 3(2 + 3𝑥)] = 7 
 

⟹ [2 + 3𝑥 + 3 + 6 + 9𝑥] = 7 
 
 

⟹ 12𝑥 + 11 = 7 ⟹ 12𝑥 = −4 ⟹ 𝑥 = −
3 

 

6. P.T the set of matrices 𝑨𝜶 = [𝒄𝒐𝒔𝜶 −𝒔𝒊𝒏𝜶] 𝒘𝒉𝒆𝒓𝒆 𝜶 ∈ ℝ forms a group w.r.t. matrix 

multiplication if 𝒄𝒐𝒔𝜽 = 𝒄𝒐𝒔𝝋 ⟹ 𝜽 = 𝝋.Is it abelian?



𝑐𝑜𝑠𝛼 
]} 

𝑐𝑜𝑠𝛽 
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Sol: 𝐺 = {𝐴𝛼⁄𝛼 ∈ ℝ 𝑎𝑛𝑑 𝐴𝛼 = [
𝑠𝑖𝑛𝛼 

 
To prove that (𝐺,⋅) is a group 

−𝑠𝑖𝑛𝛼 
𝑐𝑜𝑠𝛼 

 
(i) Closure property: 𝐿𝑒 ,  ∈ 𝐺 
 

𝑤ℎ𝑒𝑟𝑒 𝐴𝛼 = [
𝑠𝑖𝑛𝛼 

−𝑠𝑖𝑛𝛼] 𝑎𝑛𝑑 𝐴𝛽 = [
𝑠𝑖𝑛𝛽 

−𝑠𝑖𝑛𝛽 
𝑐𝑜𝑠𝛽 

 
 

𝑁𝑜𝑤𝐴𝛼 ⋅ 𝐴𝛽 = [
𝑠𝑖𝑛𝛼 

 −𝑠𝑖𝑛𝛼     𝑐𝑜𝑠𝛽 
𝑐𝑜𝑠𝛼      𝑠𝑖𝑛𝛽 

−𝑠𝑖𝑛𝛽          cos(𝛼 + 𝛽) 

𝑐𝑜𝑠𝛽            𝑠𝑖𝑛(𝛼 + 𝛽) 

 

−𝑠𝑖𝑛(𝛼 + 𝛽) 
𝑐𝑜𝑠(𝛼 + 𝛽) 𝛼+𝛽 

 

𝑠𝑖𝑛𝑐𝑒 𝛼, 𝛽 ∈ ℝ ⟹ 𝛼 + 𝛽 ∈ ℝ 
 
∴ ⋅ is a binary operation on G 
 
∴ G has closed under multiplication 
 
(ii) Associative property:𝐴𝛼 , 𝐴𝛽, 𝐴𝛾 ∈ 𝐺 𝑤ℎ𝑒𝑟𝑒 𝛼, 𝛽, 𝛾 ∈ ℝ 
 
( 𝐴𝛼 ⋅ 𝐴𝛽) ⋅ 𝐴𝛾 = (𝐴𝛼+𝛽) ⋅ 𝐴𝛾 = 𝐴(𝛼+𝛽)+𝛾 

 
= 𝐴𝛼+(𝛽+𝛾) = 𝐴𝛼 ⋅ 𝐴(𝛽+𝛾) = 𝐴𝛼 ⋅ (𝐴𝛽 ⋅ 𝐴𝛾) 
 
∴ ⋅ is an associative on G 
 
(iii) Existence of identity: 𝐿𝑒𝑡𝐴𝛼 𝑤ℎ𝑒𝑟𝑒 𝛼 ∈ ℝ 
 
 

𝑤𝑒 ℎ𝑎𝑣𝑒 𝐴0 = [
𝑠𝑖𝑛0 

−𝑠𝑖𝑛0          1 
𝑐𝑜𝑠0           0 

 

1
] 

 

𝑁𝑜𝑤 𝐴𝛼 ⋅ 𝐴0 = 𝐴𝛼+0 = 𝐴𝛼 

 
𝑎𝑙𝑠𝑜 𝐴0 ⋅ 𝐴𝛼 = 𝐴0+𝛼 = 𝐴𝛼 

 

∴ 𝑇ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 [
0 1

] 

 

(iv) Existence of inverse: 𝐿𝑒𝑡𝐴𝛼 𝑤ℎ𝑒𝑟𝑒 𝛼 ∈ ℝ 
 

𝑠𝑖𝑛𝑐𝑒 𝛼 ∈ ℝ ⟹ −𝛼 ∈ ℝ ⟹ 𝐴−𝛼 ∈ 𝐺 
 

𝑁𝑜𝑤 𝐴𝛼 ⋅ 𝐴−𝛼 = 𝐴𝛼+(−𝛼) = 𝐴0 

 
𝑎𝑙𝑠𝑜 𝐴−𝛼 ⋅ 𝐴𝛼 = 𝐴−𝛼+(𝛼) = 𝐴0 

 
𝐴−𝛼 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝐴𝛼
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∴ 𝐸𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒. 
 

∴ (𝐺,⋅) 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝. 
 
(v) Commutative property: 𝐿𝑒 ,  ∈ 𝐺 
 
𝑁𝑜𝑤 𝐴𝛼 ⋅ 𝐴𝛽 = 𝐴𝛼+𝛽 = 𝐴𝛽+𝛼 = 𝐴𝛽 ⋅ 𝐴𝛼 

 
∴ 𝐴𝛼 ⋅ 𝐴𝛽 = 𝐴𝛽 ⋅ 𝐴𝛼 ∀𝐴𝛼 , 𝐴𝛽 ∈ 𝐺 
 

∴ (𝐺,⋅) 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝. 
 

7. If 𝑮 is the set of even integers i.e. 𝑮 = {… . . −𝟒, −𝟐, 𝟎, 𝟐, 𝟒, … … } then prove that 𝑮 is an 

abelian group w.r.t addition as the operation. 
 

Sol: 𝐺 ={… . . −4, −2,0,2,4, … … } = {2𝑛⁄𝑛 ∈ ℤ} = 𝑆𝑒𝑡 𝑜𝑓 𝐸𝑣𝑒𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 
 

To prove that (𝐺, +) is an abelian group 
 

(i) Closure property: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑎 = 2𝑛,  = 2𝑚 𝑤ℎ𝑒𝑟𝑒 𝑛,  ∈ ℤ 
 

⟹ 𝑎 + 𝑏 = 2𝑛 + 2𝑚 = 2(𝑛 + 𝑚) = 2𝑙 ∈ 𝐺 𝑤ℎ𝑒𝑟𝑒 𝑙 = 𝑚 + 𝑛 ∈ ℤ 
 
⟹ a + 𝑏 ∈ 𝐺 
 
∴ a + 𝑏 ∈ 𝐺 ∀𝑎,  ∈ 𝐺 
 
(ii) Associative property: 𝐿𝑒𝑡 𝑎, , 𝑐 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑎 = 2𝑛, 𝑏 = 2𝑚 , 𝑐 = 2𝑝 𝑤ℎ𝑒𝑟𝑒 𝑛, 𝑚, 𝑝 ∈ ℤ 
 

(𝑎 + 𝑏) + 𝑐 = (2𝑛 + 2𝑚) + 2𝑝 = 2[(𝑛 + 𝑚) + 𝑝] 
 

= 2[(𝑛 + (𝑚 + 𝑝)] = 2𝑛 + (2𝑚 + 2𝑝) = 𝑎 + (𝑏 + 𝑐) 
 

∴ (𝑎 + 𝑏) + 𝑐 = 𝑎 + (𝑏 + 𝑐) ∀𝑎, 𝑏, 𝑐 ∈ 𝐺 
 
(iii) Existence of identity: 𝐿𝑒𝑡 𝑎 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑎 = 2𝑛 𝑤ℎ𝑒𝑟𝑒 𝑛 ∈ ℤ 
 

𝑤𝑒 ℎ𝑎𝑣𝑒 2(0) ∈ 𝐺 
 

𝑁𝑜𝑤 𝑎 + 𝑒 = 2𝑛 + 2(0) = 2(𝑛 + 0) = 2𝑛 = 𝑎 
 

∴ 𝑇ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 2(0) = 0 
 
(iv) Existence of inverse: 𝐿𝑒𝑡 𝑎 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑎 = 2𝑛 𝑤ℎ𝑒𝑟𝑒 𝑛 ∈ ℤ 
 
𝑠𝑖𝑛𝑐𝑒 𝑛 ∈ ℤ ⟹ −𝑛 ∈ ℤ ⟹ −2𝑛 ∈ ℤ ⟹ −𝑎 ∈ 𝐺 

 

𝑛𝑜𝑤 𝑎 + (−𝑎) = 2𝑛 − 2𝑛 = 2(0) = 0
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𝑇ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎 𝑖𝑠 − 𝑎 
 
∴ 𝐸𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 ℎ𝑎𝑠 𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒. 
 
(v) Commutative property: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 
 
𝑁𝑜𝑤 𝑎 + 𝑏 = 2𝑛 + 2𝑚 = 2𝑚 + 2𝑛 = 𝑏 + 𝑎 
 
∴ 𝑎 + 𝑏 = 𝑏 + 𝑎 ∀ 𝑎, 𝑏 ∈ 𝐺 
 

∴ (𝐺, +) is an abelian group 
 

8. S.T the set 𝑮 = {𝒙⁄𝒙 = 𝟐𝒂𝟑𝒃 𝒂𝒏𝒅 𝒂,  ∈ ℤ} is an abelian group under multiplication. 
 

Sol: 𝐺 = {𝑥⁄𝑥 = 2𝑎3𝑏 𝑎𝑛𝑑 𝑎, 𝑏 ∈ ℤ} 
 

To prove that (𝐺,⋅) is an abelian group 
 

(i) Closure property: 𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑥 = 2𝑎3𝑏, 𝑦 = 2𝑐3𝑑 𝑤ℎ𝑒𝑟𝑒 𝑎, 𝑏, , 𝑑 ∈ ℤ 
 

⟹ 𝑥𝑦 = (2𝑎3𝑏)(2𝑐3𝑑) = 2𝑎+𝑐3𝑐+𝑑 = 2𝑙3𝑚 ∈ 𝐺 𝑠𝑖𝑛𝑐𝑒 𝑙 = 𝑎 + 𝑐 ∈ ℤ, 𝑚 = 𝑐 + 𝑑 ∈ ℤ 
 
⟹ xy ∈ 𝐺 ∴ xy ∈ 𝐺 ∀𝑥, 𝑦 ∈ 𝐺 
 
(ii) Associative property: 
 

𝐿𝑒𝑡 𝑥, 𝑦,  ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑥 = 2𝑎3𝑏,  = 2𝑐3𝑑 ,  = 2𝑒3𝑓 𝑤ℎ𝑒𝑟𝑒 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 ∈ ℤ 
 
(𝑥𝑦)𝑧 = [(2𝑎3𝑏)(2𝑐3𝑑)]2𝑒3𝑓 = 2(𝑎+𝑐)+𝑒3(𝑏+𝑑)+𝑓 

 

= 2𝑎+(𝑐+𝑒)3𝑏+(𝑑+𝑓) 

 

= 2𝑎3[(2𝑐+𝑒3𝑑+𝑓] 
 

= 2𝑎3[(2𝑐3𝑑)(2𝑒3𝑓)] = 𝑥(𝑦𝑧) 
 

∴ (𝑥𝑦)𝑧 = 𝑥(𝑦𝑧) ∀𝑥, 𝑦, 𝑧 ∈ 𝐺 
 
(iii) Existence of identity: 𝐿𝑒𝑡 𝑥 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑥 = 2𝑎3𝑏 𝑤ℎ𝑒𝑟𝑒 𝑎, 𝑏 ∈ ℤ 
 

𝑤𝑒 ℎ𝑎𝑣𝑒 1 = 2030 ∈ 𝐺 𝑠𝑖𝑛𝑐𝑒 0 ∈ ℤ 
 

𝑁𝑜𝑤 𝑥 ⋅ 1 = (2𝑎3𝑏)(2030) = 2𝑎+03𝑏+0 = 2𝑎3𝑏 = 𝑥 
 

∴ 𝑇ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 1 = 2030 

 

(iv) Existence of inverse: 𝐿𝑒𝑡 𝑥 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑥 = 2𝑎3𝑏 𝑤ℎ𝑒𝑟𝑒 𝑎, 𝑏 ∈ ℤ
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𝑠𝑖𝑛𝑐𝑒 𝑎,  ∈ ℤ ⟹ −𝑎, −𝑏 ∈ ℤ ⟹ 2−𝑎3−𝑏 ∈ 𝐺 
 

𝑛𝑜𝑤 𝑥 ⋅ (2−𝑎3−𝑏) = (2𝑎3𝑏)(2−𝑎3−𝑏) = 2𝑎−𝑎3𝑏−𝑏 = 2030 

 

𝑇ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 2𝑎3𝑏 𝑖𝑠 2−𝑎3−𝑏 

 

∴ 𝐸𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒. 
 
v) Commutative property: 𝐿𝑒𝑡 𝑥,  ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑥 = 2𝑎3𝑏,  = 2𝑐3𝑑 𝑤ℎ𝑒𝑟𝑒 𝑎, , 𝑐, 𝑑 ∈ ℤ 
 

⟹ 𝑥𝑦 = (2𝑎3𝑏)(2𝑐3𝑑) = 2𝑎+𝑐3𝑐+𝑑 = 2𝑐+𝑎3𝑑+𝑐 = (2𝑐3𝑑)(2𝑎3𝑏) = 𝑦𝑥 
 
∴ xy = yx ∀𝑥, 𝑦 ∈ 𝐺 
 

∴ (𝐺,⋅) is an abelian group 
 

9. S.T the set𝑮 = {… … 𝟐−𝟑, 𝟐−𝟐, 𝟐−𝟏, , 𝟐𝟏, 𝟐𝟐, 𝟐𝟑 … …} is an abelian group under 

multiplication. 
 

Sol: 𝐺 = {… … 2−3, 2−2, 2−1, 1, 21, 22, 23 … … } = {2𝑛⁄𝑛 ∈ ℤ} 
 

To prove that (𝐺,⋅) is an abelian group 
 

(i) Closure property: 𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑥 = 2𝑎, 𝑦 = 2𝑏 𝑤ℎ𝑒𝑟𝑒 𝑎,  ∈ ℤ 
 

⟹ 𝑥𝑦 = (2𝑎2𝑏) = 2𝑎+𝑏 = 2𝑙 ∈ 𝐺 𝑠𝑖𝑛𝑐𝑒 𝑙 = 𝑎 + 𝑏 ∈ ℤ, 
 
⟹ xy ∈ 𝐺 ∴ xy ∈ 𝐺 ∀𝑥, 𝑦 ∈ 𝐺 
 
(ii) Associative property: 
 

𝐿𝑒𝑡 𝑥, 𝑦,  ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑥 = 2𝑎, 𝑦 = 2𝑏,  = 2𝑐 𝑤ℎ𝑒𝑟𝑒 𝑎, 𝑏,  ∈ ℤ 
 
(𝑥𝑦)𝑧 = (2𝑎2𝑏)2𝑐 = [2(𝑎+𝑏)]2𝑐 = 2𝑎+(𝑏+𝑐) 

 

= 2[2𝑏+𝑐] 
 

= 2(2𝑏2𝑐) 
 

= 𝑥(𝑦𝑧) 
 

∴ (𝑥𝑦)𝑧 = 𝑥(𝑦𝑧) ∀𝑥, 𝑦, 𝑧 ∈ 𝐺 
 

(iii) Existence of identity: 𝐿𝑒𝑡 𝑥 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑥 = 2𝑎 𝑤ℎ𝑒𝑟𝑒 𝑎 ∈ ℤ 
 
𝑤𝑒 ℎ𝑎𝑣𝑒 1 = 20 ∈ 𝐺 𝑠𝑖𝑛𝑐𝑒 0 ∈ ℤ 
 

𝑁𝑜𝑤 𝑥 ⋅ 1 = (2𝑎)(20) = 2𝑎+0 = 2𝑎 = 𝑥



16 
 
 

∴ 𝑇ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 1 = 20 

 

(iv) Existence of inverse: 𝐿𝑒𝑡 𝑥 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑥 = 2𝑎 𝑤ℎ𝑒𝑟𝑒 𝑎 ∈ ℤ 
 

𝑠𝑖𝑛𝑐𝑒 𝑎 ∈ ℤ ⟹ −𝑎 ∈ ℤ ⟹ 2−𝑎 ∈ 𝐺 
 

𝑛𝑜𝑤 𝑥 ⋅ (2−𝑎) = (2𝑎)(2−𝑎) = 2𝑎−𝑎 = 20 

 

𝑇ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 2𝑎 𝑖𝑠 2−𝑎 

 

∴ 𝐸𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒. 
 
(v) commutative property: 𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑥 = 2𝑎, 𝑦 = 2𝑏 𝑤ℎ𝑒𝑟𝑒 𝑎, 𝑏 ∈ ℤ 
 

⟹ 𝑥𝑦 = (2𝑎)(2𝑏) = 2𝑎+𝑏 = 2𝑏+𝑎 = (2𝑏)(2𝑎) = 𝑦𝑥 
 
∴ xy = yx ∀𝑥, 𝑦 ∈ 𝐺 
 

∴ (𝐺,⋅) is an abelian group 
 

10. S.T the set of all ordered pairs (𝒂, 𝒃) of real numbers for which 𝒂 ≠ 𝟎 w.r.t the 

operation × defined by (𝒂, 𝒃) × (𝒄, 𝒅) = (𝒂𝒄, 𝒃𝒄 + 𝒅) is a group. 
 

Is the group commutative? 
 

Sol: 𝐺 = {(𝑎, ) ∕ 𝑎 ≠ 0 ∈ ℝ, 𝑏 ∈ ℝ} 
 

The operation × defined by (𝑎, 𝑏) × (𝑐, ) = (𝑎𝑐, 𝑏𝑐 + 𝑑) 
 

To prove that (𝐺,×) is a group 
 

(i) Closure property: 𝐿𝑒𝑡 (𝑎, 𝑏), (𝑐, 𝑑) ∈ 𝐺 𝑤ℎ𝑒𝑟𝑒 𝑎 ≠ 0 ∈ ℝ, 𝑐 ≠ 0 ∈ ℝ 
 

⟹ (𝑎, ) × (𝑐, 𝑑) = (𝑎𝑐,  + 𝑑) ∈ 𝐺 𝑠𝑖𝑛𝑐𝑒𝑎 ≠ 0 ∈ ℝ, 𝑐 ≠ 0 ∈ ℝ ⟹ 𝑎𝑐 ≠ 0 ∈ ℝ 
 

⟹ (𝑎, 𝑏) × (𝑐, 𝑑) ∈ 𝐺 ∴ (𝑎, 𝑏) × (𝑐, 𝑑) ∀𝑥, 𝑦 ∈ 𝐺 
 
(ii) Associative property: 
 

𝐿𝑒𝑡 (𝑎, 𝑏), (𝑐, 𝑑), (𝑒, 𝑓) ∈ 𝐺 𝑤ℎ𝑒𝑟𝑒 𝑎 ≠ 0 ∈ ℝ, 𝑐 ≠ 0 ∈ ℝ, 𝑒 ≠ 0 ∈ ℝ, 
 

[(𝑎, 𝑏) × (𝑐, 𝑑)] × (𝑒, 𝑓) = (𝑎𝑐, 𝑏𝑐 + 𝑑) × (𝑒, 𝑓) = [(𝑎𝑐)𝑒, (𝑏𝑐 + 𝑑)𝑒 + 𝑓] 
 

= (𝑎𝑐𝑒, 𝑏𝑐𝑒 + 𝑑𝑒 + 𝑓) 
 

Next (𝑎, ) × [(𝑐, ) × (𝑒, 𝑓)] = (𝑎, 𝑏) × (𝑐𝑒, 𝑑𝑒 + 𝑓) = ((𝑐𝑒), 𝑏𝑐𝑒 + 𝑑𝑒 + 𝑓) 
 
= (𝑎𝑐𝑒, 𝑏𝑐𝑒 + 𝑑𝑒 + 𝑓)
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[(𝑎, 𝑏) × (𝑐, 𝑑)] × (𝑒, 𝑓) = (𝑎, 𝑏) × [(𝑐, 𝑑) × (𝑒, 𝑓)] 
 

(iii) Existence of identity: 𝐿𝑒𝑡 (𝑎, 𝑏) ∈ 𝐺 (𝑥, 𝑦)𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑖𝑛 𝐺 
 

𝑁𝑜𝑤 (𝑎, 𝑏) × (𝑥, 𝑦) = (𝑎, 𝑏) ⟹ (𝑎𝑥, 𝑏𝑥 + 𝑦) = (𝑎, 𝑏) 
 
⟹ 𝑎𝑥 = 𝑎, 𝑏𝑥 + 𝑦 = 𝑏 ⟹ 𝑥 = 1, 𝑦 = 0 
 

∴ 𝑇ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 (1,0) 
 

(iv) Existence of inverse: 𝐿𝑒𝑡 (𝑎, 𝑏) ∈ 𝐺 (𝑐, 𝑑)𝑏𝑒 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑖𝑛 𝐺 
 

(𝑎, 𝑏) × (𝑐, 𝑑) = (1,0) ⟹ (𝑎𝑐, 𝑏𝑐 + 𝑑) = (1,0) 
 
 

⟹ 𝑎𝑐 = 1, 𝑏𝑐 + 𝑑 = 0 ⟹ 𝑐 = 
 
, −𝑏 ( ) = 𝑑 

 

(𝑐, 𝑑) = (
𝑎 

, − 
𝑎

) 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 (𝑎, 𝑏) 

 

∴ 𝐸𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 ℎ𝑎𝑠 𝑖𝑛𝑣𝑒𝑟𝑠𝑒. 
 

(v) Commutative property: 𝐿𝑒𝑡 (𝑎, 𝑏), (𝑐, 𝑑) ∈ 𝐺 𝑤ℎ𝑒𝑟𝑒 𝑎 ≠ 0 ∈ ℝ, 𝑐 ≠ 0 ∈ ℝ 
 

⟹ (𝑎, 𝑏) × (𝑐, 𝑑) = (𝑎𝑐, 𝑏𝑐 + 𝑑) 
 

⟹ (𝑐, 𝑑) × (𝑎, 𝑏) = (𝑐𝑎, 𝑑𝑎 + 𝑏) 
 

∴ (𝑎, 𝑏) × (𝑐, 𝑑) ≠ (𝑐, 𝑑) × (𝑎, 𝑏) 
 

∴ (𝐺,×) is not an abelian group 
 

11. P.T the set of 𝒏𝒕𝒉 root of unity under multiplication forms a finite abelian group. (OR) 
 

P.T the set 𝑮 = {𝒂⁄𝒂𝒏 = 𝟏}𝒆𝒓 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏 𝒇𝒐𝒓𝒎 𝒂 𝒇𝒊𝒏𝒊𝒕𝒆 𝒂𝒃𝒆𝒍𝒊𝒂𝒏 𝒈𝒓𝒐𝒖𝒑. 
 

1 

Sol: 𝐺 = {𝑥⁄𝑥 = √1} = {𝑥⁄𝑥 = 1𝑛} = {𝑥⁄𝑥𝑛 = 1} 
 

𝑤𝑒 ℎ𝑎𝑣𝑒 1 = 𝑐𝑜𝑠0 + 𝑖𝑠𝑖𝑛0 = 𝑐𝑜𝑠2𝜋 + 𝑖𝑠𝑖𝑛2𝜋 
 

= 𝑐𝑜𝑠2𝑘𝜋 + 𝑖𝑠𝑖𝑛2𝑘𝜋 𝑤ℎ𝑒𝑟𝑒 𝑘 = 0,1,2, … 𝑛 − 1 
 

1 1 

𝑥 = 1𝑛 = (𝑐𝑜𝑠2𝑘𝜋 + 𝑖𝑠𝑖𝑛2𝑘𝜋) 

 

⟹ 𝑥 = cos (
2𝑘𝜋

) + 𝑖𝑠𝑖𝑛 (
2𝑘𝜋

) = 𝑒 𝑖( )      𝑤ℎ𝑒𝑟𝑒 𝑘 = 0,1,2, … 𝑛 − 1
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𝐺 = {1, , 2, … 𝜔𝑛−1} 𝑤ℎ𝑒𝑟𝑒 𝜔 = 𝑒𝑖(
2𝜋

) ⇒ 𝜔𝑛 = 1 
 

To prove that (𝐺,⋅)is an abelian group 
 

(i) Closure property: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑎𝑛 = 1, 𝑏𝑛 = 1 
 

𝑛𝑜𝑤 (𝑎𝑏) = 𝑎𝑛𝑏𝑛 = 1.1 = 1 
 
∴ (𝑎𝑏) = 1 ⟹ 𝑎𝑏 ∈ 𝐺 ∀𝑎, 𝑏 ∈ 𝐺 
 
(ii) Associative property: Since all elements in 𝐺 are complex numbers and hence 

multiplication is associative in 𝐺 
 

(iii) Existence of identity: 𝐿𝑒𝑡 𝜔𝑟 ∈ 𝐺 𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑟 ≤ 𝑛 − 1 
 
𝑤𝑒 ℎ𝑎𝑣𝑒 1 = 𝜔0 ∈ 𝐺 
 

𝑁𝑜𝑤 𝜔𝑟 ⋅ 𝜔0 = 𝜔𝑟 +0 = 𝜔𝑟 

 

∴ 𝑇ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 1 = 𝜔0 

 

(iv) Existence of inverse: we have 1.1=1 
 

𝐿𝑒𝑡 𝜔𝑟 ∈ 𝐺 𝑏𝑒 𝑎𝑛𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑜𝑓 𝐺 𝑤ℎ𝑒𝑟𝑒 𝑟 = 1,2, … 𝑛 − 1 
 

∴ 𝜔𝑛−𝑟 ∈ 𝐺 
 

𝑛𝑜𝑤 𝜔𝑟 ⋅ 𝜔𝑛−𝑟 = 𝜔𝑛 = 1 
 

𝑇ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝜔𝑟 𝑖𝑠 𝜔𝑛−𝑟 

 

∴ 𝐸𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒. 
 

(v) Commutative property: 𝐿𝑒𝑡 𝑎,  ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑎 = 𝜔𝑟 , 𝑏 = 𝜔𝑠 𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑟,  ≤ 𝑛 − 1 
 

⟹ 𝑎𝑏 = 𝜔𝑟𝜔𝑠 = 𝜔𝑟+𝑠 = 𝜔𝑠+𝑟 = 𝜔𝑠𝜔𝑟 = 𝑏𝑎 
 
∴ ab = ba ∀𝑎, 𝑏 ∈ 𝐺 
 

∴ (𝐺,⋅) is finite an abelian group 
 

12. P.T the set of 𝟒𝒕𝒉 root of unity under multiplication forms a finite group. (OR) 
 

P.T the set 𝑮 = {𝟏, −𝟏, 𝒊, −𝒊}𝒖𝒏𝒅𝒆𝒓 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏 𝒇𝒐𝒓𝒎 𝒂 𝒇𝒊𝒏𝒊𝒕𝒆 𝒂𝒃𝒆𝒍𝒊𝒂𝒏 𝒈𝒐𝒖𝒑.
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1 

Sol: 𝐺 = {𝑥⁄𝑥 = √1} = {𝑥⁄𝑥 = 14} = {𝑥⁄𝑥4 = 1} = 

{1, −1, , −𝑖} 
 

To prove that (𝐺,⋅)is an abelian group 
 

Construct a composition table for 𝐺 under multiplication 
 
(i) Closure property: We observe that all elements in C.T 
 

are the elements of 𝐺. ∴ ⋅ 𝑖𝑠 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑛 𝐺. 

 
 

⋅ 𝟏 −𝟏 𝒊 −𝒊 
 
𝟏 𝟏 −𝟏 𝒊 −𝒊 

 
−𝟏 −𝟏 𝟏 −𝒊 𝒊 
 

𝒊 𝒊 −𝒊 −𝟏 𝟏 
 
−𝒊 −𝒊 𝒊 𝟏 −𝟏 

 
(ii)Associative property: From C.T we observe that all the elements are complex numbers and 

hence multiplication is associative 
 

(iii) Existence of identity: From C.T we observe that the row headed by 1 is coincide with the 

top row of C.T. ∴ 1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺. 
 

(iv) Existence of inverse: From C.T we observe that the identity elements 1 contains in each 

row. 
 

The inverse of 1, −1, 𝑖, −𝑖 𝑎𝑟𝑒 1, −1, −𝑖, 𝑖 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦. 
 
∴ 𝐸𝑎𝑐ℎ 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 
 

(v) Commutative property: From C.T we observe that all the rows identical with their 

corresponding columns. Hence (𝐺,⋅) is finite an abelian group. 
 

13. P.T the set of cube root of unity under multiplication forms a finite group. (OR) 
 

P.T the set 𝑮 = {𝟏, , 𝝎𝟐}𝒖𝒏𝒅𝒆𝒓 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏 𝒇𝒐𝒓𝒎 𝒂 𝒇𝒊𝒏𝒊𝒕𝒆 𝒂𝒃𝒆𝒍𝒊𝒂𝒏 𝒈𝒓𝒐𝒖𝒑. 
 

Sol: 𝐺 = {𝑥⁄𝑥 = √1} == {𝑥⁄𝑥3 = 1} = {1, , 𝜔2} 

To prove that (𝐺,⋅)is an abelian group 
⋅ 1 𝜔 𝜔2 

Construct a composition table for 𝐺 under multiplication                            
1 1 𝜔 𝜔2 

(i) Closure property: We observe that all elements in C.T                         
𝜔         𝜔         𝜔2              1 

are the elements of 𝐺. ∴ ⋅ 𝑖𝑠 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑛 𝐺.                                 𝜔
2           𝜔2               1          𝜔 

 

(ii)Associative property: From C.T we observe that all the elements are complex numbers and 

hence multiplication is associative 
 

(iii) Existence of identity: From C.T we observe that the row headed by 1 is coincide with the 

top row of C.T. ∴ 1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺.



𝟏 
,   ,   

𝟎 𝟏 𝟎 

1 
1 0 1 0 

0 1 0 

20 
 
 

(iv) Existence of inverse: From C.T we observe that the identity elements 1 contains in each 

row. 
 

The inverse of 𝑎𝑟𝑒 1, 𝜔, 𝜔2 𝑎𝑟𝑒 1, 2, 𝜔 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦. 
 
∴ 𝐸𝑎𝑐ℎ 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 
 
(v) Commutative property: From C.T we observe that all the rows identical with their 

corresponding columns. Hence (𝐺,⋅) is finite an abelian group. 
 

14. P.T the set of square root of unity under multiplication forms a finite group. (OR) 
 

P.T the set 𝑮 = {𝟏, −𝟏}𝒖𝒏𝒅𝒆𝒓 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏 𝒇𝒐𝒓𝒎 𝒂 𝒇𝒊𝒏𝒊𝒕𝒆 𝒂𝒃𝒆𝒍𝒊𝒂𝒏 𝒈𝒓𝒐𝒖𝒑 
 
 

15. S.T 𝑮 = { [
𝟎 

multiplication. 

𝟎 −𝟏 𝟎 −𝟏 
𝟏        𝟎 𝟏        𝟎 

 

−𝟏
] , [

𝟎 −𝟏
] } is a group w.r.t matrix 

 
Find the identity and the inverse of every element 
 

Sol: 𝐴 = [
0 

0] , 𝐵 = [−1 0] , 𝐶 = [−1 −
1

] , 𝐷 = [
0 

−
1

] 

 

To show that 𝐺 = {𝐴, 𝐵, , 𝐷} is a group under multiplication. 
 

Construct a composition table for 𝐺 under multiplication 
⋅ 𝐴 𝐵 𝐶 𝐷 

(i) Closure property: We observe that all elements in C.T                         𝐴 𝐴 𝐵 𝐶 𝐷 

are the elements of 𝐺. ∴ ⋅ 𝑖𝑠 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑛 𝐺.                                  𝐵 𝐵 𝐴 𝐷 𝐶 

(ii)Associative property: From C.T we observe that all the elements         𝐶          𝐶           𝐷          𝐴         𝐵 

are complex numbers and hence multiplication is associative                      
𝐷          𝐷           𝐶          𝐵         𝐴 

(iii) Existence of identity: From C.T we observe that the row 

headed by A is coincide with the top row of C.T. ∴ 𝐴 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺. 
 
(iv) Existence of inverse: From C.T we observe that the identity elements A contains in each 

row. 
 

The inverse of 𝐴, 𝐵, , 𝐷 𝑎𝑟𝑒 𝐴, 𝐵, 𝐶, 𝐷 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦. 
 

∴ 𝐸𝑎𝑐ℎ 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑇ℎ(𝐺,⋅) is a group 
 
(v) Commutative property: From C.T we observe that all the rows identical with their 

corresponding columns. Hence (𝐺,⋅) is finite an abelian group.
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Klein-4 group: A group of order 4 whose every element is its own inverse is called kleins-4 

group Ex: The above group is kleins-4 group 
 

Cancellation laws: Let 𝐺 be a non-empty set and ∗ be a binary operation on 𝐺 .For each a, b, c, 

∈ 𝐺 then (i) a∗b=a∗c⇒ b=c left cancellation laws and(ii) b∗a=c∗a ⇒b=c right cancellation law 
 

Theorem1: In a group (𝑮,⋅) cancellation laws holds 
 

Proof: Given that (𝐺,⋅)is a group. Let 𝑎 ∈ 𝐺 𝑠𝑜 ∃ 𝑎−1 ∈ 𝐺 ∋ 𝑎𝑎−1 = 𝑒 = 𝑎−1𝑎 
 
𝐿𝑒𝑡 𝑎, 𝑏, 𝑐 ∈ 𝐺 
 
𝑁𝑜𝑤 𝑎𝑏 = 𝑎𝑐 

 

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑤𝑖𝑡ℎ 𝑎−1 

 

⟹ 𝑎−1(𝑎𝑏) = 𝑎−1(𝑎𝑐) 
 

⟹ (𝑎−1 ) = (𝑎−1𝑎 )𝑐 
 
⟹ 𝑒𝑏 = 𝑒𝑐 ⟹ 𝑏 = 𝑐 

 

[ ⋅ 𝑖𝑠 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 ] 
 

[ −1 = 𝑒 = 𝑎−1𝑎 ] 
 

∴ 𝑎𝑏 = 𝑎𝑐 ⟹ 𝑏 = 𝑐 (𝑙𝑒𝑓𝑡 𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑡𝑖𝑜𝑛) 
 
Similarly : 

𝐿𝑒𝑡 𝑎, 𝑏, 𝑐 ∈ 𝐺 
 

𝑁𝑜𝑤 𝑏𝑎 = 𝑐𝑎 ⟹ (𝑏𝑎)−1 = (𝑐𝑎)𝑎−1 ⟹ 𝑏(𝑎𝑎−1) = 𝑐(𝑎𝑎−1) ⟹ 𝑏𝑒 = 𝑐𝑒 ⟹ 𝑏 = 𝑐 
 

∴ 𝑏𝑎 = 𝑐𝑎 ⟹ 𝑏 = 𝑐 (𝑟𝑖𝑔ℎ𝑡 𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑡𝑖𝑜𝑛) 
 

Theorem2: The identity element in group (𝑮,⋅) is unique. 
 

Proof: Given that (𝐺,⋅) is a group 
 

If possible suppose that 𝑒1, 𝑒2 be two identities in (𝐺,⋅) 
 

Since 𝑒1 is the identity element ∴ 𝑒2𝑒1 = 𝑒2 = 𝑒1𝑒2 ⟶ (1) 
 

𝐴𝑙𝑠𝑜 𝑒2 is the identity element ∴ 𝑒1𝑒2 = 𝑒1 = 𝑒2𝑒1 ⟶ (2) 
 

Now 𝑒2 = 𝑒1𝑒2 

 
= 𝑒1 

𝑓𝑟𝑜𝑚 (1) 
 

𝑓(2) 
 

∴ 𝑒2 = 𝑒1 

 

∴ The identity element in group (𝐺,⋅) is unique
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Theorem 3: Every element in a group(𝑮,⋅) has unique inverse 
 

Proof: Given that (𝑮,⋅) is a group. Let a ∈ 𝑮, e be the identity element in 𝑮 

If possible suppose that a have two invertible elements b, c. 
 

Since a is the inverse of ‘c’ 
 

Also a is the inverse of ‘b’ 

∴ ac=e=ca 
 

∴ ab=e=ba 

 

…….. (1) 
 

……….. (2) 
 
 

From (1) and (2) ac=ab ⟹c=b (∵ By left cancellation law) 
 

∴ ‘a’ has unique inverse. 

It follows that every element in a group 𝑮 has unique inverse. 

Theorem4: If(𝑮,⋅) is a group then (𝒂𝒃)−𝟏 = 𝒃−𝟏𝒂−𝟏      ∀ a, b, ∈ 𝑮 

Proof: Given that (𝑮, ∙) is a group. Let a, b ∈ 𝑮, 

Let a
1

be the multiplicative inverse of ‘a’⟹ 𝒂𝒂−𝟏 = 𝒆 = 𝒂−𝟏𝒂 

Let b
1 

be the multiplicative inverse of ‘b’ ⟹𝒃 𝒃−𝟏 = 𝒆 = 𝒃−𝟏𝒃 

Claim: (𝒂𝒃)−𝟏 = 𝒃−𝟏𝒂−𝟏 

Now (ab)(𝒃−𝟏𝒂−𝟏) = [(𝒂𝒃)𝒃−𝟏]𝒂−𝟏 

 

= [𝒂(𝒃𝒃−𝟏)] 𝒂−𝟏 

= [𝒂𝒆]𝒂−𝟏 

= 𝒂𝒂−𝟏 = 𝒆 

 

(∵ ∙ is an associative) 
 
 

(Again ∙ is an associative) 
 
 

(e is the identity element) 
 
 
 

∴ (ab)(𝒃−𝟏𝒂−𝟏) = 𝒆 ----------- (1) 

Now (𝒃−𝟏𝒂−𝟏)(𝒂𝒃) = [(𝒃−𝟏𝒂−𝟏)𝒂]𝒃 

= [𝒃−𝟏(𝒂−𝟏𝒂)]𝒃 

= (𝒃−𝟏𝒆)𝒃 

= 𝒃−𝟏𝒃 = 𝒆 

 

(∵ ∙ is an associative) 

(Again ∙ is an associative) 

 

(e is the identity element) 
 

∴ (𝒃−𝟏𝒂−𝟏)(𝒂𝒃) = 𝒆 -------------- (2) 
 

From (1) & (2) (𝒃−𝟏𝒂−𝟏)(𝒂𝒃) = 𝒆 = (ab)(𝑏−1𝑎−1) 
 

⇒ (𝑎𝑏)−1 = 𝒃−𝟏𝒂−𝟏 
 

∴ (𝑎𝑏)−1 = 𝑏−1𝑎−1      ∀ a, b, ∈ 𝐺 
 

Theorem5: In group (G, ∙) for x, y, a, b, ∈ G then the equations ax=b and ya=b have a 

unique solution. 
 

Proof: Given that (G, ∙) is a group. Let a, b ∈G,
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Since a, b ∈G 𝑎𝑥 = 𝑏 
 

⟹ 𝑎−1(𝑎𝑥) = 𝑎−1𝑏 
 

⟹ (𝑎−1𝑎) = 𝑎−1𝑏 
 

⟹ 𝑒𝑥 = 𝑎−1𝑏 
 

⟹ 𝑥 = 𝑎−1𝑏 
 

But if 𝑥 = 𝑎−1𝑏 
 

Now 𝑎𝑥 = 𝑏 
 

⟹ (𝑎−1𝑏) = 𝑏 
 

⟹ (𝑎𝑎−1) = 𝑏 
 

⟹ 𝑒𝑏 = 𝑏 
 

⟹ 𝑏 = 𝑏 
 

𝒙 = 𝒂−𝟏𝒃 is the solution of the equation ax=b. 

Uniqueness part: If possible suppose that 𝒙𝟏,  be two solutions of ax=b, 

𝒂𝒙𝟏 = 𝒃 𝒂𝒏𝒅 𝒂𝒙𝟐 = 𝒃 

⟹ 𝒂𝒙𝟏 = 𝒂𝒙𝟐 

⟹ 𝒙𝟏 = 𝒙𝟐 (By left cancellation law) 
 

∴ Solution is unique. 
 

Similarly 𝑦 = 𝑏𝑎−1 is the solution of ya =b. 
 

If possible suppose that y1, y2 be the solution of ya=b. 

 

∴ 𝒚𝟏𝒂 = 𝒃 𝒂𝒏𝒅 𝒚𝟐𝒂 = 𝒃 

⟹ 𝒚𝟏𝒂 = 𝒚𝟐𝒂 

⟹ 𝒚𝟏 = 𝒚𝟐 (By Right cancellation law) 
 

∴ Solution is unique. 
 

Hence the equations ax=b and ya=b have unique solution. 
 

Theorem6: If (G, ∙) is a group then (𝒂𝒃) = 𝒂𝟐𝒃𝟐 ⇔ (G, ∙) is an abelian group. 
 

Proof: Let a, b ∈G ⇒ ab ∈G 
 

(𝑎𝑏)2 = 𝑎2𝑏2 ⇔ (𝑎𝑏)(𝑎𝑏) = (𝑎𝑎)(𝑏𝑏) 
 

⇔ [(𝑎𝑏)] = [(𝑎𝑎)]𝑏 (∵ ∙ is an associative)
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⇔ [𝑎(𝑏𝑎)]𝑏 = [𝑎(𝑎𝑏)]𝑏 
 

⇔ 𝑎(𝑏𝑎) = 𝑎(𝑎𝑏) 
 

⇔ 𝑏𝑎 = 𝑎𝑏 
 

⇔ (G, ∙) is an abelian group 
 
 
 

Theorem7: In a group (G, ∙) ∀ a, ∈ G 𝒂𝟐 = 𝒆 then prove that G is an abelian. 
 

(OR) 
 

In a group (G, ∙) every element has its own inverse (i.e. 𝒂 = 𝒂−𝟏 ⟹ 𝑎2 = 𝑒 ∀ a, ∈ G) then 

(G, ∙) is an abelian group. 
 

Proof: Let a, b, ∈ G ∴ ab∈ G 
 

Since ∀ a ∈ G 𝑎2 = 𝑒, 
 

we have (𝑎𝑏)2 = 𝑒 

⟹ (𝑎𝑏)(𝑎𝑏) = 𝑒 

⟹ 𝑎𝑏 = (𝑎𝑏)−1 = 𝑏−1𝑎−1 

⟹ 𝑎𝑏 = 𝑏−1𝑎−1 ⟶ (1) 
 
 

But 𝑎2 = 𝑒 ⟹ 𝑎𝑎 = 𝑒 ⟹ 𝑎 = 𝑎−1 Similarly 𝑏2 = 𝑒 ⟹ 𝑏𝑏 = 𝑒 ⟹ 𝑏 = 𝑏−1 

 

From (1) ab=ba⇒ G is an abelian 
 

(OR) 
 

Let a, b ∈ G ∴ ab∈ G By hypothesis 𝑎 = 𝑎−1      𝑏 = 𝑏−1 and 𝑎𝑏 = (𝑎𝑏)−1 

 

Since 𝑎𝑏 = (𝑎𝑏)−1 

⟹ 𝑎𝑏 = 𝑏−1𝑎−1 

⟹ 𝑎𝑏 = 𝑏𝑎 ( 𝑎 = 𝑎−1      𝑏 = 𝑏−1      ) 
 

∴ ab=ba ∀ a, b ∈ G 
 

Theorem8: An algebraic system (G, ∙) is a group ⟺ (𝒊). (𝒃. 𝒄) = (𝒂. 𝒃). 𝒄 ∀𝒂, 𝒃, 𝒄 ∈ 𝑮 
 

(𝒊𝒊)𝑻𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒂𝒙 = 𝒃, 𝒚𝒂 = 𝒃 𝒉𝒂𝒗𝒆 𝒖𝒏𝒊𝒒𝒖𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒇𝒐𝒓 𝒆𝒂𝒄𝒉 𝒙, 𝒚, 𝒂, 𝒃 ∈ 𝑮 
 

Necessary condition (⟹): Given that (G, ∙) is a group 
 

Since (G, ∙) is a group⟹ 𝑎. (𝑏. 𝑐) = (𝑎. 𝑏). 𝑐 ∀𝑎, 𝑏, 𝑐 ∈ 𝐺
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To prove that in a group (G, ∙) 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑥 = 𝑏,  = 𝑏 ℎ𝑎𝑣𝑒 𝑢𝑛𝑖𝑞𝑢𝑒 
 
𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑥, 𝑦, 𝑎, 𝑏 ∈ 𝐺. Let a, b ∈G, 
 

Since a, b ∈G 𝑎𝑥 = 𝑏 
 

⟹ 𝑎−1(𝑎𝑥) = 𝑎−1𝑏 
 

⟹ (𝑎−1𝑎) = 𝑎−1𝑏 
 

⟹ 𝑒𝑥 = 𝑎−1𝑏 
 

⟹ 𝑥 = 𝑎−1𝑏 
 

But if 𝑥 = 𝑎−1𝑏 
 

Now 𝑎𝑥 = 𝑏 
 

⟹ (𝑎−1𝑏) = 𝑏 
 

⟹ (𝑎𝑎−1) = 𝑏 
 

⟹ 𝑒𝑏 = 𝑏 
 

⟹ 𝑏 = 𝑏 
 

𝒙 = 𝒂−𝟏𝒃 is the solution of the equation ax=b. 

Uniqueness part: If possible suppose that 𝒙𝟏,  be two solutions of ax=b, 

𝒂𝒙𝟏 = 𝒃 𝒂𝒏𝒅 𝒂𝒙𝟐 = 𝒃 

⟹ 𝒂𝒙𝟏 = 𝒂𝒙𝟐 

⟹ 𝒙𝟏 = 𝒙𝟐 (By left cancellation law) 
 

∴ Solution is unique. 
 

Similarly 𝑦 = 𝑏𝑎−1 is the solution of ya =b. 
 

If possible suppose that y1, y2 be the solution of ya=b. 

 

∴ 𝒚𝟏𝒂 = 𝒃 𝒂𝒏𝒅 𝒚𝟐𝒂 = 𝒃 

⟹ 𝒚𝟏𝒂 = 𝒚𝟐𝒂 

⟹ 𝒚𝟏 = 𝒚𝟐 (By Right cancellation law) 
 

∴ Solution is unique. 
 

Hence the equations ax=b and ya=b have unique solution. 
 

Sufficient condition (⟸): Conversely given that (G, ∙) is an algebraic system such that 

(𝑖). (𝑏. 𝑐) = (𝑎. 𝑏). 𝑐 ∀𝑎, 𝑏, 𝑐 ∈ 𝐺 
 

(𝑖𝑖)𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑥 = 𝑏, 𝑦𝑎 = 𝑏 ℎ𝑎𝑣𝑒 𝑢𝑛𝑖𝑞𝑢𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑥, 𝑦, 𝑎, 𝑏 ∈ 𝐺
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To prove that (G, ∙) is a group. For this we have to show that (i) G has identity element(∀𝑏 ∈ 
𝐺, ∃𝑒 ∈ 𝐺 ∋ 𝑏. 𝑒 = 𝑏 = 𝑒. 𝑏) 
 

(ii) Every element in G has multiplicative inverse (∀𝑎 ∈ 𝐺 𝑠𝑜 ∃𝑏 ∈ 𝐺 ∋ 𝑎. 𝑏 = 𝑒) 
 

Since 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑥 = 𝑏, 𝑦𝑎 = 𝑏 ℎ𝑎𝑣𝑒 𝑢𝑛𝑖𝑞𝑢𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑥, 𝑦, , 𝑏 ∈ 𝐺 
 

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑥 = 𝑎 ℎ𝑎𝑠 𝑢𝑛𝑖𝑞𝑢𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑎 ∈ 𝐺 
 
𝐿𝑒𝑡 𝑖𝑡 𝑏𝑒 𝑒 ∈ 𝐺 ∴ 𝑎𝑒 = 𝑎 
 

Also 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑦𝑎 = 𝑏 ℎ𝑎𝑠 𝑢𝑛𝑖𝑞𝑢𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑎,  ∈ 𝐺 
 
𝐿𝑒𝑡 𝑖𝑡 𝑏𝑒 𝑑 ∈ 𝐺 ∴ 𝑑𝑎 = 𝑏 
 
𝐿𝑒𝑡 𝑏 ∈ 𝐺 
 

𝑁𝑜𝑤 𝑏𝑒 = (𝑑𝑎)𝑒 
 

= 𝑑(𝑎𝑒) 
 

= 𝑑𝑎 = 𝑏 
 
∴ 𝑏𝑒 = 𝑏 ⟹ 𝑒 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺. 
 
𝐿𝑒𝑡 𝑎 ∈ 𝐺, 𝑎𝑛𝑑 𝑒 ∈ 𝐺 
 

Since 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎𝑥 = 𝑒 ℎ𝑎𝑠 𝑢𝑛𝑖𝑞𝑢𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑎, 𝑒 ∈ 𝐺 
 
𝐿𝑒𝑡 𝑖𝑡 𝑏𝑒 𝑏 ∈ 𝐺 ∴ 𝑎𝑏 = 𝑒 ⟹ 𝑏 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎. 
 
𝐸𝑎𝑐ℎ 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒. 
 

∴ (𝐺,⋅) 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 
 
Theorem9: In finite semi group (G, ∙) cancellation laws holds then (G, ∙) is a group 
 

Proof: we know that in semi group (G, ∙) the equations ax=b and 
 

ya =b have a unique solution for each x, y, a, b, ∈ G then (G, ∙) is a group. 
 
We prove this theorem it is enough to show that the equations ax=b and 
 

ya =b have a unique solution for each x, y, a, b, ∈ G. 
 

Let 𝐺 = {𝑎1, 𝑎2, , … 𝑎𝑛} be have ‘n’ distinct elements and (G, ∙) is a semi group satisfies 

cancellation laws. 
 

Let a≠0∈ G
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Consider let 𝑎𝐺 = {𝑎𝑎1, 2, , … 𝑎𝑎𝑛} 
 

To show that aG=G, Let p∈aG ⇒p=a xk for some xk ∈ G 1k n 

 

Since a∈ G , xk ∈ G ⇒ a xk ∈ G ⇒p∈ G ⟹ 𝑎𝐺 ⊆ 𝐺 
 
If possible suppose that 𝑎𝑎𝑖 = 𝑎𝑎 for i≠j 
 

⟹ 𝒂𝒊 = 𝒂𝒋 (By left cancellation laws) 

Which is contradiction to G has ‘n’ distinct elements 
 

∴ aG has ‘n’ distinct elements and G has ‘n’ distinct elements. and 𝑎𝐺 ⊆ 𝐺 
 
∴ aG =G 
 

Let b∈ G ⇒b ∈a G ( aG = G) 
 

⟹ 𝑏 = 𝑎𝑥𝑝 for some𝑥𝑝 𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑝 ≤ 𝑛 
 
To show that𝑥𝑝 will be a unique solution. 
 

If possible suppose that𝑥𝑝, 𝑥𝑞 be the solutions of ax=b. 
 

∴ a𝑥𝑝=b a𝑥𝑞=b 
 

∴ a𝑥𝑝= a𝑥𝑞 

 
⇒𝑥𝑝=𝑥𝑞 (By left cancellation laws) 
 

Hence there exist unique solution 𝑥𝑝∈G for ax=b. 
 

∴ The equations ax=b has a unique solution for each a, b ∈G. 
 

Next consider a set 𝐺𝑎 = {𝑎1𝑎, 2𝑎, , … 𝑎𝑛𝑎} 
 

Similarly we can prove that the equation ya=b has a unique solution for each a, b ∈G 
 

∴ (G, ∙) is a group. 
 

Theorem10: Let G be a group .Let a, b ∈ G. Then prove that (𝒂𝒃) = 𝒂𝒏𝒃𝒏 when G is 

abelian and n ∈ℕ 
 

Proof: For n ∈ℕ we prove that this result by mathematical induction on n ∈ℕ 
 

Let s (n) be (𝑎𝑏) = 𝑎𝑛𝑏𝑛 

 

For n=1 (𝑎𝑏)1 = 𝑎𝑏
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= 𝑎1𝑏1 

 

∴ s (1) is true. 
 

We can assume that the s(n) is true for some n=k∈ ℕ 
 

(𝒂𝒃)𝒌 = 𝒂𝒌𝒃𝒌 

Now(𝒂𝒃)𝒌+𝟏 = (𝒂𝒃)𝒌(𝒂𝒃) 

= (𝒂𝒌𝒃𝒌)(𝒂𝒃) 

= (𝒂𝒌𝒃𝒌)(𝒃𝒂) ( G is an abelian) 

= 𝒂𝒌(𝒃𝒌𝒃)𝒂 
 

= 𝑎𝑘𝑎(𝑏𝑘𝑏) 

 

( ’∙’ is an associative) 
 

( Again G is an abelian) 
 

= 𝑎𝑘+1𝑏𝑘+1 

 

∴ S (k+1) is true. 
 

Theorem11: If G is a group such that (𝒂𝒃) = 𝒂𝒎𝒃𝒎 for three consecutive integers m for 

all a, b, ∈ G, show that G is abelian. 
 

Proof: To prove that ab=ba ∀ a, b∈ G 
 

Let a, b∈ G and m, m+1, m+2 be three consecutive integers 
 

(𝑎𝑏)𝑚 = 𝑎 ; (𝑎𝑏)𝑚+1 = 𝑎𝑚+1𝑏𝑚+1 (𝑎𝑏)𝑚+2 = 𝑎𝑚+2𝑏𝑚+2 

 

Now (𝑎𝑏)+2 = (𝑎𝑏)𝑚+1(𝑎𝑏) 
 

⟹ (𝑎𝑏)+2 = 𝑎𝑚+1𝑏𝑚+1(𝑎𝑏) 
 

⟹ 𝑎𝑎𝑚+1𝑏𝑚+1𝑏 = 𝑎𝑎𝑚(𝑎𝑏) 
 

⟹ 𝑎𝑚+1𝑏𝑚+1𝑏 = 𝑎𝑚(𝑎𝑏) (𝐵𝑦 𝐿. 𝐶. 𝐿 ) 
 

⟹ 𝑎𝑚+1𝑏𝑚+1 = 𝑎𝑚𝑏𝑚𝑏𝑎 (𝐵𝑦 𝑅. 𝐶. 𝐿 ) 
 

⟹ (𝑎𝑏)+1 = (𝑎𝑏)𝑚(𝑏𝑎) 
 

⟹ (𝑎𝑏)𝑚(𝑎𝑏) = (𝑎𝑏)𝑚(𝑏𝑎) 
 

⟹ 𝑎𝑏 = 𝑏𝑎 𝐵𝑦 𝐿. 𝐶. 𝐿 
 

𝑎𝑏 = 𝑏𝑎 ∀ a, b∈ G 
 

∴ G is abelian.
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Addition modulo M: 𝐿𝑒𝑡 𝑎,  ∈ ℤ 𝑎𝑛𝑑 M𝑏𝑒 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 𝐼𝑓 𝑟 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 
 

(0 ≤ 𝑟 < 𝑀)𝑤ℎ𝑒𝑛 𝑎 + 𝑏 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 𝑀. 𝑊𝑒 𝑑𝑒𝑓𝑖𝑛𝑒 𝑎+𝑚𝑏 = 𝑟. 
 

𝑊𝑒 𝑟𝑒𝑎𝑑 𝑖𝑡 𝑎𝑠 "𝑎 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝑚𝑜𝑑𝑢𝑙𝑜 𝑀 𝑏" 
 

Ex: 1) 3+45 = 0 (3 + 5 = 
4 

= 0) 2) 3+47 = 2 (3 + 7 = 
10 

= 2) 

 

3) 5+56 = 1 (5 + 6 = 
11 

= 1) 
 

Multiplication modulo P: 𝐿𝑒𝑡 𝑎,  ∈ ℤ 𝑎𝑛𝑑 P𝑏𝑒 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 𝐼𝑓 𝑟 𝑖𝑠 𝑡ℎ𝑒 
 

𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 (0 ≤ 𝑟 < 𝑃)ℎ𝑒𝑛 𝑎𝑏 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 𝑃. 𝑊𝑒 𝑑𝑒𝑓𝑖𝑛𝑒 𝑎 ×𝑃 𝑏 = 𝑟. 
 

𝑊𝑒 𝑟𝑒𝑎𝑑 𝑖𝑡 𝑎𝑠 "𝑎 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑚𝑜𝑑𝑢𝑙𝑜 𝑃 𝑏" 
 

Ex: 1) 3 ×4 5 = 3 (3 × 5 = 
15 

= 3) 2) 3 ×4 7 = 1 (3 × 7 = 
21 

= 1) 
 

3) 5 ×5 6 = 0 (5 × 6 = 
30 

= 0) 
 
 
 

A congruent to b modulo M: 𝐿𝑒𝑡 𝑎,  ∈ ℤ 𝑎𝑛𝑑 M𝑏𝑒 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 𝐼𝑓 𝑟 𝑖𝑠 𝑡ℎ𝑒 
 

𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 (0 ≤ 𝑟 < 𝑀).𝐼𝑓 𝑎 − 𝑏 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 𝑀. (𝑜𝑟 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑏𝑦 𝑀) 
 

𝑡ℎ𝑒𝑛 𝑤𝑒 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡 𝑎 𝑖𝑠 𝑐𝑜𝑛𝑔𝑟𝑢𝑒𝑛𝑡 𝑡𝑜 𝑏 𝑚𝑜𝑑𝑢𝑙𝑜𝑀 𝑎𝑛𝑑 𝑖𝑡 𝑖𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝑎 ≡ 𝑏 (𝑚𝑜𝑑𝑀) 
 

𝑖. 𝑒. 𝑎 ≡ 𝑏 (𝑚𝑜𝑑𝑀) ⟺ 𝑀|(𝑎 − 𝑏) 
 

Ex: . 4 ≡ 2 (𝑚𝑜𝑑2) = (2|(4 − 2) = 2|2) 
 

Theorem1: 𝑻𝒉𝒆 𝒔𝒆𝒕 𝑮 = {𝟎, , 𝟐, 𝟑, … . (𝒎 − 𝟏)} 𝒐𝒇 𝒇𝒊𝒓𝒔𝒕 𝒎 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔 𝒇𝒐𝒓𝒎 𝒂𝒏 
 
𝒂𝒃𝒆𝒍𝒊𝒂𝒏 𝒈𝒓𝒐𝒖𝒑 𝒖𝒏𝒅𝒆𝒓 𝒂𝒅𝒅𝒊𝒕𝒊𝒐𝒏 𝒎𝒐𝒅𝒖𝒍𝒐𝑴 
 
Proof: 𝐼𝑓 𝑎,  ∈ ℤ 𝑎𝑛𝑑 𝑚 ∈ ℕ 𝑡ℎ𝑒𝑛 𝑎+𝑚𝑏 = 𝑟 𝑤ℎ𝑒𝑟𝑒 𝑟 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 𝑤ℎ𝑒𝑛 𝑎 + 𝑏 
 

𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 𝑚 𝑤ℎ𝑒𝑛 0 ≤ 𝑟 ≤ 𝑚 − 1 
 

(i) Closure property: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 𝑡ℎ𝑒𝑛 0 ≤ 𝑎 ≤ 𝑚 − 1 and 0 ≤ 𝑏 ≤ 𝑚 − 1 
 
∴ 𝑎+𝑚𝑏 = 𝑟 ∈ 𝐺 𝑠𝑖𝑛𝑐𝑒0 ≤ 𝑟 ≤ 𝑚 − 1 
 

∴ 𝑎+𝑚𝑏 ∈ 𝐺 +𝑚 𝑖𝑠 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑛 𝐺 
 

(ii) Associative property: 𝐿𝑒𝑡 𝑎, 𝑏, 𝑐 ∈ 𝐺
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Now ( +𝑚𝑏) +𝑚 𝑐 = (𝑎 + 𝑏)+𝑚𝑐 = 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟′𝑟′𝑤ℎ𝑒𝑛(𝑎 + 𝑏) + 𝑐 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 ′𝑚′ 
 

= 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟′𝑟′𝑤ℎ𝑒𝑛 𝑎 + (𝑏 + 𝑐) 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 ′𝑚′ 
 

= 𝑎+𝑚(𝑏 + 𝑐) 
 

= 𝑎+𝑚(𝑏+𝑚𝑐) 
 

∴ ( 𝑎+𝑚𝑏) +𝑚 𝑐 = 𝑎+𝑚(𝑏+𝑚𝑐) 
 

(iii) Existence of identity: We have 0 ∈ 𝐺 
 
𝐿𝑒𝑡 𝑎 ∈ 𝐺 𝑡ℎ𝑒𝑛 0 ≤ 𝑎 ≤ 𝑚 − 1 
 
𝑁𝑜𝑤 𝑎+𝑚0 = 𝑎 = 0+𝑚𝑎 
 

∴ 𝑇ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 𝑒 = 0 
 

(iv) Existence of inverse: we have 0+𝑚0 = 0 
 

𝐿𝑒𝑡 𝑎 ∈ 𝐺 𝑡ℎ𝑒𝑛 1 ≤ 𝑎 ≤ 𝑚 − 1 ∴ 𝑚 − 𝑎 ∈ 𝐺 
 

𝑁𝑜𝑤 𝑎+(𝑚 − 𝑎) = 0 = (𝑚 − 𝑎)+𝑚𝑎 
 

∴ 𝑚 − 𝑎 𝑖𝑠 𝑡ℎ𝑒 𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 ′𝑎′  

 

𝐸𝑎𝑐ℎ 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 ℎ𝑎𝑠 𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒. 
 
(v) Commutative property: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 
 
𝑁𝑜𝑤 𝑎+𝑚𝑏 = 𝑟 𝑤ℎ𝑒𝑛 𝑎 + 𝑏 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 𝑚 
 

= 𝑟 𝑤ℎ𝑒𝑛 𝑏 + 𝑎 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 𝑚 
 

= 𝑏+𝑚𝑎 
 

∴ (𝐺, +𝑚)𝑖𝑠𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝 
 

Theorem2: 𝑻𝒉𝒆 𝒔𝒆𝒕 𝒐𝒇 (𝒑 − 𝟏)𝒆𝒈𝒆𝒓𝒔 𝑮 = {𝟏, 𝟐, 𝟑, … . (𝒑 − 𝟏)}𝒘𝒉𝒆𝒓𝒆 𝒑 𝒊𝒔 𝒂𝒑𝒓𝒊𝒎𝒆 
 
𝒇𝒐𝒓𝒎 𝒂𝒏 𝒂𝒃𝒆𝒍𝒊𝒂𝒏 𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓 (𝒑 − 𝟏) 𝒖𝒏𝒅𝒆𝒓 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏 𝒎𝒐𝒅𝒖𝒍𝒐 𝒑. 
 
Proof: 𝐼𝑓 𝑎, 𝑏 ∈ ℤ 𝑎𝑛𝑑 𝑝 ∈ ℕ 𝑡ℎ𝑒𝑛 𝑎 ×𝑝 𝑏 = 𝑟 𝑤ℎ𝑒𝑟𝑒 𝑟 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 𝑤ℎ𝑒𝑛 𝑎𝑏 

 
𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 𝑝 𝑤ℎ𝑒𝑛 0 ≤ 𝑟 < 𝑃 
 

(i) Closure property: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 𝑡ℎ𝑒𝑛 1 ≤ 𝑎 ≤ 𝑝 − 1 and 1 ≤ 𝑏 ≤ 𝑝 − 1 
 
𝑠𝑖𝑛𝑐𝑒 𝑝 𝑖𝑠 𝑎𝑝𝑟𝑖𝑚𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑠𝑜 𝑎𝑏 𝑐𝑎𝑛𝑛𝑜𝑡 𝑏𝑒 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 𝑝.
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𝑠𝑜 𝑡ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 𝑐𝑎𝑛𝑛𝑜𝑡 𝑏𝑒 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑧𝑒𝑟𝑜. 𝑠𝑜 𝑤𝑒 𝑠ℎ𝑎𝑙𝑙 ℎ𝑎𝑣𝑒 1 ≤ 𝑟 ≤ 𝑝 − 1 
 
∴ 𝑎 ×𝑝 𝑏 = 𝑟 ∈ 𝐺 𝑠𝑖𝑛𝑐𝑒1 ≤ 𝑟 ≤ 𝑝 − 1 
 
∴ 𝑎 ×𝑝 𝑏 ∈ 𝐺 ∴×𝑝 𝑖𝑠 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑛 𝐺 
 
(ii) Associative property: 𝐿𝑒𝑡 𝑎, 𝑏, 𝑐 ∈ 𝐺 
 

Now (  ×𝑝 𝑏) ×𝑝 𝑐 = (𝑎𝑏) ×𝑝 𝑐 = 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟′𝑟′𝑤ℎ𝑒𝑛(𝑎𝑏)𝑐 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 ′𝑝′ 
 

= 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟′𝑟′𝑤ℎ𝑒𝑛 𝑎(𝑏𝑐) 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 ′𝑝′ 
 

= 𝑎 ×𝑝 (𝑏𝑐) 
 

= 𝑎 ×𝑝 (𝑏 ×𝑝 𝑐) 
 
∴ ( 𝑎 ×𝑝 𝑏) ×𝑝 𝑐 = 𝑎 ×𝑝 (𝑏 ×𝑝 𝑐) 
 

(iii) Existence of identity: We have 1 ∈ 𝐺 
 
𝐿𝑒𝑡 𝑎 ∈ 𝐺 𝑡ℎ𝑒𝑛 1 ≤ 𝑎 ≤ 𝑝 − 1 
 
𝑁𝑜𝑤 𝑎 ×𝑝 1 = 𝑎 = 1 ×𝑝 𝑎 
 
∴ 𝑇ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 𝑒 = 1 
 
(iv) Existence of inverse: 𝐿𝑒𝑡 𝑠 ∈ 𝐺 𝑡ℎ𝑒𝑛 1 ≤ 𝑠 ≤ 𝑚 − 1 
 

𝐶𝑜𝑛𝑠𝑖𝑑𝑟 𝑡ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑝 − 1 ⟹ 1 ×𝑝 𝑠, 2 ×𝑝 𝑠, 3 ×𝑝 𝑠 … . (𝑝 − 1) ×𝑝 𝑠 
 
𝐴𝑙𝑙 𝑡ℎ𝑒𝑠𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑎𝑟 𝑡ℎ𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝐺 𝑏𝑦 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 
 
𝑎𝑙𝑙 𝑡ℎ𝑒𝑠𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑎𝑟𝑒 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 
 
𝐼𝑓 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑠𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝑡𝑤𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑎𝑟𝑒 𝑒𝑞𝑢𝑙 
 
𝑖 ×𝑝 𝑠 = 𝑗 ×𝑝 𝑠 𝑤ℎ𝑒𝑟𝑒 𝑖 ≠ 𝑗 𝑎𝑛𝑑 1 ≤ 𝑖 ≤ 𝑝 − 1 𝑎𝑛𝑑 1 ≤ 𝑗 ≤ 𝑝 − 1 
 

⟹ 𝑖𝑠 𝑎𝑛𝑑 𝑗𝑠 ℎ𝑎𝑣𝑒 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 𝑤ℎ𝑒𝑛 𝑒𝑎𝑐ℎ 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 ′𝑝′ 

 

⟹ 𝑖𝑠 − 𝑗𝑠 𝑖𝑠 𝑑𝑖𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑏𝑦 ′𝑝′ 

 

⟹ 𝑝|𝑖𝑠 − 𝑗𝑠 ⟹ 𝑝|(𝑖 − 𝑗)𝑠 ⟹ 𝑝|𝑖 − 𝑗 𝑜𝑟 𝑝|𝑠 
 
𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑑𝑖𝑐𝑡 𝑡𝑜 1 ≤ 𝑖 − 𝑗 ≤ 𝑝 − 2 
 
𝐻𝑒𝑛𝑐𝑒 𝑖 ×𝑝 𝑠 ≠ 𝑗 ×𝑝 𝑠 ∴ 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑎𝑟𝑒 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡
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𝐴𝑛𝑑 𝑎𝑙𝑠𝑜 𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒𝑠𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 1 
 
𝑠𝑖𝑛𝑐𝑒 1 ∈ 𝐺 𝑠𝑜 ∃ 𝑘 ∈ 𝐺 ∋ 𝑘 ×𝑝 𝑠 = 1 = 𝑠 ×𝑝 𝑘 ⟹ 𝑘 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑠 
 
𝐸𝑎𝑐ℎ 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒. 
 
(v) Commutative property: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 
 
𝑁𝑜𝑤 𝑎 ×𝑝 𝑏 = 𝑟 𝑤ℎ𝑒𝑛 𝑎𝑏 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 𝑝 
 

= 𝑟 𝑤ℎ𝑒𝑛 𝑏𝑎 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 𝑝 
 

= 𝑏 ×𝑝 𝑎 
 

∴ (𝐺,×𝑝) 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝 
 
Problems: 
 

1. P.T the set 𝑮 = {𝟎, , 𝟐, 𝟑, 𝟒} is an abelian group of order ‘5’ w.r.t. addition modulo’5’ 
 

Sol: Given 𝐺 = {0,1,2,3,4} 𝑢𝑛𝑑𝑒𝑟 ′+5′ 
 

Construct a composition table for 𝐺 
 
(i) Closure property: we observe that all 

elements in C.T are the elements of 𝐺 
 

′+5′is binary on 𝐺 
 
(ii) Associative property: 𝐿𝑒𝑡 𝑎, 𝑏, 𝑐 ∈ 𝐺 

 
+𝟓 0 1 2 3 4 
 

0 0 1 2 3 4 
 

1 1 2 3 4 0 
 

2 2 3 4 0 1 
 

3 3 4 0 1 2 
 

4 4 0 1 2 3 
 

Now ( +5𝑏) +5 𝑐 = (𝑎 + 𝑏)+5𝑐 = 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 ′𝑟′𝑤ℎ𝑒𝑛(𝑎 + 𝑏) + 𝑐 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 ′5′ 
 

= 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟′𝑟′𝑤ℎ𝑒𝑛 𝑎 + (𝑏 + 𝑐) 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 ′5′ 
 

= 𝑎+5(𝑏 + 𝑐) 
 

= 𝑎+5(𝑏+5𝑐) 
 

∴ ( +5𝑏) +5 𝑐 = 𝑎+5(𝑏+5𝑐) 
 

(iii) Existence of identity: From C.T we observe that the row headed by 0 is coincide with the 

top row of C.T. ∴ 0 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺. 
 

(iv) Existence of inverse: From C.T we observe that the identity elements 0 contains in each 

row.
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The inverse of 0,1,2,3,4 𝑎𝑟𝑒 0,4,3,2,1 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦. 
 

∴ 𝐸𝑎𝑐ℎ 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 ℎ𝑎𝑠 𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑇ℎ(𝐺, +5 ) is a group 
 

(v) commutative property: From C.T we observe that all the rows identical with their 

corresponding columns. Hence (𝐺, +5) is an abelian group of order 5 
 

2. P.T the set 𝑮 = {𝟏, , 𝟑, 𝟒} is an abelian group of order ‘4’ w.r.t. multiplication modulo’5’ 
 

Sol: Given 𝐺 = {1,2,3,4} 𝑢𝑛𝑑𝑒𝑟 ′ ×5 ′ 
×𝟓 1 2 3 4 

Construct a composition table for 𝐺 
1 1 2 3 4 

(i) Closure property: we observe that all 

elements in C.T are the elements of 𝐺 2 2 4 1 3 
 

′ ×5 ′is binary on 𝐺 3 3 1 4 2 
 

(ii) Associative property: 𝐿𝑒𝑡 𝑎, 𝑏, 𝑐 ∈ 𝐺 4 4 3 2 1 
 
 
 

Now (  ×5 𝑏) ×5 𝑐 = (𝑎𝑏) ×5 𝑐 = 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 ′𝑟′𝑤ℎ𝑒𝑛(𝑎𝑏)𝑐 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 ′5′ 
 

= 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟′𝑟′𝑤ℎ𝑒𝑛 (𝑏𝑐) 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 ′5′ 
 

= 𝑎 ×5 (𝑏𝑐) 
 

= 𝑎 ×5 (𝑏 ×5 𝑐) 
 

∴ (  ×5 𝑏) ×5 𝑐 = 𝑎 ×5 (𝑏 ×5 𝑐) 
 

(iii) Existence of identity: From C.T we observe that the row headed by 1 is coincide with the 

top row of C.T. ∴ 1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺. 
 

(iv) Existence of inverse: From C.T we observe that the identity elements 1 contains in each 

row. 
 

The inverse of 1,2,3,4 𝑎𝑟𝑒 1,3,2,4 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦. 
 

∴ 𝐸𝑎𝑐ℎ 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 ℎ𝑎𝑠 𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑇ℎ(𝐺,×5 ) is a group 
 

(v) commutative property: From C.T we observe that all the rows identical with their 

corresponding columns. Hence (𝐺,×5) is an abelian group of order 4
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3. P.T the set 𝑮 = {𝟏, , 𝟓, 𝟕} is an abelian group of order ‘4’ w.r.t. multiplication modulo’8’ 
 

Sol: Given 𝐺 = {1,3,5,7} 𝑢𝑛𝑑𝑒𝑟 ′ ×8 ′ 
×𝟖 1 3 5 7 

Construct a composition table for 𝐺 
1 1 3 5 7 

(i) Closure property: we observe that all 

elements in C.T are the elements of 𝐺 3 3 1 7 5 
 

′ ×8 ′is binary on 𝐺                                                                  5           5            7             1             3 

(ii) Associative property: 𝐿𝑒𝑡 𝑎, 𝑏, 𝑐 ∈ 𝐺                         7           7            5             3             1 

 
 

Now (  ×8 𝑏) ×8 𝑐 = (𝑎𝑏) ×8 𝑐 = 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 ′𝑟′𝑤ℎ𝑒𝑛(𝑎𝑏)𝑐 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 ′8′ 
 

= 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟′𝑟′𝑤ℎ𝑒𝑛 (𝑏𝑐) 𝑖𝑠 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 ′8′ 
 

= 𝑎 ×8 (𝑏𝑐) 
 

= 𝑎 ×8 (𝑏 ×8 𝑐) 
 

∴ (  ×8 𝑏) ×8 𝑐 = 𝑎 ×8 (𝑏 ×8 𝑐) 
 

(iii) Existence of identity: From C.T we observe that the row headed by 1 is coincide with the 

top row of C.T. ∴ 1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺. 
 

(iv) Existence of inverse: From C.T we observe that the identity elements 1 contains in each 

row. 
 

The inverse of 1,3,5,7 𝑎𝑟𝑒1,3,5,7 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦. 
 

∴ 𝐸𝑎𝑐ℎ 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 ℎ𝑎𝑠 𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑇ℎ(𝐺,×8 ) is a group 
 

(v) commutative property: From C.T we observe that all the rows identical with their 

corresponding columns. Hence (𝐺,×8) is an abelian group of order 4 
 

Order of an element: Let (G, ∙) be a group and a ∈ G then there exist a least positive integer 

‘n’ such that 𝑎𝑛=e. then n is said to be order of ‘a ‘and it is denoted by 0(a). In case such a 

positive integer does not exist then we say that 0(a) is zero (or) infinite. 
 

Note: (i) We have 𝑒1 = 𝑒 ⟹ (𝑒) = 1 
 
∴ 𝑇ℎ𝑒 𝑜𝑟𝑒𝑟 𝑜𝑓 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 1 
 

(ii) In addition we have 𝑛𝑎 = 0 ⟹ (𝑎) = 𝑛
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Ex: 1. Find the order of each element in a group 𝑮 = {𝟏, −𝟏} under multiplication. 
 

Sol: 𝐺 = {1, −1} 𝑖𝑠 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 𝐻𝑒𝑟𝑒 𝑒 = 1 
 

𝐿𝑒𝑡 𝑎 = 1 𝑛𝑜𝑤 (1)1 = 1, (1)2 = 1, (1)3 = 1 ∴ 𝑜(1) = 1 
 

𝐿𝑒𝑡 𝑎 = −1 𝑛𝑜𝑤 (−1)1 = −1, (−1)2 = 1, (−1)3 = −1 ∴ 𝑜(−1) = 2 
 

∴ (1) = 1, (−1) = 2 
 
2. Find the order of each element in a group 𝑮 = {𝟏, 𝝎, } under multiplication 
 

Sol: 𝐺 = {1, , 2} 𝑖𝑠 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 𝐻𝑒𝑟𝑒 𝑒 = 1 
 

𝐿𝑒𝑡 𝑎 = 1 𝑛𝑜𝑤 (1)1 = 1, (1)2 = 1, (1)3 = 1 ∴ 𝑜(1) = 1 
 

𝐿𝑒𝑡 𝑎 = 𝜔 𝑛𝑜𝑤 (𝜔)1 = 𝜔, (𝜔)2 = 𝜔2, (𝜔)3 = 𝜔3 = 1 ∴ 𝑜(𝜔) = 3 
 

𝐿𝑒𝑡 𝑎 = 𝜔2     𝑛𝑜𝑤 (𝜔2)1 = 𝜔2, (𝜔2)2 = 𝜔, (𝜔2)3 = 𝜔6 = 1 ∴ (𝜔2) = 3 
 

∴ (1) = 1, (𝜔) = 3, 𝑜(𝜔2) = 3 
 
3. Find the order of each element in a group 𝑮 = {𝟏, −𝟏, , −𝒊} under multiplication 
 

Sol: 𝐺 = {1, −1, , −𝑖} 𝑖𝑠 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 𝐻𝑒𝑟𝑒 𝑒 = 1 
 

𝐿𝑒𝑡 𝑎 = 1 𝑛𝑜𝑤 (1)1 = 1, (1)2 = 1, (1)3 = 1 ∴ 𝑜(1) = 1 
 

𝐿𝑒𝑡 𝑎 = −1 𝑛𝑜𝑤 (−1)1 = −1, (−1)2 = 1, (−1)3 = −1 ∴ 𝑜(−1) = 2 
 

𝐿𝑒𝑡 𝑎 = 𝑖 𝑛𝑜𝑤 (𝑖)1 = 𝑖, (𝑖)2 = −1, (𝑖)3 = −𝑖, (𝑖)4 = 1 ∴ 𝑜(𝑖) = 4 
 

𝐿𝑒𝑡 𝑎 = −𝑖 𝑛𝑜𝑤 (−𝑖)1 = −𝑖, (−𝑖)2 = −1, (−𝑖)3 = 𝑖, (−𝑖)4 = 1 ∴ 𝑜(−𝑖) = 4 
 

∴ (1) = 1, (−1) = 2, 𝑜(𝑖) = 4, 𝑜(−𝑖) = 4 
 
4. Find the order of each element in a group 𝑮 = 𝒁𝟔 = {𝟎, 𝟏, , 𝟑, 𝟒, 𝟓} under addition 

modulo 6 
 

Sol: 𝐺 = 𝑍6 = {0,1,2,3,4,5} is a group under addition modulo 6 𝐻𝑒𝑟𝑒 𝑒 = 0 
 

𝐿𝑒𝑡 𝑎 = 0 𝑛𝑜𝑤 1. (0) = 0, 2. (0) = 0, 3. (0) = 0 𝑠𝑜 𝑜(0) = 1 
 

𝐿𝑒𝑡 𝑎 = 1 𝑛𝑜𝑤 1+61+61+61+61+61 = 6. (1) = 0, 12(1) = 0, … 𝑠𝑜 𝑜(1) = 6 
 

𝐿𝑒𝑡 𝑎 = 2 𝑛𝑜𝑤 2+62+62 = 3. (2) = 0, 6(2) = 0, … 𝑠𝑜 𝑜(2) = 3 
 

𝐿𝑒𝑡 𝑎 = 3 𝑛𝑜𝑤 3+63 = 2. (3) = 0, 4(3) = 0, … 𝑠𝑜 𝑜(3) = 2
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𝐿𝑒𝑡 𝑎 = 4 𝑛𝑜𝑤 4+64+64 = 3. (4) = 0, 6(4) = 0, … 𝑠𝑜 𝑜(4) = 3 
 

𝐿𝑒𝑡 𝑎 = 5 𝑛𝑜𝑤 5+65+65+65+65+65 = 6. (5) = 0, 12(5) = 0, … 𝑠𝑜 𝑜(5) = 6 
 

∴ 𝑜(0) = 1, 𝑜(1) = 6, 𝑜(2) = 3, 𝑜(3) = 2, 𝑜(4) = 3, 𝑜(5) = 6 
 
5. 𝑰𝒏 𝒂 𝒈𝒓(𝑮,⋅), 𝒊𝒇 𝒂, 𝒃 ∈ 𝑮 𝒕𝒉𝒆𝒏 𝒐(𝒂) = 𝟓, 𝒃 ≠ 𝒆 𝒂𝒏𝒅 𝒂𝒃𝒂−𝟏 = 𝒃𝟐 𝒇𝒊𝒏𝒅 𝒐(𝒃)? 
 

Sol: Given (𝑎) = 5 ⟹ 𝑎5 = 𝑒 𝑎𝑛𝑑 𝑎𝑏𝑎−1 = 𝑏2 

 

𝑁𝑜𝑤 (𝑎𝑏𝑎−1)2 = (𝑎𝑏𝑎−1)(𝑎𝑏𝑎−1) = 𝑎𝑏2𝑎−1 = 𝑎(𝑎𝑏𝑎−1)𝑎−1 = 𝑎2𝑏𝑎−2 

 

∴ (𝑎𝑏𝑎−1)2 = 𝑎2𝑏𝑎−2 

 

⟹ [(𝑎𝑏𝑎−1)2]2 = (𝑎2𝑏𝑎−2)2 ⟹ (𝑎𝑏𝑎−1)4 = 𝑎2𝑏2𝑎−2 = 𝑎2(𝑎𝑏𝑎−1)𝑎−2 = 𝑎3𝑏𝑎−3 

 

∴ (𝑎𝑏𝑎−1)4 = 𝑎3𝑏𝑎−3 ⟹ (𝑎𝑏𝑎−1)8 = 𝑎4𝑏𝑎−4 

 

⟹ (𝑎𝑏𝑎−1)16 = 𝑎5𝑏𝑎−5 ⟹ (𝑏2)16 = 𝑒𝑏𝑒−1 ⟹ 𝑏32 = 𝑏 ⟹ 𝑏31 = 𝑒 ⟹ (𝑏)|31 
 

𝑠𝑖𝑛𝑐𝑒 31 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 𝑠𝑜 (𝑏) = 1 𝑜𝑟 31 
 

𝐼𝑓 (𝑏) = 1 𝑡ℎ𝑒𝑛 𝑏 = 𝑒 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡 𝑡𝑜 𝑏 ≠ 𝑒 ∴ (𝑏) = 31 
 
6. If every element of a group 𝑮 except the identity is of order 2 then prove that 𝑮is an 

abelian. 
 

Proof: 𝐿𝑒𝑡 (𝐺,⋅) 𝑏𝑒 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 ′𝑒 ′𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺 
 

𝑊𝑒 ℎ𝑎𝑣𝑒 (𝑒) = 1 𝑎𝑙𝑠𝑜 𝑒2 = 𝑒 
 
𝐿𝑒𝑡 𝑎 ≠ 𝑒 
 

𝑠𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎 ≠ 𝑒 𝑖𝑠 2 ⟹ (𝑎) = 2 ⟹ 𝑎2 = 𝑒 ⟹ 𝑎 = 𝑎−1 

 

𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 ⟹ 𝑎𝑏 ∈ 𝐺 ⟹ (𝑎𝑏)2 = 𝑒 
 

⟹ 𝑎𝑏 = (𝑎𝑏)−1 

 

⟹ 𝑎𝑏 = 𝑏−1𝑎−1 = 𝑏𝑎 
 

∴ 𝑎𝑏 = 𝑏𝑎 ⟹ (𝐺,⋅) 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝.
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Theorem𝟏: 𝑻𝒉𝒆 𝒐𝒓𝒅𝒆𝒓 𝒐𝒇 𝒆𝒗𝒆𝒓𝒚 𝒆𝒍𝒆𝒎𝒆𝒏𝒕 𝒐𝒇 𝒂 𝒇𝒊𝒏𝒊𝒕𝒆 𝒈𝒓𝒐𝒖𝒑 (𝑮,⋅) 𝒊𝒔 𝒂𝒍𝒔𝒐 𝒇𝒊𝒏𝒊𝒕𝒆 
 
𝒂𝒏𝒅 𝒊𝒔 𝒂𝒍𝒘𝒂𝒚𝒔 𝒍𝒆𝒔𝒔 𝒕𝒉𝒂𝒏 𝒐𝒓 𝒆𝒒𝒖𝒂𝒍 𝒕𝒐 𝒐𝒓𝒅𝒆𝒓 𝒐𝒇 𝑮 
 

Proof: (𝐺,⋅) 𝑏𝑒 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 ′𝑎′𝑏𝑒 𝑎𝑛𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺. 
 

𝐵𝑦 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓𝑎𝑙𝑙 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑝𝑜𝑤𝑒𝑟 𝑜𝑓′𝑎′𝑎𝑟𝑒 𝑎1, 2, 𝑎3 … . . ∈ 𝐺 
 

𝑎𝑟𝑒 𝑎𝑙𝑙 𝑐𝑎𝑛𝑛𝑜𝑡 𝑏𝑒 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 (𝑠𝑖𝑛𝑐𝑒 𝐺 𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒 𝑔𝑟𝑜𝑢𝑝) 
 

𝐿𝑒𝑡 𝑎𝑟 = 𝑎𝑠 𝑤ℎ𝑒𝑟𝑒 𝑟, 𝑠 ∈ ℕ 𝑎𝑛𝑑 𝑟 > 𝑠 
 

⟹ 𝑎𝑟𝑎−𝑠 = 𝑎𝑠𝑎−𝑠 ⟹ 𝑎𝑟−𝑠 = 𝑎0 = 𝑒 ⟹ 𝑎𝑚 = 𝑒 𝑤ℎ𝑒𝑟𝑒 𝑚 = 𝑟 − 𝑠 > 0 
 

∴ 𝑚 𝑖𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎𝑚 = 𝑒 
 
𝐵𝑦 𝑤𝑒𝑙𝑙 𝑜𝑟𝑑𝑒𝑟𝑖𝑛𝑔 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 "Every positive integer set has a least member" 
 

𝑇ℎ𝑢𝑠 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓𝑎𝑙𝑙 𝑡ℎ𝑜𝑠𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑚 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎𝑚 = 𝑒 ℎ𝑎𝑠 𝑙𝑒𝑎𝑠𝑡 𝑛𝑢𝑚𝑏𝑒𝑟 𝑠𝑎𝑦 ′𝑛′ 

 

∴′  𝑛′𝑖𝑠 𝑎 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎𝑛 = 𝑒 ⟹ 𝑜(𝑎) = 𝑛 𝑖. 𝑒. 𝑓𝑖𝑛𝑖𝑡𝑒 
 

𝑁𝑒𝑥𝑡 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑜(𝑎) ≤ 𝑜(𝐺) 
 

𝐿𝑒𝑡𝑜(𝑎) = 𝑝 ⟹ 𝑝 𝑖𝑠 𝑎 𝑙𝑒𝑎𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎𝑝 = 𝑒 
 

𝐼𝑓 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑠𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝑜(𝑎) > 𝑜(𝐺) 
 
𝐵𝑦 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓𝑎𝑙𝑙 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑝𝑜𝑤𝑒𝑟 𝑜𝑓′𝑎′𝑎𝑟𝑒 𝑎1, 2, 𝑎3 … . 𝑎𝑝 ∈ 𝐺 
 
𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑡ℎ𝑒𝑠𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑎𝑟𝑒 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 
 

𝐿𝑒𝑡 𝑎𝑟 = 𝑎𝑠 𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑟 ≤ 𝑝, 1 ≤ 𝑠 ≤ 𝑝 𝑎𝑛𝑑 𝑟 > 𝑠 
 

⟹ 𝑎𝑟𝑎−𝑠 = 𝑎𝑠𝑎−𝑠 ⟹ 𝑎𝑟−𝑠 = 𝑎0 = 𝑒 ⟹ (𝑎) = 𝑟 − 𝑠 (∴ 1 ≤ 𝑟 − 𝑠 ≤ 𝑝 − 1 < 𝑝) 
 

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡 𝑡𝑜 𝑜(𝑎) = 𝑝. 𝐻𝑒𝑛𝑐𝑒 𝑎𝑟 ≠ 𝑎𝑠 

 

∴ 𝑎1, 𝑎2, 𝑎3 … . 𝑎𝑝 ∈ 𝐺𝑎𝑟𝑒 𝑎𝑙𝑙 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 
 

𝑠𝑖𝑛𝑐𝑒 𝑜(𝑎) > 𝑜(𝐺) ⟹ 𝑝 > 𝑜(𝐺)𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑛𝑜𝑡 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 
 

𝐻𝑒𝑛𝑐𝑒 𝑜(𝑎) ≤ 𝑜(𝐺) 
 

Theorem2: 𝑰𝒏 𝒂 𝒈𝒓(𝑮,⋅), 𝒊𝒇 𝒂 ∈ 𝑮 𝒕𝒉𝒆𝒏 𝒐(𝒂) = 𝒐(𝒂−𝟏) 
 

Proof: 𝐿𝑒𝑡 (𝑎) = 𝑛 ⟹ 𝑛 𝑖𝑠 𝑎 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎𝑛 = 𝑒 
 

𝐿𝑒𝑡 (𝑎−1) = 𝑚 ⟹ 𝑚 𝑖𝑠 𝑎 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 (𝑎−1) = 𝑒
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𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 (𝑎) = (𝑎−1) 𝑖. 𝑒. 𝑛 = 𝑚 (𝑛 ≤ 𝑚 𝑎𝑛𝑑 𝑚 ≤ 𝑛 ) 
 

𝑠𝑖𝑛𝑐𝑒 𝑎𝑛 = 𝑒 ⟹ (𝑎𝑛)−1 = 𝑒−1 ⟹ (𝑎−1)𝑛 = 𝑒 ⟹ 𝑜(𝑎−1) ≤ 𝑛 ⟹ 𝑚 ≤ 𝑛 → (1) 
 

𝑎𝑙𝑠𝑜 (𝑎−1) = 𝑒 ⟹ 𝑎−𝑚 = 𝑒 ⟹ (𝑎−𝑚)−1 = 𝑒−1 ⟹ 𝑎𝑚 = 𝑒 ⟹ 𝑜(𝑎) ≤ 𝑚 ⟹ 𝑛 ≤ 𝑚 → (2) 
 

𝐹𝑟𝑜𝑚 (1) (2) 𝑛 = 𝑚 𝑖. 𝑒. (𝑎) = 𝑜(𝑎−1) 
 

Theorem3: 𝑰𝒏 𝒂 𝒈𝒓(𝑮,⋅), 𝒊𝒇 𝒂 ∈ 𝑮 𝒕𝒉𝒆𝒏 𝒐(𝒂) = 𝒏 𝒕𝒉𝒆𝒏 𝒂𝒎 = 𝒆 ⟺ 𝒏|𝒎 
 

Necessary condition (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 (𝑎) = 𝑛 ⟹ 𝑛 

𝑖𝑠 𝑎 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎𝑛 = 𝑒 
 

𝐵𝑦 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚 𝑚, (≠ 0) ∈ ℤ 𝑠𝑜 ∃ 𝑞, 𝑟 ∈ ℤ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑚 = 𝑛𝑞 + 𝑟 𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑟 < 𝑛 
 

𝑠𝑖𝑛𝑐𝑒 𝑎𝑚 = 𝑒 ⟹ 𝑎𝑛𝑞+𝑟 = 𝑒 ⟹ 𝑎𝑛𝑞𝑎𝑟 = 𝑒 ⟹ (𝑎𝑛)𝑞𝑎𝑟 = 𝑒 ⟹ (𝑒)𝑞𝑎𝑟 = 𝑒 ⟹ 𝑎𝑟 = 𝑒 
 

⟹ 𝑟 𝑖𝑠 𝑎 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎𝑟 = 𝑒 𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑟 < 𝑛 
 

𝐼𝑓 0 < 𝑟 < 𝑛 𝑡ℎ𝑒𝑛 𝑖𝑡 𝑖𝑠 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡 𝑡𝑜 (𝑎) =  . 𝐻𝑒𝑛𝑐𝑒 𝑟 = 0 
 

∴ 𝑚 = 𝑛𝑞 + 0 ⟹ 𝑛|𝑚 
 

Sufficient condition (⟸): 𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 (𝑎) = 𝑛 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑛|𝑚 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑎𝑚 = 𝑒 
 

𝑠𝑖𝑛𝑐𝑒 𝑜(𝑎) = 𝑛 ⟹ 𝑛 𝑖𝑠 𝑎 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎𝑛 = 𝑒 
 

𝑠𝑖𝑛𝑐𝑒 𝑛|𝑚 𝑏𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑠𝑜 ∃ 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑝 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑚 = 𝑛𝑝 
 

𝑁𝑜𝑤 𝑎𝑚 = 𝑎𝑛𝑝 = (𝑎𝑛)𝑝 = 𝑒𝑝 = 𝑒 
 

∴ 𝑎𝑚 = 𝑒
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UNIT-2: SUB GROUPS 
 

Complex: Any subset of a group 𝐺 is called as a complex. 
 

Ex (i) The set 𝐴 = {1, −1} is a complex of group 𝐺 = {1, −1, 𝑖, −𝑖} under multiplication 
 

(ii) The set of integers is a complex of a group (ℚ, +) 
 
Multiplication of a complex: Let 𝑀, 𝑁 be the complex of a group (𝐺,⋅) then 𝑀𝑁 = {𝑚𝑛 ∕ 𝑚 ∈ 

𝑀, 𝑛 ∈ 𝑁} is called as multiplication of complex. 
 

Inverse of complex: Let 𝑀 be the complex of a group (𝐺,⋅) then 𝑀−1 = {𝑚−1 ∈ 𝐺⁄𝑚 ∈ 𝑀} is 

called as the inverse of element of 𝑀 
 

Sub group: A non empty subset 𝐻 is said to be a subgroup of a group (𝐺,⋅) if 𝐻 itself is a group 

under the same operation of 𝐺 
 

Ex: The set of integers is a subgroup of (ℚ, +) i.e. (ℤ, +) 𝑖𝑠 𝑎 𝑠𝑢𝑏 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 (ℚ, +) 
 
Note: 1. Every group contains at least two sub groups. They are 𝐻 = {𝑒} and 𝐻 = 𝐺 are the 

subgroup of 𝐺 itself. These two subgroups are called improper/trivial subgroups of 𝐺. If any 

other subgroups exist then it is called proper/non trivial subgroups. 
 

Ex: 1. Find all subgroups of a group 𝑮 = {𝟏, −𝟏, 𝒊, −𝒊} under multiplication. 
 

Sol: Given 𝐺 = {1, −1, 𝑖, −𝑖} is group under multiplication.              
⋅                 𝟏                 −𝟏 

𝐻 = {1} 𝑎𝑛𝑑 𝐻2 = 𝐺 are trivial subgroups of 𝐺                                   
𝟏                𝟏                 −𝟏 

Clearly 𝐻3 = {1, −1} is also a group. 
−𝟏 −𝟏 𝟏 

Hence 𝐻3 is a non-trivial subgroup of 𝐺 
 

2 Find all subgroups of a group 𝒁𝟔 = {𝟎, 𝟏, , 𝟑, 𝟒, 𝟓} under addition. 
 

Sol: Given 𝑍6 = {0,1,2,3,4,5} is a group under 

+6 

 

𝐻 = {0} 𝑎𝑛𝑑 𝐻2 = 𝐺 are trivial subgroups of 𝐺 
 

Clearly 𝐻3 = {0,2,4} is also a group. 
 

Clearly 𝐻4 = {0,3, } is also a group 

 

+𝟔 0 3 +𝟔 0 2 4 
 

0 0 3 0 0 2 4 
 

3 3 0 2 2 4 0 
 

4 4 0 2 

 

Hence 𝐻3, 4 is a non-trivial subgroup of 𝐺
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Theorem1: The identity of a subgroup 𝑯 of a group (𝑮,⋅) is same as the identity element of 

𝑮 
 

Proof: 𝐿𝑒𝑡 𝑎 ∈ 𝐻 𝑎𝑛𝑑 𝑒1 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐻. 
 

𝑆𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ (𝐻,⋅) 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 ∴ 𝑎𝑒1 = 𝑎 → (1) 
 

𝑆𝑖𝑛𝑐𝑒 𝑎 ∈ 𝐻 ⟹ 𝑎 ∈ 𝐺 (𝐻 ⊆ 𝐺) 𝑎𝑛𝑑 𝑒 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺 ∴ 𝑎𝑒 = 𝑎 → (2) 
 

𝑆𝑖𝑛𝑐𝑒 𝑒1 ∈ 𝐻 ⟹ 𝑒1 ∈ 𝐺 𝐹𝑟𝑜𝑚 (1) (2) 𝑎𝑒1 = 𝑎𝑒 ⟹ 𝑒1 = 𝑒 
 
Theorem2: The inverse of any element of a subgroup 𝑯 of a group (𝑮,⋅) is same as the 

inverse element in a group 𝑮 
 

Proof: 𝐿𝑒𝑡 𝑎 ∈ 𝐻 𝑎𝑛𝑑 𝑒 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺. 
 

𝑆𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ (𝐻,⋅) 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑠𝑖𝑛𝑐𝑒 𝑎 ∈ 𝐻 ⟹ 𝑎 ∈ 𝐺 (∵ 𝐻 ⊆ 𝐺) 
 

𝐿𝑒𝑡 ′𝑏′ 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 ′𝑎′ ⟹ 𝑎𝑏 = 𝑒 → (1) 
 

𝐿𝑒𝑡 ′𝑐 ′ 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 ′𝑎′ ⟹ 𝑎𝑐 = 𝑒 → (2) 
 

𝐹𝑟𝑜𝑚 (1) (2) 𝑎𝑏 = 𝑎𝑐 ⟹ 𝑏 = 𝑐 
 
Theorem3: If 𝑯 is a subgroup of a group 𝑮 then 𝑯−𝟏 = 𝑯 
 

Proof: Given that 𝐻 is a subgroup of a group 𝐺 
 

To prove that 𝐻−1 = 𝐻 ( −1 ⊆ 𝐻 𝑎𝑛𝑑 𝐻 ⊆ 𝐻−1) 
 

𝐿𝑒𝑡 ℎ−1 ∈ 𝐻−1 ⟹ ℎ ∈ 𝐻 𝑠𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 ℎ ∈ 𝐻 ⟹ ℎ−1 ∈ 𝐻 
 

∴ ℎ−1 ∈ 𝐻−1 ⟹ ℎ−1 ∈ 𝐻 ⟹ 𝐻−1 ⊆ 𝐻 → (1) 
 

𝐿𝑒𝑡 ℎ ∈ 𝐻, 𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 ⟹ ℎ−1 ∈ 𝐻 ⟹ (ℎ−1)−1 ∈ 𝐻−1 ⟹ ℎ ∈ 𝐻−1 

 

∴ ℎ ∈ 𝐻 ⟹ ℎ ∈ 𝐻−1 ⟹ 𝐻 ⊆ 𝐻−1 → (2) 
 

𝐹𝑟𝑜𝑚 (1) (2) 𝐻−1 = 𝐻 
 
𝑇ℎ𝑒 𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎𝑏𝑜𝑣𝑒 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑛𝑒𝑒𝑑 𝑛𝑜𝑡 𝑏𝑒 𝑡𝑟𝑢𝑒 𝑖. 𝑒. 𝐻 𝑖𝑠 𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 
 

𝐻−1 = 𝐻 𝑡ℎ𝑒𝑛 𝐻 𝑛𝑒𝑒𝑑 𝑛𝑜𝑡 𝑏𝑒 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. 
 

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝐺 = {1, −1, 𝑖, −𝑖} 𝑎𝑛𝑑 𝐻 = {−1}
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𝐶𝑙𝑒𝑎𝑟𝑙𝑦 𝐻 𝑖𝑠 𝑛𝑜𝑛 − 𝑒𝑚𝑝𝑡𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐺. 
 

𝐻−1 = {(−1)−1} = {−1} = 𝐻 
 

𝐵𝑢𝑡 (−1)(−1) = 1 ∉ 𝐻 ⟹ 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑓𝑎𝑖𝑙𝑠. 𝐻𝑒𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑔𝑟𝑜𝑢𝑝 
 
𝑇ℎ𝑢𝑠 𝐻 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺. 
 
Theorem4: If 𝑯 is a subgroup of a group 𝑮 then 𝑯𝑯 = 𝑯 
 

Proof: Given that 𝐻 is a subgroup of a group 𝐺 
 

To prove that 𝐻𝐻 = 𝐻 ( . 𝑒. 𝐻𝐻 ⊆ 𝐻 𝑎𝑛𝑑 𝐻 ⊆ 𝐻𝐻) 
 
𝐿𝑒𝑡 𝑥 ∈ 𝐻𝐻 𝑡ℎ𝑒𝑛 𝑥 = ℎ1ℎ2 𝑤ℎ𝑒𝑟𝑒 ℎ1 ∈ 𝐻, ℎ2 ∈ 𝐻 
 

𝑆𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝐵𝑦 𝑐𝑙𝑜𝑠𝑢𝑟𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 ℎ1 ∈ 𝐻, ℎ2 ∈ 𝐻 ⟹ ℎ1ℎ2 ∈ 𝐻 ⟹ 𝑥 ∈ 𝐻 
 

∴ 𝑥 ∈ 𝐻𝐻 ⟹ 𝑥 ∈ 𝐻 ⟹ 𝐻𝐻 ⊆ 𝐻 → (1) 
 
𝐿𝑒𝑡ℎ3 ∈ 𝐻, 𝑒 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐻 ∴ ℎ3 = ℎ3𝑒 ∈ 𝐻𝐻 ⟹ ℎ3 ∈ 𝐻𝐻 
 

∴ ℎ3 ∈ 𝐻 ⟹ ℎ3 ∈ 𝐻𝐻 ⟹ 𝐻 ⊆ 𝐻𝐻 → (2) 
 

𝐹𝑟𝑜𝑚 (1) (2) 𝐻𝐻 = 𝐻 
 
𝑇ℎ𝑒 𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎𝑏𝑜𝑣𝑒 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑛𝑒𝑒𝑑 𝑛𝑜𝑡 𝑏𝑒 𝑡𝑟𝑢𝑒 𝑖. 𝑒. 𝐻 𝑖𝑠 𝑎 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 
 
𝐻𝐻 = 𝐻 𝑡ℎ𝑒𝑛 𝐻 𝑛𝑒𝑒𝑑 𝑛𝑜𝑡 𝑏𝑒 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. 

 

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝐺 = {2𝑛⁄𝑛 ∈ ℤ} 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 
 

𝑎𝑛𝑑 𝐻 = {1, 21, 22, 23, … . } 
 

𝐶𝑙𝑒𝑎𝑟𝑙𝑦 𝐻 𝑖𝑠 𝑛𝑜𝑛 − 𝑒𝑚𝑝𝑡𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐺. 
 

𝐻𝐻 = {ℎ1ℎ2⁄ℎ1 ∈ 𝐻, ℎ2 ∈ 𝐻} = {1, 21, 22, 23, … . } = 𝐻 
 

𝐵𝑢𝑡 2 ∈ 𝐻 𝑠𝑜 ∃
2 

∉ 𝐻 ∋ 2. (
2

) = 1 ⟹ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑓𝑎𝑖𝑙𝑠. 𝐻𝑒𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑔𝑟𝑜𝑢𝑝 

 

𝑇ℎ𝑢𝑠 𝐻 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺. 
 
Theorem5: A non-empty subset 𝑯 of a group 𝑮 is a subgroup of 𝑮 
 

⟺ (𝒊) 𝒂 ∈ 𝑯, 𝒃 ∈ 𝑯 ⟹ 𝒂𝒃 ∈ 𝑯 (𝒊𝒊) 𝒂 ∈ 𝑯 ⟹ 𝒂−𝟏 ∈ 𝑯 
 

Necessary condition (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺.
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𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ(𝑖) 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎𝑏 ∈ 𝐻 (𝑖𝑖) 𝑎 ∈ 𝐻 ⟹ 𝑎−1 ∈ 𝐻 
 

𝑆𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ (𝐻,⋅) 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 
 
𝐵𝑦 𝑐𝑙𝑜𝑠𝑢𝑟𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦: 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎𝑏 ∈ 𝐻 
 

𝐵𝑦 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦: 𝑎 ∈ 𝐻 ⟹ 𝑎−1 ∈ 𝐻 
 

Sufficient condition (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑛 − 𝑒𝑚𝑝𝑡𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐺 
 

𝑠𝑢𝑐ℎ 𝑡ℎ(𝑖) 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎𝑏 ∈ 𝐻 (𝑖𝑖) 𝑎 ∈ 𝐻 ⟹ 𝑎−1 ∈ 𝐻 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻 is a subgroup of 𝐺 
 

(i)By (i) 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎𝑏 ∈ 𝐻 ∴ 𝑐𝑙𝑜𝑠𝑢𝑟𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑛 𝐻 
 

(𝑖𝑖)𝑆𝑖𝑛𝑐𝑒 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝐻 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝐺 (𝐻 ⊆ 𝐺). 𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 
 
𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑖𝑛 𝐺 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑖𝑛 𝐻. 

 

(𝑖𝑖𝑖) 𝑆𝑖𝑛𝑐𝑒 𝐻 ≠ 𝜙 𝐿𝑒𝑡 𝑎 ∈ 𝐻 
 

𝐿𝑒𝑡 𝑎 ∈ 𝐻, 𝑎 ∈ 𝐻 (𝑖𝑖) 𝑎−1 ∈ 𝐻 
 

∴ 𝑎 ∈ 𝐻, 𝑎−1 ∈ 𝐻 (𝑖) 𝑎𝑎−1 ∈ 𝐻 ⟹ 𝑒 ∈ 𝐻 
 

(𝑖𝑣) 𝐵𝑦 (𝑖𝑖) 𝑎 ∈ 𝐻 ⟹ 𝑎−1 ∈ 𝐻 
 

∴ (𝐻,⋅) 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 
 
𝐻𝑒𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
Theorem6: A non-empty subset 𝑯 of a group 𝑮 is a subgroup of 𝑮 
 

⟺ (𝒊) 𝒂 ∈ 𝑯, 𝒃 ∈ 𝑯 ⟹ 𝒂𝒃−𝟏 ∈ 𝑯 𝒘𝒉𝒆𝒓𝒆 𝒃−𝟏 𝒊𝒔 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒐𝒇 𝒃 𝒊𝒏 𝑮 
 

Necessary condition (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺. 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ(𝑖) 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎𝑏−1 ∈ 𝐻 
 

𝑆𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ (𝐻,⋅) 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 
 

𝐿𝑒𝑡 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻, 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ 𝑎 ∈ 𝐻, −1 ∈ 𝐻 ⟹ 𝑎𝑏−1 ∈ 𝐻 
 
Sufficient condition (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑛 − 𝑒𝑚𝑝𝑡𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐺 
 

𝑠𝑢𝑐ℎ 𝑡ℎ(𝑖) 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎𝑏−1 ∈ 𝐻 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻 is a subgroup of 𝐺
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(𝑖) 𝑆𝑖𝑛𝑐𝑒 𝐻 ≠ 𝜙 𝐿𝑒𝑡 𝑎 ∈ 𝐻 
 

𝐿𝑒𝑡 𝑎 ∈ 𝐻, 𝑎 ∈ 𝐻 𝐵𝑦 𝐻𝑦𝑝𝑜𝑡ℎ𝑒𝑠𝑖𝑠 𝑎𝑎−1 ∈ 𝐻 ⟹ 𝑒 ∈ 𝐻 
 
∴ 𝑒 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐻 
 

(𝑖𝑖) 𝑆𝑖𝑛𝑐𝑒 𝑒 ∈ 𝐻, 𝑎 ∈ 𝐻 𝑏𝑦 𝐻𝑦𝑝 𝑒𝑎−1 ∈ 𝐻 ⟹ 𝑎−1 ∈ 𝐻 
 

∴ 𝑎 ∈ 𝐻 ⟹ 𝑎−1 ∈ 𝐻 
 

(iii)Let 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎 ∈  , 𝑏−1 ∈ 𝐻 𝐵𝑦 𝐻𝑦𝑝 𝑎(𝑏−1)−1 ∈ 𝐻 ⟹ 𝑎𝑏 ∈ 𝐻 
 
∴ 𝐶𝑙𝑜𝑠𝑢𝑟𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 ℎ𝑜𝑙𝑑𝑠 𝑖𝑛 𝐻 
 

(𝑖𝑖) 𝑆𝑖𝑛𝑐𝑒 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝐻 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝐺 (𝐻 ⊆ 𝐺). 𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 
 
𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑖𝑛 𝐺 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑖𝑛 𝐻. 

 

∴ (𝐻,⋅) 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 
 
𝐻𝑒𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
Theorem7: A non-empty subset 𝑯 of a group 𝑮 is a subgroup of 𝑮 ⟺ 𝑯𝑯−𝟏 ⊆ 𝑯 
 
Necessary condition (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺. 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻𝐻−1 ⊆ 𝐻 
 

𝐿𝑒𝑡 𝑥 ∈ 𝐻𝐻−1 ⟹ 𝑥 = 𝑎𝑏−1 𝑤ℎ𝑒𝑟𝑒 𝑎 ∈ 𝐻, 𝑏−1 ∈ 𝐻−1 𝑠𝑖𝑛𝑐𝑒 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 
 

𝑆𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑜 𝑎 ∈ 𝐻,  ∈ 𝐻 ⟹ 𝑎𝑏−1 ∈ 𝐻 ⟹ 𝑥 ∈ 𝐻 
 

∴ 𝑥 ∈ 𝐻𝐻−1 ⟹ 𝑥 ∈ 𝐻 ⟹ 𝐻𝐻−1 ⊆ 𝐻 
 
Sufficient condition (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑛 − 𝑒𝑚𝑝𝑡𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐺 
 

𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐻𝐻−1 ⊆ 𝐻 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻 is a subgroup of 𝐺 
 

(𝑖) 𝑆𝑖𝑛𝑐𝑒 𝐻 ≠ 𝜙 𝐿𝑒𝑡 𝑎 ∈ 𝐻 
 

𝐿𝑒𝑡 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎 ∈ 𝐻, 𝑏−1 ∈ 𝐻−1 ⟹ 𝑎𝑏−1 ∈ 𝐻𝐻−1 ⟹ 𝑎𝑏−1 ∈ 𝐻 𝑠𝑖𝑛𝑐𝑒 𝐻𝐻−1 ⊆ 𝐻 
 

∴ 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎𝑏−1 ∈ 𝐻 
 
𝐻𝑒𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺
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Theorem8: A non-empty subset 𝑯 of a group 𝑮 is a subgroup of 𝑮 ⟺ 𝑯𝑯−𝟏 = 𝑯 
 

Necessary condition (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺. 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻𝐻−1 = 𝐻 𝑖. 𝑒. ( −1 ⊆ 𝐻 𝑎𝑛𝑑 𝐻 ⊆ 𝐻𝐻−1) 
 
𝐿𝑒𝑡 𝑥 ∈ 𝐻𝐻−1 ⟹ 𝑥 = 𝑎𝑏−1 𝑤ℎ𝑒𝑟𝑒 𝑎 ∈ 𝐻, 𝑏−1 ∈ 𝐻−1𝑠𝑖𝑛𝑐𝑒 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 
 

𝑆𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑜 𝑎 ∈ 𝐻,  ∈ 𝐻 ⟹ 𝑎𝑏−1 ∈ 𝐻 ⟹ 𝑥 ∈ 𝐻 
 

∴ 𝑥 ∈ 𝐻𝐻−1 ⟹ 𝑥 ∈ 𝐻 ⟹ 𝐻𝐻−1 ⊆ 𝐻 → (1) 
 
𝐿𝑒𝑡𝑦 ∈ 𝐻 ⟹ 𝑦 = 𝑎𝑏 𝑤ℎ𝑒𝑟𝑒 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 
 
𝑆𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑜 𝑦 ∈ 𝐻 
 

𝑆𝑖𝑛𝑐𝑒 𝑎 ∈ 𝐻,  ∈ 𝐻, 𝑠𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ 𝑎𝑏−1 ∈ 𝐻 
 

𝐴𝑐𝑐𝑜𝑟𝑑𝑖𝑛𝑔 𝑡𝑜 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑎 ∈ 𝐻,  ∈ 𝐻, ⟹ 𝑎 ∈ 𝐻, 𝑏−1 ∈ 𝐻−1 

 

⟹ 𝑎𝑏−1 ∈ 𝐻𝐻−1 

 

∴ 𝑎𝑏−1 ∈ 𝐻 ⟹ 𝑎𝑏−1 ∈ 𝐻𝐻−1 ⟹ 𝐻 ⊆ 𝐻𝐻−1 → (2) 
 

From (1) and (2) 𝐻𝐻−1 = 𝐻 
 
Sufficient condition (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑛 − 𝑒𝑚𝑝𝑡𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐺 
 

𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐻𝐻−1 = 𝐻 (𝐻𝐻−1 ⊆ 𝐻 𝑎𝑛𝑑 𝐻 ⊆ 𝐻𝐻−1) 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻 is a subgroup of 𝐺 
 

(𝑖)𝑠𝑖𝑛𝑐𝑒 𝐻 ≠ 𝜙 𝐿𝑒𝑡 𝑎 ∈ 𝐻 
 

𝐿𝑒𝑡 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎 ∈ 𝐻, 𝑏−1 ∈ 𝐻−1 ⟹ 𝑎𝑏−1 ∈ 𝐻𝐻−1 ⟹ 𝑎𝑏−1 ∈ 𝐻 𝑠𝑖𝑛𝑐𝑒 𝐻𝐻−1 ⊆ 𝐻 
 

∴ 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎𝑏−1 ∈ 𝐻 
 
𝐻𝑒𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
Theorem9: A non-empty finite subset 𝑯 of a group 𝑮 is a subgroup of 𝑮 
 

⟺ (𝒊)𝒂 ∈ 𝑯, 𝒃 ∈ 𝑯 ⟹ 𝒂𝒃 ∈ 𝑯 
 
Necessary condition (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺. 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡(𝑖) 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎𝑏 ∈ 𝐻 
 

𝑆𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ (𝐻,⋅) 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝
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𝐵𝑦 𝑐𝑙𝑜𝑠𝑢𝑟𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 ∶ 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻, ⟹ 𝑎𝑏 ∈ 𝐻 
 

Sufficient condition (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐺 
 

𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡(𝑖) 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎𝑏 ∈ 𝐻 
 
To prove that H is a subgroup of G 
 

(i)By Hyp 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎𝑏 ∈ 𝐻 
 

(𝑖𝑖) 𝑆𝑖𝑛𝑐𝑒 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝐻 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝐺 (𝐻 ⊆ 𝐺). 𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 
 
𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑖𝑛 𝐺 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑖𝑛 𝐻. 

 

(𝑖𝑖𝑖) 𝑆𝑖𝑛𝑐𝑒 𝐻 ≠ 𝜙, 𝐿𝑒𝑡 𝑎 ∈ 𝐻 
 

𝐵𝑦 𝐻𝑦𝑝 𝑎 ∈ 𝐻, 𝑎 ∈ 𝐻 ⟹ 𝑎2 ∈ 𝐻 
 

𝐴𝑔𝑎𝑖𝑛 𝑎2 ∈  , 𝑎 ∈ 𝐻 𝐵𝑦 𝐻𝑦𝑝 𝑎3 ∈ 𝐻 
 

𝐴𝑙𝑠𝑜 𝑎3 ∈  ,  ∈ 𝐻 𝐵𝑦 𝐻𝑦𝑝 𝑎4 ∈ 𝐻 
 

𝐵𝑦 𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑤𝑒 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑎𝑛 ∈ 𝐻 𝑤ℎ𝑒𝑟𝑒 𝑛 𝑖𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 
 

𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑝𝑜𝑤𝑒𝑟𝑠 𝑜𝑓 ′𝑎′𝑎𝑟𝑒 𝑎1, 𝑎2, 3, 𝑎4, … 𝑎𝑛, 𝑎𝑛+1 , … ∈ 𝐻 
 

𝑆𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑜 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑡ℎ𝑒𝑠𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑎1, 2, 𝑎3, 𝑎4, … 𝑎𝑛 , 𝑎𝑛+1, … ∈ 𝐻 
 
𝑐𝑎𝑛 𝑛𝑜𝑡 𝑏𝑒 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡. 
 

𝐿𝑒𝑡 𝑎𝑟 = 𝑎𝑠 𝑤ℎ𝑒𝑟𝑒 𝑟 > 𝑠 𝑎𝑛𝑑 𝑟, 𝑠 ∈ ℕ 
 

⟹ 𝑎𝑟−𝑠 = 𝑎0 = 𝑒 𝑠𝑖𝑛𝑐𝑒 𝑟 > 𝑠 ⟹ 𝑟 − 𝑠 > 0 ⟹ 𝑟 − 𝑠 𝑖𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 
 

∴ 𝑎𝑟−𝑠 ∈ 𝐻 ⟹ 𝑒 ∈ 𝐻 
 

(𝑖𝑣)𝑆𝑖𝑛𝑐𝑒 𝑟 > 𝑠 ⟹ 𝑟 − 𝑠 > 0 ⟹ 𝑟 − 𝑠 − 1 ≥ 0 ∴ 𝑎𝑟−𝑠−1 ∈ 𝐻 
 
𝐿𝑒𝑡 𝑎 ∈ 𝐻 
 

𝑁𝑜𝑤 𝑎. 𝑎𝑟−𝑠−1 = 𝑎𝑟−𝑠 = 𝑎0 = 𝑒 
 

∴ 𝑎𝑟−𝑠−1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 ′𝑎′ 

 

𝐸𝑎𝑐ℎ 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐻 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 . 
 

𝐻𝑒𝑛𝑐𝑒 (𝐻,⋅)𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝



46 
 
 

Theorem10: A non-empty subset 𝑯 of a finite group 𝑮 is a subgroup of 𝑮 
 

⟺ (𝒊) 𝒂 ∈ 𝑯, 𝒃 ∈ 𝑯 ⟹ 𝒂𝒃 ∈ 𝑯 
 

Necessary condition (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑔𝑟𝑜𝑢𝑝𝐺. 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡(𝑖) 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎𝑏 ∈ 𝐻 
 

𝑆𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ (𝐻,⋅) 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 
 
𝐵𝑦 𝑐𝑙𝑜𝑠𝑢𝑟𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 ∶ 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻, ⟹ 𝑎𝑏 ∈ 𝐻 
 

Sufficient condition (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑛 − 𝑒𝑚𝑝𝑡𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑎 
 

𝑓𝑖𝑛𝑖𝑡𝑒 𝑔𝑟𝑜𝑢𝑝 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡(𝑖) 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎𝑏 ∈ 𝐻 
 
To prove that H is a subgroup of G 
 

(i)By Hyp 𝑎 ∈ 𝐻, 𝑏 ∈ 𝐻 ⟹ 𝑎𝑏 ∈ 𝐻 
 

(𝑖𝑖) 𝑆𝑖𝑛𝑐𝑒 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝐻 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝐺 (𝐻 ⊆ 𝐺). 𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 
 
𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑖𝑛 𝐺 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑖𝑛 𝐻. 

 

(𝑖𝑖𝑖) 𝑆𝑖𝑛𝑐𝑒 𝐻 ≠ 𝜙, 𝐿𝑒𝑡 𝑎 ∈ 𝐻 
 

𝐵𝑦 𝐻𝑦𝑝 𝑎 ∈ 𝐻, 𝑎 ∈ 𝐻 ⟹ 𝑎2 ∈ 𝐻 
 

𝐴𝑔𝑎𝑖𝑛 𝑎2 ∈  , 𝑎 ∈ 𝐻 𝐵𝑦 𝐻𝑦𝑝 𝑎3 ∈ 𝐻 
 

𝐴𝑙𝑠𝑜 𝑎3 ∈  ,  ∈ 𝐻 𝐵𝑦 𝐻𝑦𝑝 𝑎4 ∈ 𝐻 
 

𝐵𝑦 𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑤𝑒 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑎𝑛 ∈ 𝐻 𝑤ℎ𝑒𝑟𝑒 𝑛 𝑖𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 
 
𝑠𝑖𝑛𝑐𝑒 𝑎 ∈ 𝐻 ⟹ 𝑎 ∈ 𝐺 
 
𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑒𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑔𝑟𝑜𝑢𝑝 𝐺 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑓𝑖𝑛𝑖𝑡𝑒. 
 

𝐼𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓′𝑎′𝑏𝑒 𝑛 𝑖. 𝑒. 𝑜(𝑎) = 𝑛 ⟹ 𝑎𝑛 = 𝑒 
 
𝑤ℎ𝑒𝑟𝑒 𝑛 𝑖𝑠 𝑎 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 

 

∴ 𝑎𝑛 ∈ 𝐻 ⟹ 𝑒 ∈ 𝐻 ∴ 𝑒 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡. 
 

(𝑖𝑣) 𝑠𝑖𝑛𝑐𝑒 𝑛 > 0 ⟹ 𝑛 − 1 ≥ 0 ⟹ 𝑎𝑛−1 ∈ 𝐻 
 
𝐿𝑒𝑡 𝑎 ∈ 𝐻, 
 

𝑁𝑜𝑤 𝑎. 𝑎𝑛−1 = 𝑎𝑛 = 𝑒
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∴ 𝑎𝑛−1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 ′𝑎′ 

 

𝐸𝑎𝑐ℎ 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐻 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 . 
 

𝐻𝑒𝑛𝑐𝑒 (𝐻,⋅)𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 
 
Theorem11: 𝑰𝒇 𝑯,  𝒂𝒓𝒆 𝒕𝒘𝒐 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑𝒔 𝒐𝒇 𝒂 𝒈𝒓𝒐𝒖𝒑𝑮 𝒕𝒉𝒆𝒏 𝑯𝑲 𝒊𝒔 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 
 
⟺ 𝑯𝑲 = 𝑲𝑯 
 

Necessary condition (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻,  𝑎𝑟𝑒 𝑡𝑤𝑜 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠 𝑜𝑓 𝑎 𝑔𝑟𝑜𝑢𝑝 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐻𝐾 
 
𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺. 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻𝐾 = 𝐾𝐻 
 

𝑠𝑖𝑛𝑐𝑒 𝐻𝐾 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ (𝐻𝐾)−1 = 𝐻𝐾 
 

⟹ 𝐾−1𝐻−1 = 𝐻𝐾 

( ∵ 𝐻 < 𝐺 ⟹ 𝐻−1 = 𝐻) 
 

( ∵ 𝐾 < 𝐺 ⟹ 𝐾−1 = 𝐾) 
 

⟹ 𝐾𝐻 = 𝐻𝐾 
 

∴ 𝐻𝐾 = 𝐾𝐻 
 

Sufficient condition (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻, 𝐾 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠 𝑜𝑓 
 
𝑎 𝑔𝑟𝑜𝑢𝑝 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐻𝐾 = 𝐾𝐻 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻𝐾 𝑖𝑠 𝑎 𝑠𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺. 𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 (𝐻𝐾)(𝐻𝐾)−1 = 𝐻𝐾 
 

𝑁𝑜𝑤 (𝐻𝐾)(𝐻𝐾)−1 = 𝐻𝐾(𝐾−1𝐻−1) 
 

= [(𝐻𝐾)−1]𝐻−1 

 

= [(𝐾𝐾−1)]−1 

 

= (𝐻𝐾)−1 

 

= (𝐾𝐻)−1 

 

( ∵ 𝐾 < 𝐺 ⟹ 𝐾𝐾−1 = 𝐾) 
 

(∵ 𝐻𝐾 = 𝐾𝐻) 
 

= (𝐻𝐻−1) 
 

= 𝐾𝐻 ( ∵ 𝐻 < 𝐺 ⟹ 𝐻𝐻−1 = 𝐻) 
 

= 𝐻𝐾 
 

∴ (𝐻𝐾)(𝐻𝐾)−1 = 𝐻𝐾 
 

∴ 𝐻𝐾 𝑖𝑠 𝑎 𝑠𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺
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Theorem12: The intersection of two subgroups of a group 𝑮 is also a subgroup of 𝑮 
 

Proof: 𝐿𝑒𝑡 𝐻, 𝐾 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠 𝑜𝑓 𝑎 𝑔𝑟𝑜𝑢𝑝 𝐺 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻 ∩ 𝐾 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 

 

(𝑖)𝑠𝑖𝑛𝑐𝑒 𝐻, 𝐾 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠 𝑜𝑓 𝐺 
 
∴ 𝑒 ∈ 𝐻 𝑎𝑛𝑑 𝑒 ∈ 𝐾 ⟹ 𝑒 ∈ 𝐻 ∩ 𝐾 ⟹ 𝐻 ∩ 𝐾 ≠ ∅ 
 

(𝑖𝑖) 𝐶𝑙𝑒𝑎𝑟𝑙𝑦 𝐻 ∩ 𝐾 ⊆ 𝐺 (∵ 𝐻 ⊆ 𝐺, 𝐾 ⊆ 𝐺) 
 

(𝑖𝑖𝑖) 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐻 ∩ 𝐾 ⟹ 𝑎, 𝑏 ∈ 𝐻 𝑎𝑛𝑑 𝑎, 𝑏 ∈ 𝐾 
 

𝑆𝑖𝑛𝑐𝑒 𝑎, 𝑏 ∈ 𝐻, 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ 𝑎𝑏−1 ∈ 𝐻 
 

𝑎𝑙𝑠𝑜 𝑠𝑖𝑛𝑐𝑒 𝑎, 𝑏 ∈ 𝐾, 𝐾 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ 𝑎𝑏−1 ∈ 𝐾 
 

∴ 𝑎𝑏−1 ∈ 𝐻 𝑎𝑛𝑑 𝑎𝑏−1 ∈ 𝐾 ⟹ 𝑎𝑏−1 ∈ 𝐻 ∩ 𝐾 
 
∴ 𝐻 ∩ 𝐾 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

The union of two subgroups of a group 𝐺 need not be a subgroup of 𝐺 
 

Ex: 𝐺 = (ℤ, +) 𝑏𝑒 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛. 
 

𝐿𝑒𝑡 𝐻 = {… . −6, −4, −2, 0, 2, 4, 6, … } 
 

𝑎𝑛𝑑 𝐾 = {… . −9, −6, −3, 0, 3, 6, 9, … } 𝑏𝑒 𝑡𝑤𝑜 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠. 
 

𝐻 ∪ 𝐾 = {… − 9, −6, −4, −3, −2, 0, 2, 3, 4, 6, 9, … . } 
 

𝐿𝑒𝑡 3,4 ∈ 𝐻 ∪ 𝐾 ⟹ 3 + 4 = 7 ∉ 𝐻 ∪ 𝐾 ⟹′  +′  is not a binary operation on 𝐻 ∪ 𝐾 
 
∴ 𝐻 ∪ 𝐾 𝑖𝑠 𝑛𝑜𝑡 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

𝐿𝑒𝑡 𝐻 = {… . −6, −4, −2, 0, 2, 4, 6, … } 𝑎𝑛𝑑 𝐾 = {… . , −8, −4, ,0 ,4, 8, , … } 𝑏𝑒 𝑡𝑤𝑜 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠. 
 

𝐻 ∪ 𝐾 = {… − 8, −6, −4, −2, , 0, 2, 4, 6, 8, … . } 
 
𝐿𝑒𝑡 2, 4 ∈ 𝐻 ∪ 𝐾 ⟹ 2 + 4 = 6 ∈ 𝐻 ∪ 𝐾 ∴ 𝐻 ∪ 𝐾 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
𝑵𝒐𝒕𝒆: 𝐾 ⊆ 𝐻 𝑡ℎ𝑒𝑛 𝐻 ∪ 𝐾 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺
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Theorem13: The union of two subgroups of a group 𝑮 is a subgroup of 𝑮 ⟺ one is 

contained in other. (OR) 
 

𝑳𝒆𝒕 𝑯, 𝑲 𝒂𝒓𝒆 𝒕𝒘𝒐 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑𝒔 𝒐𝒇 𝒂 𝒈𝒓𝒐𝒖𝒑 𝑮 𝒕𝒉𝒆𝒏 𝑯 ∪ 𝑲 𝒊𝒔 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 ⟺ 
 
𝑯 ⊆ 𝑲 𝒐𝒓 𝑲 ⊆ 𝑯. 
 

Necessary condition (⟹): 𝐿𝑒𝑡 𝐻, 𝐾 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠 𝑜𝑓 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 
 
𝐻 ∪ 𝐾 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻 ⊆ 𝐾 𝑜𝑟 𝐾 ⊆ 𝐻 
 
𝐼𝑓 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑠𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝐻 ⊈ 𝐾 𝑎𝑛𝑑 𝐾 ⊈ 𝐻 
 
𝑆𝑖𝑛𝑐𝑒 𝐻 ⊈ 𝐾 ⟹ 𝑠𝑜 ∃ 𝑎𝑡𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎 ∈ 𝐻 𝑏𝑢𝑡 𝑎 ∉ 𝐾 
 
𝑎𝑙𝑠𝑜 𝐾 ⊈ 𝐻 ⟹ 𝑠𝑜 ∃ 𝑎𝑡𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑏 ∈ 𝐾 𝑏𝑢𝑡 𝑏 ∉ 𝐻 
 

∴ 𝑎, 𝑏 ∈ 𝐻 ∪ 𝐾 (∵ 𝐻 ⊆ 𝐻 ∪ 𝐾, 𝐾 ⊆ 𝐻 ∪ 𝐾) 
 

⟹ 𝑎𝑏 ∈ 𝐻 ∪ 𝐾 (∵ 𝐻 ∪ 𝐾𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝) ⟹ 𝑎𝑏 ∈ 𝐻 𝑜𝑟 𝑎𝑏 ∈ 𝐾 𝑜𝑟 𝑎𝑏 ∈ 𝐻 ∩ 𝐾 
 
𝑰𝒇 𝒂𝒃 ∈ 𝑯 ∶ 
 

𝑆𝑖𝑛𝑐𝑒 𝑎𝑏 ∈ 𝐻,  ∈ 𝐻, 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏 𝑔𝑟𝑜𝑢𝑝 ⟹ 𝑎−1 ∈ 𝐻 
 

𝑎−1 ∈ 𝐻, 𝑎𝑏 ∈ 𝐻, 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ 𝑎−1(𝑎𝑏) ∈ 𝐻 ⟹ 𝑏 ∈ 𝐻 
 
𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡 𝑡𝑜 𝑏 ∉ 𝐻 ∴ 𝑎𝑏 ∉ 𝐻 
 

𝑰𝒇 𝒂𝒃 ∈ 𝑲 ∶ 
 

𝑠𝑖𝑛𝑐𝑒 𝑎𝑏 ∈ 𝐾, 𝑏 ∈ 𝐾, 𝐾 𝑖𝑠 𝑎 𝑠𝑢𝑏 𝑔𝑟𝑜𝑢𝑝 ⟹ 𝑏−1 ∈ 𝐾 
 

𝑎𝑏 ∈ 𝐾, 𝑏−1 ∈ 𝐾, 𝐾 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ (𝑎𝑏)−1 ∈ 𝐾 ⟹ 𝑎 ∈ 𝐾 
 
𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡 𝑡𝑜 𝑎 ∉ 𝐾 ∴ 𝑎𝑏 ∉ 𝐾 
 
∴ 𝑎𝑏 ∉ 𝐻 𝑎𝑛𝑑 𝑎𝑏 ∉ 𝐾 ⟹ 𝑎𝑏 ∉ 𝐻 ∩ 𝐾 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡 𝑡𝑜 𝑎𝑏 ∈ 𝐻 ∩ 𝐾 
 
𝐻𝑒𝑛𝑐𝑒 𝑜𝑢𝑟 𝑠𝑢𝑝𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑖𝑠 𝑤𝑟𝑜𝑛𝑔 
 
𝑇ℎ𝑢𝑠 𝐻 ⊆ 𝐾 𝑜𝑟 𝐾 ⊆ 𝐻 
 

Sufficient condition (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻, 𝐾 𝑎𝑟𝑒 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 
 
𝐻 ⊆ 𝐾 𝑜𝑟 𝐾 ⊆ 𝐻
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𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻 ∪ 𝐾 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
𝑆𝑖𝑛𝑐𝑒 𝐻 ⊆ 𝐾 ⟹ 𝐻 ∪ 𝐾 = 𝐾 𝑠𝑖𝑛𝑐𝑒 𝐾 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 
 
⟹ 𝐻 ∪ 𝐾 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
𝐴𝑙𝑠𝑜 𝐾 ⊆ 𝐻 ⟹ 𝐻 ∪ 𝐾 = 𝐻 
 
𝑆𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 ⟹ 𝐻 ∪ 𝐾 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

Ex: 1. 𝑳𝒆𝒕 𝑯 𝒃𝒆 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 𝒂𝒏𝒅 𝑳𝒆𝒕 𝑻 = {𝒙 ∈ 𝑮⁄𝒙𝑯 = 𝑯𝒙} 
 
𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝑻 𝒊𝒔 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 
 

Proof: 𝑇 = {𝑥 ∈ 𝐺⁄𝑥𝐻 = 𝐻𝑥} 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑇𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

(𝑖) 𝑠𝑖𝑛𝑐𝑒 𝑒 ∈ 𝐺, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑒𝐻 = 𝐻𝑒 
 
∴ 𝑒 ∈ 𝑇 ⟹ 𝑇 ≠ ∅ 
 

(𝑖𝑖) 𝑐𝑙𝑒𝑎𝑟𝑙𝑦 𝑇 ⊆ 𝐺 (𝑏𝑦 def 𝑜𝑓 𝑇) 
 

(𝑖𝑖𝑖) 𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝑇 𝑡ℎ𝑒𝑛 𝑥𝐻 = 𝑥𝐻 𝑎𝑛𝑑 𝐻𝑦 = 𝑦𝐻 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑥𝑦−1 ∈ 𝑇 𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 (𝑥𝑦−1) = (𝑥𝑦−1) 
 

𝐹𝑖𝑟𝑠𝑡 𝑤𝑒 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑦−1 ∈ 𝑇 
 
𝑠𝑖𝑛𝑐𝑒 𝐻𝑦 = 𝑦𝐻 
 

⟹ 𝑦−1(𝐻𝑦)𝑦−1 = 𝑦−1(𝑦𝐻)𝑦−1 

 

⟹ 𝑦−1(𝑦𝑦−1) = (𝑦−1𝑦)𝐻𝑦−1 

 

⟹ 𝑦−1𝐻 = 𝐻𝑦−1 

 

⟹ 𝑦−1 ∈ 𝑇 
 

𝑁𝑜𝑤 (𝑥𝑦−1) = (𝐻𝑥)−1 

 

= (𝑥𝐻)−1 

 

= (𝐻𝑦−1) 
 

= (𝑦−1𝐻) 
 

= (𝑥𝑦−1)
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∴ (𝑥𝑦−1) = (𝑥𝑦−1) ⟹ 𝑥𝑦−1 ∈ 𝑇 
 
∴ 𝑇𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
2. 𝑰𝒇 𝑯 𝒊𝒔 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒂 𝒈𝒓𝒐𝒖𝒑 𝑮 𝒂𝒏𝒅 𝒊𝒇 𝒈 ∈ 𝑮 𝒂𝒏𝒅 𝒈𝑯𝒈−𝟏 = {𝒈𝒉𝒈−𝟏⁄𝒉 ∈ 𝑯} 
 
𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒈𝑯𝒈−𝟏 𝒊𝒔 𝒂𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮. 
 

𝒑𝒓𝒐𝒐𝒇: 𝐺𝑖𝑣𝑒𝑛 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑎 𝑔𝑟𝑜𝑢𝑝 𝐺 𝑎𝑛𝑑 𝑔𝐻𝑔−1 = {𝑔ℎ𝑔−1⁄ℎ ∈ 𝐻} 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑔𝐻𝑔−1 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

(𝑖) 𝑠𝑖𝑛𝑐𝑒 𝑒 ∈ 𝐻, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑔𝑒𝑔−1 ∈ 𝑔𝐻𝑔−1 ⟹ 𝑔𝐻𝑔−1 ≠ 𝜙 
 

(𝑖𝑖) 𝑐𝑙𝑒𝑎𝑟𝑙𝑦 𝑔𝐻𝑔−1 ⊆ 𝐻 (𝑏𝑦 def 𝑜𝑓 𝑔𝐻𝑔−1) 
 

(𝑖𝑖𝑖) 𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝑔𝐻𝑔−1 𝑡ℎ𝑒𝑛 𝑥 = 𝑔ℎ1𝑔−1, 𝑦 = 𝑔ℎ2𝑔−1 𝑤ℎ𝑒𝑟𝑒 ℎ1, ℎ2 ∈ 𝐻 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑥𝑦−1 ∈ 𝑔𝐻𝑔−1 

 

𝑁𝑜𝑤 𝑥𝑦−1 = (𝑔ℎ1𝑔−1)(𝑔ℎ2𝑔−1)−1 

 

= (𝑔ℎ1𝑔−1)(𝑔ℎ2
−1𝑔−1) 

 

= 𝑔ℎ1(𝑔−1𝑔)ℎ2
−1𝑔−1 

 

= 𝑔ℎ1ℎ2
−1𝑔−1 

 

= (ℎ1ℎ2
−1)−1 

 

= 𝑔𝐻𝑔−1 (∵ ℎ1ℎ2
−1 ∈ 𝐻) 

 

∴ 𝑥𝑦−1 ∈ 𝑔𝐻𝑔−1 

 

∴ 𝑔𝐻𝑔−1 𝑖𝑠 𝑎𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺



    

52 
 
 

CO-SETS & LAGRANGE’S THEOREM 
 

Co-set (def): Let (𝐻,⋅) be a subgroup of (𝐺,⋅) and 𝑎 ∈ 𝐺 then the set 𝐻𝑎 = {ℎ𝑎⁄ℎ ∈ 𝐻} is 

called as right co-set of 𝐻 in 𝐺 generated by ′𝑎′ and the set 𝑎𝐻 = {𝑎 ℎ⁄ℎ ∈ 𝐻} is called as left 

co-set of 𝐻 in 𝐺 generated by ′𝑎′ and it is called as co-set of 𝐻 in 𝐺 generated by ′𝑎′. 
 

Note: 
 

1.For addition, we have 𝐻 + 𝑎 = {ℎ + 𝑎⁄ℎ ∈ 𝐻} is called as right co-set of 𝐻 in 𝐺 generated 

by ′𝑎′ and the set 𝑎 + 𝐻 = {𝑎 + ℎ⁄ℎ ∈ 𝐻} is called as left co-set of 𝐻 in 𝐺 generated by ′𝑎′ 

and it is called as co-set of 𝐻 in 𝐺 generated by ′𝑎′. 
 

2. If 𝑒 is the identity element of 𝐺 and 𝐻 < 𝐺 then 𝑒𝐻 = {𝑒ℎ⁄ℎ ∈ 𝐻} = {ℎ⁄ℎ ∈ 𝐻} = 𝐻 And 

𝐻𝑒 = {ℎ𝑒⁄ℎ ∈ 𝐻} = {ℎ⁄ℎ ∈ 𝐻} = 𝐻 
 

3. Every subgroup 𝐻 of 𝐺 itself is a left and right co-sets of H in 𝐺 
 

Ex: 1. Find the distinct right or left co-sets of 𝑯 = {𝟎, , 𝟒} 𝒊𝒏 𝒁𝟔 𝒖𝒏𝒅𝒆𝒓 +𝟔 

 

Sol: 𝑍6 = {0,1,2,3,4,5}, 𝑢𝑛𝑑𝑒𝑟 +6 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 𝐻 = {0,2,4} 
 

𝐶𝑙𝑒𝑎𝑟𝑙𝑦 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑖𝑛𝑐𝑒 𝑎 = 0 ∈  , 𝐻 = {0,2,4} 
 

(𝑖)𝐻 + 0 = {ℎ+60⁄ℎ ∈ 𝐻} = {0,2,4} = 𝐻 
 

(𝑖𝑖𝑖)𝐻 + 2 = {ℎ+62⁄ℎ ∈ 𝐻} = {2,4,0} 
 

(𝑣)𝐻 + 4 = {ℎ+64⁄ℎ ∈ 𝐻} = {4,0,2} 

(𝑖𝑖)𝐻 + 1 = {ℎ+61⁄ℎ ∈ 𝐻} = {1,3,5} 
 

(𝑖𝑣)𝐻 + 3 = {ℎ+63⁄ℎ ∈ 𝐻} = {3,5,1} 
 

(𝑣𝑖)𝐻 + 5 = {ℎ+65⁄ℎ ∈ 𝐻} = {5,3,1} 
 

∴ 𝐻 + 0, 𝐻 + 1 𝑎𝑟𝑒 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑟𝑖𝑔ℎ𝑡/𝑙𝑒𝑓𝑡 𝑐𝑜𝑠𝑒𝑡𝑠 𝑜𝑓 𝐻 𝑖𝑛 𝐺 
 

2. Find the distinct right or left co-sets of 𝑯 = {𝟏, 𝟒} 𝒁𝟓 𝒖𝒏𝒅𝒆𝒓 ×𝟓 

 

Sol: 𝑍5 = {1,2,3,4}, 𝑢𝑛𝑑𝑒𝑟 ×5 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 𝐻 = {1,4} 
 

𝐶𝑙𝑒𝑎𝑟𝑙𝑦 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑖𝑛𝑐𝑒 𝑎 = 1 ∈  , 𝐻 = {1,4} 
 

(𝑖)𝐻1 = {ℎ ×5 1⁄ℎ ∈ 𝐻} = {1,4} = 𝐻 
 

(𝑖𝑖𝑖)𝐻3 = {ℎ ×5 3⁄ℎ ∈ 𝐻} = {3,2} 

(𝑖𝑖)𝐻2 = {ℎ ×5 2⁄ℎ ∈ 𝐻} = {2,3} 
 

(𝑖𝑣)𝐻4 = {ℎ ×5 4⁄ℎ ∈ 𝐻} = {4,1} 
 

∴ 𝐻1, 𝐻2 𝑎𝑟𝑒 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑟𝑖𝑔ℎ𝑡/𝑙𝑒𝑓𝑡 𝑐𝑜𝑠𝑒𝑡𝑠 𝑜𝑓 𝐻 𝑖𝑛 𝐺 
 

Note: 1. 𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑟𝑖𝑔ℎ𝑡 𝑜𝑟 𝑙𝑒𝑓𝑡 𝑐𝑜𝑠𝑒𝑡𝑠 𝑜𝑓 𝐻 𝑖𝑛 𝐺 = 
(𝐻) 

 
2. 𝐸𝑣𝑒𝑟𝑦 𝑟𝑖𝑔ℎ𝑡 𝑜𝑟 𝑙𝑒𝑓𝑡 𝑐𝑜𝑠𝑒𝑡𝑠 𝑜𝑓 𝐻 𝑖𝑛 𝐺 ℎ𝑎𝑣𝑒 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠. 𝑖. 𝑒 (𝐻𝑎) 

= (𝐻𝑏)
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3. 𝐺 = 𝐻𝑎 ∪ 𝐻𝑏 
 
Theorem1: 𝑳𝒆𝒕 𝑯𝒃𝒆 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 𝒂𝒏𝒅 𝒉 ∈ 𝑮 𝒕𝒉𝒆𝒏 𝒉 ∈ 𝑯 ⟺ 𝑯𝒉 = 𝑯 = 𝒉𝑯 
 

Necessary condition (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑎𝑛𝑑 ℎ ∈ 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ℎ ∈ 𝐻 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻ℎ = 𝐻 = ℎ𝐻 (𝐻ℎ ⊆ 𝐻, 𝐻 ⊆ 𝐻ℎ) 
 
𝐿𝑒𝑡 𝑥 ∈ 𝐻ℎ 𝑡ℎ𝑒𝑛 𝑥 = ℎ1ℎ 𝑤ℎ𝑒𝑟𝑒 ℎ1 ∈ 𝐻 
 

𝑠𝑖𝑛𝑐𝑒 ℎ1 ∈ 𝐻, ℎ ∈ 𝐻, 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓𝐺 ⟹ ℎ1ℎ ∈ 𝐻 ⟹ 𝑥 ∈ 𝐻 
 

∴ 𝐻ℎ ⊆ 𝐻 → (1) 
 
𝐿𝑒𝑡 ℎ2 ∈ 𝐻 𝑎𝑛𝑑 𝑒 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 
 

𝑆𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑜 𝑒 ∈ 𝐻 
 

𝑁𝑜𝑤 ℎ2 = ℎ2𝑒 = ℎ2(ℎ−1ℎ) = (ℎ2ℎ−1)ℎ ∈ 𝐻ℎ ( ∵ ℎ2 ∈ 𝐻, ℎ−1 ∈ 𝐻, 𝐻 < 𝐺 𝑠𝑜 ℎ2ℎ−1 ∈ 𝐻) 
 

∴ 𝐻 ⊆ 𝐻ℎ → (2) 
 

𝐹𝑟𝑜𝑚 (1) (2) 𝐻ℎ = 𝐻 
 

𝑁𝑒𝑥𝑡 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 ℎ𝐻 = 𝐻 (ℎ𝐻 ⊆ 𝐻 , 𝐻 ⊆ ℎ𝐻 ) 
 
𝐿𝑒𝑡 𝑦 ∈ ℎ𝐻 𝑡ℎ𝑒𝑛 𝑦 = ℎℎ3     𝑤ℎ𝑒𝑟𝑒 ℎ3 ∈ 𝐻 
 

𝑠𝑖𝑛𝑐𝑒 ℎ3 ∈ 𝐻, ℎ ∈ 𝐻, 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓𝐺 ⟹ ℎℎ3 ∈ 𝐻 ⟹ 𝑦 ∈ 𝐻 
 

∴ ℎ𝐻 ⊆ 𝐻 → (3) 
 
𝐿𝑒𝑡 ℎ4 ∈ 𝐻 𝑎𝑛𝑑 𝑒 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺 
 

𝑠𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑜 𝑒 ∈ 𝐻 
 

𝑁𝑜𝑤 ℎ4 = 𝑒ℎ4 = (ℎℎ−1)ℎ4 = ℎ(ℎ−1ℎ4) ∈ ℎ𝐻 ( ∵ ℎ−1 ∈ 𝐻, ℎ4 ∈ 𝐻, 𝐻 < 𝐺 𝑠𝑜 ℎ−1ℎ4 ∈ 𝐻) 
 

∴ 𝐻 ⊆ ℎ𝐻 → (4) 
 

𝐹𝑟𝑜𝑚 (3) (4) ℎ𝐻 = 𝐻 
 

Sufficient condition (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑎𝑛𝑑 
 
ℎ ∈ 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐻ℎ = 𝐻 = ℎ𝐻 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 ℎ ∈ 𝐻 
 
𝐿𝑒𝑡 𝑒 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺
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𝑠𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑜 𝑒 ∈ 𝐻 
 

𝑁𝑜𝑤 ℎ = ℎ𝑒 ∈ ℎ𝐻 ⟹ ℎ ∈ ℎ𝐻 ⟹ ℎ ∈ 𝐻 (∵ 𝐻 = ℎ𝐻) 
 
𝑁𝑒𝑥𝑡 ℎ = 𝑒ℎ ∈ 𝐻ℎ = 𝐻 ⟹ ℎ ∈ 𝐻 
 
Theorem2: 𝑰𝒇 𝒂 𝒂𝒏𝒅 𝒃 𝒂𝒓𝒆 𝒕𝒘𝒐 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒐𝒇 𝒂 𝒈𝒓𝒐𝒖𝒑 𝑮 𝒂𝒏𝒅 𝑯 𝒊𝒔 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 
 

𝒕𝒉𝒆𝒏 (𝒊)𝑯𝒂 = 𝑯𝒃 ⟺ 𝒂𝒃−𝟏 ∈ 𝑯 (𝒊𝒊)𝒂𝑯 = 𝒃𝑯 ⟺ 𝒂−𝟏𝒃 ∈ 𝑯 
 

(i) N.C (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐻𝑎 = 𝐻𝑏 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑎𝑏−1 ∈ 𝐻 
 
𝐿𝑒𝑡 𝑒 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺 𝑠𝑖𝑛𝑐𝑒 𝐻 < 𝐺 𝑠𝑜 𝑒 ∈ 𝐻 
 

𝑁𝑜𝑤 𝐻𝑎 = 𝐻𝑏 ⟹ 𝐻𝑎𝑏−1 = 𝐻𝑏𝑏−1 

 

⟹ 𝐻𝑎𝑏−1 = 𝐻𝑒 = 𝐻 
 

⟹ 𝐻𝑎𝑏−1 = 𝐻 
 

⟹ 𝑎𝑏−1 ∈ 𝐻 (∵ 𝐻 < 𝐺, 𝐻ℎ = 𝐻 ⟺ ℎ ∈ 𝐻) 
 

S.C (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎𝑏−1 ∈ 𝐻 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻𝑎 = 𝐻𝑏 
 

𝑠𝑖𝑛𝑐𝑒 𝑎𝑏−1 ∈ 𝐻 ⟹ 𝐻𝑎𝑏−1 = 𝐻 
 

⟹ 𝐻𝑎𝑏−1𝑏 = 𝐻𝑏 
 

⟹ 𝐻𝑎 = 𝐻𝑏 
 
(ii) N.C (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎𝐻 = 𝑏𝐻 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑎−1𝑏 ∈ 𝐻 
 
𝐿𝑒𝑡 𝑒 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺 𝑠𝑖𝑛𝑐𝑒 𝐻 < 𝐺 𝑠𝑜 𝑒 ∈ 𝐻 
 

𝑁𝑜𝑤 𝑎𝐻 = 𝑏𝐻 ⟹ 𝑎−1𝑎𝐻 = 𝑎−1𝑏𝐻 
 

⟹ 𝐻 = 𝑎−1𝑏𝐻 
 

⟹ 𝑎−1𝑏𝐻 = 𝐻 
 

⟹ 𝑎−1𝑏 ∈ 𝐻 (∵ 𝐻 < 𝐺, ℎ𝐻 = 𝐻 ⟺ ℎ ∈ 𝐻) 
 

S.C (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎−1𝑏 ∈ 𝐻
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𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑎𝐻 = 𝑏𝐻 
 

𝑠𝑖𝑛𝑐𝑒 𝑎−1𝑏 ∈ 𝐻 ⟹ 𝑎−1𝑏𝐻 = 𝐻 
 

⟹ 𝑎𝑎−1𝑏𝐻 = 𝑎𝐻 
 

⟹ 𝑏𝐻 = 𝑎𝐻 
 
Theorem3: 𝑰𝒇 𝒂 𝒂𝒏𝒅 𝒃 𝒂𝒓𝒆 𝒕𝒘𝒐 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒐𝒇 𝒂 𝒈𝒓𝒐𝒖𝒑 𝑮 𝒂𝒏𝒅 𝑯 𝒊𝒔 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 
 

𝒕𝒉𝒆𝒏 (𝒊)𝒂 ∈ 𝑯𝒃 ⟺ 𝑯𝒂 = 𝑯𝒃 (𝒊𝒊)𝒂 ∈ 𝒃𝑯 ⟺ 𝒂𝑯 = 𝒃𝑯 
 

(i) N.C (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎 ∈ 𝐻𝑏 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻𝑎 = 𝐻𝑏 
 

𝑠𝑖𝑛𝑐𝑒 𝑎 ∈ 𝐻𝑏 ⟹ 𝑎𝑏−1 ∈ 𝐻𝑏𝑏−1 

 

⟹ 𝑎𝑏−1 ∈ 𝐻𝑒 
 

⟹ 𝑎𝑏−1 ∈ 𝐻 (∵ 𝐻 < 𝐺, 𝐻ℎ = 𝐻 ⟺ ℎ ∈ 𝐻) 
 

⟹ 𝐻𝑎 = 𝐻𝑏 
 

S.C (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐻𝑎 = 𝐻𝑏 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑎 ∈ 𝐻𝑏 
 
𝐿𝑒𝑡 𝑒 ∈ 𝐺, 𝑠𝑖𝑛𝑐𝑒 𝐻 < 𝐺 ∴ 𝑒 ∈ 𝐻 
 
𝑁𝑜𝑤 𝑎 = 𝑒𝑎 ∈ 𝐻𝑎 
 
⟹ 𝑎 ∈ 𝐻𝑎 
 

⟹ 𝑎 ∈ 𝐻𝑏 (∵ 𝐻𝑎 = 𝐻𝑏) 
 
(ii) N.C (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎 ∈ 𝑏𝐻 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑎𝐻 = 𝑏𝐻 
 

𝑠𝑖𝑛𝑐𝑒 𝑎 ∈ 𝑏𝐻 ⟹ 𝑏−1𝑎 ∈ 𝑏−1𝑏𝐻 
 

⟹ 𝑏−1𝑎 ∈ 𝑒𝐻 
 

⟹ 𝑏−1𝑎 ∈ 𝐻 (∵ 𝐻 < 𝐺, ℎ𝐻 = 𝐻 ⟺ ℎ ∈ 𝐻) 
 

⟹ 𝑎𝐻 = 𝑏𝐻 
 

S.C (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎𝐻 = 𝑏𝐻
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𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑎 ∈ 𝑏𝐻 
 
𝐿𝑒𝑡 𝑒 ∈ 𝐺, 𝑠𝑖𝑛𝑐𝑒 𝐻 < 𝐺 ∴ 𝑒 ∈ 𝐻 
 
𝑁𝑜𝑤 𝑎 = 𝑎𝑒 ∈ 𝑎𝐻 
 
⟹ 𝑎 ∈ 𝑎𝐻 
 

⟹ 𝑎 ∈ 𝑏𝐻 (∵ 𝑎𝐻 = 𝑏𝐻) 
 
Theorem4: 𝑳𝒆𝒕 𝑯 𝒃𝒆 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆𝒓𝒆 𝒆𝒙𝒊𝒔𝒕 𝒂 𝒃𝒊𝒋𝒆𝒄𝒕𝒊𝒐𝒏 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 
 
𝒂𝒏𝒚 𝒕𝒘𝒐 𝒍𝒆𝒇𝒕 𝒐𝒓 𝒓𝒊𝒈𝒉𝒕 𝒄𝒐𝒔𝒆𝒕𝒔 𝒐𝒇 𝑯 𝒊𝒏 𝑮 (OR) 
 

𝑳𝒆𝒕 𝑯 𝒃𝒆 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆𝒓𝒆 𝒆𝒙𝒊𝒔𝒕 𝒐𝒏𝒆 − 𝒐𝒏𝒆 𝒄𝒐𝒓𝒓𝒆𝒔𝒑𝒐𝒏𝒅𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 
 
𝒂𝒏𝒚 𝒕𝒘𝒐 𝒍𝒆𝒇𝒕 𝒐𝒓 𝒓𝒊𝒈𝒉𝒕 𝒄𝒐𝒔𝒆𝒕 𝒐𝒇 𝑯 𝒊𝒏 𝑮. 
 
Proof: 𝐿𝑒𝑡 𝐻 𝑏𝑒 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝   . 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑎, 𝑏 ∈ 𝐺. 
 
𝐿𝑒𝑡 𝑎𝐻, 𝑏𝐻 𝑏𝑒 𝑡𝑤𝑜 𝑙𝑒𝑓𝑡 𝑐𝑜𝑠𝑒𝑡𝑠 𝑜𝑓 𝐻 𝑖𝑛 𝐺 
 

𝐷𝑒𝑓𝑖𝑛𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓: 𝑎𝐻 → 𝑏𝐻 𝑏𝑦 𝑓(𝑎ℎ) = 𝑏ℎ ∀𝑎ℎ ∈ 𝑎𝐻 
 

(𝒊)𝒇 𝒊𝒔 𝒐𝒏𝒆 − 𝒐𝒏𝒆 𝒂𝒏𝒅 𝒘𝒆𝒍𝒍 − 𝒅𝒆𝒇𝒊𝒏𝒆: 𝐿𝑒𝑡 𝑎ℎ1, 𝑎ℎ2 ∈ 𝑎𝐻 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 (𝑎ℎ1) = (𝑎ℎ2) 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑎ℎ1 = 𝑎ℎ2 

 

𝑠𝑖𝑛𝑐𝑒 (𝑎ℎ1) = (𝑎ℎ2) ⟺ 𝑏ℎ1 = 𝑏ℎ2 

 
⟺ ℎ1 = ℎ2 

 
⟺ 𝑎ℎ1 = 𝑎ℎ2 

 
∴ 𝑓 𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒 𝑎𝑛𝑑 𝑤𝑒𝑙𝑙 − 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 
 

(𝒊𝒊) 𝒇 𝒊𝒔 𝒐𝒏 − 𝒕𝒐: 𝐿𝑒𝑡 𝑏ℎ ∈ 𝑏𝐻 𝑡ℎ𝑒𝑛 ℎ ∈ 𝐻 
 

𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 ℎ ∈ 𝐻, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑎ℎ ∈ 𝑎𝐻 ⟹ 𝑓(𝑎ℎ) = 𝑏ℎ 
 

∴ ∀𝑏ℎ ∈ 𝑏𝐻 𝑠𝑜 ∃ 𝑎ℎ ∈ 𝑎𝐻 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓(𝑎ℎ) = 𝑏ℎ 
 
∴ 𝑓 𝑖𝑠 𝑜𝑛 − 𝑡𝑜 
 
𝑇ℎ𝑢𝑠 𝑓 𝑖𝑠 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒. 
 
Theorem5: 𝑳𝒆𝒕 𝑯 𝒃𝒆 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮𝒕𝒉𝒆𝒏 𝒕𝒉𝒆𝒓𝒆 𝒊𝒔 𝒐𝒏𝒆 − 𝒐𝒏𝒆 𝒄𝒐𝒓𝒓𝒆𝒔𝒑𝒐𝒏𝒅𝒂𝒏𝒄𝒆 
 
𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒔𝒆𝒕 𝒐𝒇 𝒂𝒍𝒍 𝒅𝒊𝒔𝒕𝒊𝒏𝒄𝒕 𝒍𝒆𝒇𝒕 𝒄𝒐𝒔𝒆𝒕𝒔 𝒐𝒇 𝑯 𝒊𝒏 𝑮 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒔𝒆𝒕 𝒐𝒇𝒂𝒍𝒍 𝒅𝒊𝒔𝒕𝒊𝒏𝒄𝒕
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𝒓𝒊𝒈𝒉𝒕 𝒄𝒐𝒔𝒆𝒕𝒔 𝒐𝒇 𝑯 𝒊𝒏 𝑮. 
 
Proof: 𝐿𝑒𝑡 𝐻 𝑏𝑒 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺. 𝐹𝑜𝑟 𝑎𝑛𝑦 𝑎, 𝑏 ∈ 𝐺. 
 
𝐿𝑒𝑡 𝐻𝑎, 𝐻𝑏 𝑏𝑒 𝑡𝑤𝑜 𝑟𝑖𝑔ℎ𝑡 𝑐𝑜𝑠𝑒𝑡𝑠 𝑜𝑓 𝐻 𝑖𝑛 𝐺 
 
𝐿𝑒𝑡 𝐺1 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑙𝑒𝑓𝑡 𝑐𝑜𝑠𝑒𝑡𝑠 𝑜𝑓 𝐻 𝑖𝑛 𝐺. 
 

𝐿𝑒𝑡 𝐺2 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑟𝑖ℎ𝑔𝑡 𝑐𝑜𝑠𝑒𝑡𝑠 𝑜𝑓 𝐻 𝑖𝑛 𝐺. 
 

𝐷𝑒𝑓𝑖𝑛𝑒 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓: 𝐺1 → 𝐺2 𝑏𝑦 (𝑎𝐻) = 𝐻𝑎−1     ∀𝑎𝐻 ∈ 𝐺1 

 
(𝒊)𝒇 𝒊𝒔 𝒐𝒏𝒆 − 𝒐𝒏𝒆 𝒂𝒏𝒅 𝒘𝒆𝒍𝒍 − 𝒅𝒆𝒇𝒊𝒏𝒆: 𝐿𝑒𝑡 𝑎𝐻,  ∈ 𝐺1 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 (𝑎𝐻) = 𝑓(𝑏𝐻) 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑎𝐻 = 𝑏𝐻 
 

𝑠𝑖𝑛𝑐𝑒 (𝑎𝐻) = (𝑏𝐻) ⟺ 𝐻𝑎−1 = 𝐻𝑏−1 

 

⟺ 𝑎−1(𝑏−1)−1 ∈ 𝐻 (∵ 𝐻𝑎 = 𝐻𝑏 ⟺ 𝑎𝑏−1 ∈ 𝐻 ) 
 

⟺ 𝑎−1𝑏 ∈ 𝐻 
 

⟺ 𝑎−1𝑏𝐻 = 𝐻 
 

⟺ 𝑎𝑎−1𝑏𝐻 = 𝑎𝐻 
 

⟺ 𝑏𝐻 = 𝑎𝐻 
 

⟺ 𝑎𝐻 = 𝑏𝐻 
 
∴ 𝑓 𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒 𝑎𝑛𝑑 𝑤𝑒𝑙𝑙 − 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 
 

(𝒊𝒊) 𝒇 𝒊𝒔 𝒐𝒏 − 𝒕𝒐: 𝐿𝑒𝑡 𝐻𝑎 ∈ 𝐺2 𝑡ℎ𝑒𝑛 𝑎 ∈ 𝐺 ⟹ 𝑎−1 ∈ 𝐺 ⟹ 𝑎−1𝐻 ∈ 𝐺1 

 

𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 𝑎−1𝐻 ∈ 𝐺1 ⟹ (𝑎−1𝐻) = (𝑎−1)−1 = 𝐻𝑎 
 

∴ ∀ 𝐻𝑎 ∈ 𝐺2𝑠𝑜 ∃ 𝑎−1𝐻 ∈ 𝐺1𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 (𝑎−1𝐻) = 𝐻𝑎 
 

∴ 𝑓 𝑖𝑠 𝑜𝑛 − 𝑡𝑜 
 
𝑇ℎ𝑢𝑠 𝑓 𝑖𝑠 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒. 

 

Index of a subgroup of a finite group: -If 𝐻 is a subgroup of a group 𝐺 then the number of 

distinct left/right co-sets of 𝐻 in 𝐺 is called as index of 𝐻 in 𝐺 and it is denoted by [ 𝐺: 𝐻] or 

𝑖𝐺(𝐻) 
 

LAGRANGE’S THEOREM: The order of a subgroup of a finite group divides the order of 

a group. (OR)
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If 𝑯 is any subgroup of a finite group G then (𝑯)|𝒐(𝑮). 𝑰𝒔 𝒕𝒉𝒆 𝒄𝒐𝒏𝒗𝒆𝒓𝒔𝒆 𝒕𝒓𝒖𝒆? 𝒋𝒖𝒔𝒕𝒊𝒇𝒚 
 
𝒚𝒐𝒖𝒓 𝒂𝒏𝒔𝒘𝒆𝒓? 
 

Proof: Given that 𝐻 is any subgroup of a finite group 𝐺 
 
∴ 𝐻 is also finite. 
 

To prove that (𝐻)|𝑜(𝐺) 
 

If 𝐻 = 𝐺 ⟹ (𝐻) = (𝐺) ⟹ (𝐻)|𝑜(𝐺) 
 

If 𝐻 ≠ 𝐺 to prove that (𝐻)|𝑜(𝐺) 
 

Let (𝐺) = 𝑛 and (𝐻) = 𝑚 to prove that 𝑚|𝑛 
 
We know that every right/left co-set of 𝐻 in 𝐺 has the same number of elements and the number 

of right co-sets of 𝐻 in 𝐺 is also finite and also 𝐻 = 𝐻𝑒, 𝐻 is also right co-set of 𝐻 in 𝐺. 
 

If 𝐻𝑎, 𝐻𝑏, 𝐻𝑐 … … 𝐻 are right co-sets of 𝐻 in 𝐺 (n terms) then (𝐻𝑎) = (𝐻𝑏) = (𝐻𝑐) = ⋯ = 

𝑜(𝐻) = 𝑚 
 

Let the number of distinct right co-sets of 𝐻 in 𝐺 be k and all these right co-sets of 𝐻 in 𝐺 are 

disjoint. 
 

∴ 𝐺 = 𝐻𝑎 ∪ 𝐻𝑏 ∪ 𝐻𝑐 ∪ … .∪ 𝐻(𝑘 𝑡𝑖𝑚𝑒𝑠) ⟹ 𝑜(𝐺) = 𝑜(𝐻𝑎) + 𝑜(𝐻𝑏) + 𝑜(𝐻𝑐) + ⋯ + 𝑜(𝐻) 
 

⟹ 𝑛 = 𝑚 + 𝑚 + 𝑚+. . +𝑚( 𝑘 𝑡𝑖𝑚𝑒𝑠) ⟹ 𝑛 = 𝑚𝑘 ⟹ 𝑘 = 
𝑚 

 
∴ 𝑚|𝑛 ⟹ 𝑜(𝐻)|𝑜(𝐺) 
 
Hence the order of a subgroup of a finite group divides the order of a group 
 

The converse of this theorem need not be true i.e. if 𝐺 is a finite group and (𝐻)|𝑜(𝐺) then H 

need not be a subgroup. 
 

For example: Consider 𝐺 = {1, −1, 𝑖, −𝑖} 𝑠𝑜 𝑜(𝐺) = 4∴ 
 

Let 𝐻 = {𝑖, −𝑖}ℎ𝑒𝑛 𝑜(𝐻) = 2 
 

Clearly (𝐻)|𝑜(𝐺) (2|4) 
 

But 𝐻 is not a group as (𝑖) = −1 ∉ 𝐻 
 
∴ 𝐻 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

Theorem7: 𝑰𝒇 𝑮 𝒊𝒔 𝒂 𝒇𝒊𝒏𝒊𝒕𝒆 𝒈𝒓𝒐𝒖𝒑 𝒂𝒏𝒅 𝒂 ∈ 𝑮 𝒕𝒉𝒆𝒏 (𝒂)|𝒐(𝑮)
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Proof: 𝐺 𝑖𝑠 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 𝑎 ∈ 𝐺. 
 

𝐿𝑒𝑡 𝑜(𝑎) = 𝑛 
 

𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝐺 𝑖𝑠 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 𝑎 ∈ 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑜(𝑎) = 𝑛 
 

𝑡ℎ𝑒𝑛 𝐻 = {𝑒 = 𝑎0, 1, 𝑎2, … 𝑎𝑛−1} 𝑓𝑜𝑟𝑚 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 
 

𝐻𝑒𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑜(𝐻) = 𝑛 
 

𝐵𝑦 𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑒′𝑠 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑜(𝐻)|𝑜(𝐺) ⟹ 𝑛|𝑜(𝐺) ⟹ 𝑜(𝑎)|𝑜(𝐺) 
 

Theorem8: 𝑰𝒇 𝒂 𝒊𝒔 𝒂𝒏 𝒆𝒍𝒆𝒎𝒆𝒏𝒕 𝒐𝒇 𝒂 𝒇𝒊𝒏𝒊𝒕𝒆 𝒈𝒓𝒐𝒖𝒑 𝑮 𝒕𝒉𝒆𝒏 (𝑮) = 𝒆 (𝒐𝒓)|𝑮| = 𝒆 
 

(𝑶𝑹) 
 
𝑰𝒇 𝑮 𝒊𝒔 𝒂 𝒇𝒊𝒏𝒊𝒕𝒆 𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓 𝒏 𝒂𝒏𝒅 𝒊𝒇 𝒂 ∈ 𝑮 𝒕𝒉𝒆𝒏 𝒂𝒏 = 𝒆 (𝒐𝒓)𝒂|𝑮| = 𝒆 
 

Proof: 𝐺𝑖𝑣𝑒𝑛 𝐺 𝑖𝑠 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑛 𝑖. 𝑒. 𝑜(𝐺) = 𝑛 
 

𝐿𝑒𝑡 𝑜(𝑎) = 𝑑 ⟹ 𝑎𝑑 = 𝑒 𝑎𝑛𝑑 𝑠𝑖𝑛𝑐𝑒 𝑜(𝑎) ≤ 𝑜(𝐺) (𝑠𝑖𝑛𝑐𝑒 𝐺 𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒) 
 

𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝐺 𝑖𝑠 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 𝑎 ∈ 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑜(𝑎) = 𝑑 𝑡ℎ𝑒𝑛 
 

𝐻 = {𝑒 = 𝑎0, 𝑎1, 𝑎2, … −1} 𝑓𝑜𝑟𝑚 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 
 

𝐻𝑒𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑜(𝐻) = 𝑑 
 

𝐵𝑦 𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑒 ′𝑠 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑜(𝐻)|𝑜(𝐺) ⟹ 𝑑|𝑜(𝐺) ⟹ 𝑑|𝑛 ⟹ 𝑛 = 𝑘𝑑 𝑓𝑜𝑟𝑠𝑜𝑚𝑒 𝑘 ∈ ℕ 
 

𝑁𝑜𝑤 𝑎𝑛 = 𝑎𝑘𝑑 = (𝑎𝑑)𝑘 = 𝑒𝑘 = 𝑒 
 
∴ 𝑎𝑛 = 𝑒 (𝑜𝑟)𝑎|𝐺| = 𝑒 
 
Theorem9: 𝑬𝒗𝒆𝒓𝒚 𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒑𝒓𝒊𝒎𝒆 𝒐𝒓𝒅𝒆𝒓 𝒉𝒂𝒔 𝒏𝒐 𝒑𝒓𝒐𝒑𝒆𝒓 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑𝒔. 
 

Proof: 𝐿𝑒𝑡 𝐺 𝑏𝑒 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 (𝐺) = 𝑝 𝑤ℎ𝑒𝑟𝑒 𝑝 𝑖𝑠 𝑎𝑝𝑟𝑖𝑚𝑒. 
 

𝐿𝑒𝑡 𝐻 𝑏𝑒 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑜(𝐻) = 𝑚 
 

𝐵𝑦 𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑒𝑠 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑜(𝐻)|𝑜(𝐺) ⟹ 𝑚|𝑝 
 
𝑆𝑖𝑛𝑐𝑒 𝑝 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 𝑠𝑜 𝑚 = 1 𝑜𝑟 𝑚 = 𝑝 

 

⟹ (𝐻) = 1 𝑜𝑟 (𝐻) = (𝐺) ⟹ 𝐻 = {𝑒} 𝑜𝑟 𝐻 = 𝐺 
 
𝑇ℎ𝑒𝑠𝑒 𝑎𝑟𝑒 𝑖𝑚𝑝𝑟𝑜𝑝𝑒𝑟 𝑜𝑟 𝑡𝑟𝑖𝑣𝑖𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. 
 
𝑖. 𝑒. 𝐺 ℎ𝑎𝑠 𝑜𝑛𝑙𝑦 𝑖𝑚𝑝𝑟𝑜𝑝𝑒𝑟 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠
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𝑇ℎ𝑢𝑠 𝐺 ℎ𝑎𝑠 𝑛𝑜 𝑝𝑟𝑜𝑝𝑒𝑟 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠 
 
Normalizer of an element: 𝐿𝑒𝑡 𝐺 𝑏𝑒 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 𝑎 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑛 𝐺 
 

𝑤ℎ𝑖𝑐ℎ 𝑎𝑟𝑒 𝑐𝑜𝑚𝑚𝑢𝑡𝑒𝑠 𝑤𝑖𝑡ℎ 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 ′𝑎′𝑖𝑛 𝐺 𝑎𝑛𝑑 𝑖𝑡 𝑖𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝑁(𝑎) 
 

𝑖. 𝑒. 𝑁(𝑎) = {𝑥 ∈ 𝐺⁄𝑎𝑥 = 𝑥𝑎} 
 
Centre of a group: 𝐿𝑒𝑡 𝐺 𝑏𝑒 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 𝑎 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑛 𝐺 
 

𝑤ℎ𝑖𝑐ℎ 𝑎𝑟𝑒 𝑐𝑜𝑚𝑚𝑢𝑡𝑒𝑠 𝑤𝑖𝑡ℎ 𝑒𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺 𝑎𝑛𝑑 𝑖𝑡 𝑖𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝐶(𝐺) 𝑜𝑟 𝑍(𝐺) 
 

𝑖. 𝑒. 𝐶(𝐺) = {𝑥 ∈ 𝐺⁄𝑎𝑥 = 𝑥𝑎 ∀𝑎 ∈ 𝐺} 
 

Theorem 10: 𝑳𝒆𝒕 𝑮 𝒃𝒆 𝒂 𝒈𝒓𝒐𝒖𝒑 𝒂𝒏𝒅 𝒂 ∈ 𝑮 𝒕𝒉𝒆𝒏 (𝒂)𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 
 

Proof: (𝑎) = {𝑥 ∈ 𝐺⁄𝑎𝑥 = 𝑥𝑎} 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑁(𝑎) 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

(𝑖) 𝑆𝑖𝑛𝑐𝑒 𝑒 ∈ 𝐺, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑎𝑒 = 𝑒𝑎 
 

∴ 𝑒 ∈ 𝑁(𝑎) ⟹ 𝑁(𝑎) ≠ ∅ 
 

(𝑖𝑖) 𝐶𝑙𝑒𝑎𝑟𝑙𝑦 (𝑎) ⊆ 𝐺 (𝑏𝑦 def 𝑜𝑓 (𝑎)) 
 

(𝑖𝑖𝑖) 𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝑁(𝑎) 𝑡ℎ𝑒𝑛 𝑎𝑥 = 𝑥𝑎 𝑎𝑛𝑑 𝑎𝑦 = 𝑦𝑎 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑥𝑦−1 ∈ (𝑎). 
 

𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 (𝑥𝑦−1) = (𝑥𝑦−1) 
 

𝐹𝑖𝑟𝑠𝑡 𝑤𝑒 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑦−1 ∈ (𝑎) 
 
𝑠𝑖𝑛𝑐𝑒 𝑎𝑦 = 𝑦𝑎 
 

⟹ 𝑦−1(𝑎𝑦)𝑦−1 = 𝑦−1(𝑦𝑎)𝑦−1 

 

⟹ 𝑦−1(𝑦𝑦−1) = (𝑦−1𝑦)𝑎𝑦−1 

 

⟹ 𝑦−1𝑎 = 𝑎𝑦−1 

 

⟹ 𝑦−1 ∈ (𝑎) 
 

𝑁𝑜𝑤 (𝑥𝑦−1) = (𝑎𝑥)−1 

 

= (𝑥𝑎)−1 

 

= (𝑎𝑦−1)
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= (𝑦−1𝑎) 
 

= (𝑥𝑦−1) 
 

∴ (𝑥𝑦−1) = (𝑥𝑦−1) ⟹ 𝑥𝑦−1 ∈ (𝑎) 
 

∴ 𝑁(𝑎) 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺
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UNIT-3: NORMAL SUBGROUPS 
 

Normal subgroup (def): -A subgroup 𝐻of a group is said to be a normal subgroup 𝐺 if ∀ℎ ∈ 

𝐻and ∀𝑥 ∈ 𝐺 ⟹ 𝑥ℎ𝑥−1 ∈ 𝐻. It is denoted by 𝐻 ⊳ 𝐺 we read it as 𝐻 is a normal subgroup of 𝐺 
 

Note: From the def of normal subgroup. We observe that 
 

1.𝐻 ⊳ 𝐺 ⟺ 𝑥𝐻𝑥−1 ⊆ 𝐻, ∀𝑥 ∈ 𝐺 
 

2.𝐻 ⊳ 𝐺 ⟺ 𝑥−1𝐻𝑥 ⊆ 𝐻, ∀𝑥 ∈ 𝐺 

(∵ 𝑥𝐻𝑥−1 = {𝑥ℎ𝑥−1⁄ℎ ∈ 𝐻}) 
 

(∵ 𝑥 ∈ 𝐺 ⟹ 𝑥−1 ∈ 𝐺,  ⊳ 𝐺) 
 
3. Every group contains at least two normal subgroups {e} and 𝐺 itself is called as improper or 

trivial normal subgroups of 𝐺. If any other normal subgroups exist then it is called as proper or 

non-trivial normal subgroups. 
 

Theorem1: 𝑨 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝑯 𝒐𝒇 𝒈𝒓𝒐𝒖𝒑 𝑮 𝒊𝒔 𝒂 𝒏𝒐𝒓𝒎𝒂𝒍 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 ⟺ 
 
𝒙𝑯𝒙−𝟏 = 𝑯 ∀𝒙 ∈ 𝑮 
 

N.C (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑥𝐻𝑥−1 = 𝐻 ∀𝑥 ∈ 𝐺 
 

𝑆𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ 𝑥𝐻𝑥−1 ⊆ 𝐻, ∀𝑥 ∈ 𝐺 → (1) 
 

𝑠𝑖𝑛𝑐𝑒 𝑥𝐻𝑥−1 ⊆ 𝐻, ∀𝑥 ∈ 𝐺 
 

⟹ 𝑥−1(𝑥−1)−1 ⊆ 𝐻, ∀𝑥 ∈ 𝐺 
 

⟹ 𝑥−1𝐻𝑥 ⊆ 𝐻, ∀𝑥 ∈ 𝐺 
 

⟹ (𝑥−1𝐻𝑥)−1 ⊆ 𝑥𝐻𝑥−1, ∀𝑥 ∈ 𝐺 
 

⟹ ( −1)𝐻(𝑥𝑥−1) ⊆ 𝑥𝐻𝑥−1, ∀𝑥 ∈ 𝐺 
 

⟹ 𝐻 ⊆ 𝑥𝐻𝑥−1, ∀𝑥 ∈ 𝐺 → (2) 
 

𝐹𝑟𝑜𝑚 (1) (2) 𝑥𝐻𝑥−1 = 𝐻 ∀𝑥 ∈ 𝐺 
 

S.C (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑥𝐻𝑥−1 = 𝐻 ∀𝑥 ∈ 𝐺 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 

 

𝑠𝑖𝑛𝑐𝑒 𝑥𝐻𝑥−1 = 𝐻 ∀𝑥 ∈ 𝐺 ⟹ 𝑥−1𝐻𝑥 ⊆ 𝐻 𝑎𝑛𝑑 𝐻 ⊆ 𝑥𝐻𝑥−1     ∀𝑥 ∈ 𝐺 
 

𝑥−1𝐻𝑥 ⊆  , ∀𝑥 ∈ 𝐺 ⟹ 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺
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Theorem2: 𝑨 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝑯 𝒐𝒇 𝒂 𝒈𝒓𝒐𝒖𝒑 𝑮 𝒊𝒔 𝒂 𝒏𝒐𝒓𝒎𝒂𝒍 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 ⟺ 
 
𝒆𝒂𝒄𝒉 𝒍𝒆𝒇𝒕 𝒄𝒐𝒔𝒆𝒕 𝒐𝒇 𝑯 𝒊𝒏 𝑮 𝒊𝒔 𝒂 𝒓𝒊𝒈𝒉𝒕 𝒄𝒐𝒔𝒆𝒕 𝒐𝒇 𝑯 𝒊𝒏 𝑮 
 

N.C (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑒𝑎𝑐ℎ 𝑙𝑒𝑓𝑡 𝑐𝑜𝑠𝑒𝑡 𝑜𝑓 𝐻 𝑖𝑛 𝐺 𝑖𝑠 𝑎 𝑟𝑖𝑔ℎ𝑡 𝑐𝑜𝑠𝑒𝑡 𝑜𝑓 𝐻 𝑖𝑛 𝐺 
 

𝑆𝑖𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ 𝑥𝐻𝑥−1 = 𝐻, ∀𝑥 ∈ 𝐺 
 

⟹ (𝑥𝐻𝑥−1) = 𝐻𝑥, ∀𝑥 ∈ 𝐺 
 

⟹ (𝑥𝐻)−1𝑥 = 𝐻𝑥, ∀𝑥 ∈ 𝐺 
 

⟹ 𝑥𝐻 = 𝐻𝑥, ∀𝑥 ∈ 𝐺 
 

S.C (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 
 
𝑒𝑎𝑐ℎ 𝑙𝑒𝑓𝑡 𝑐𝑜𝑠𝑒𝑡 𝑜𝑓 𝐻 𝑖𝑛 𝐺 𝑖𝑠 𝑎 𝑟𝑖𝑔ℎ𝑡 𝑐𝑜𝑠𝑒𝑡 𝑜𝑓 𝐻 𝑖𝑛 𝐺 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
𝐿𝑒𝑡 𝑥 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑥𝐻 = 𝐻𝑦 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑦 ∈ 𝐻 
 
𝑠𝑖𝑛𝑐𝑒 𝑒 ∈ 𝐻, 𝑠𝑜 𝑥 = 𝑥𝑒 ∈ 𝑥𝐻 
 

⟹ 𝑥 ∈ 𝑥𝐻 
 

⟹ 𝑥 ∈ 𝐻𝑦 (∴ 𝑥𝐻 = 𝐻𝑦 ) 
 

⟹ 𝑥𝑦−1 ∈ 𝐻𝑦𝑦−1 

 

⟹ 𝑥𝑦−1 ∈ 𝐻 
 

⟹ 𝐻𝑥 = 𝐻𝑦 
 

⟹ 𝐻𝑥 = 𝑥𝐻 
 

⟹ 𝐻𝑥𝑥−1 = 𝑥𝐻𝑥−1 

 

⟹ 𝐻 = 𝑥𝐻𝑥−1 

 

⟹ 𝑥𝐻𝑥−1 = 𝐻 ∀𝑥 ∈ 𝐺 
 

∴ 𝐻𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺
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Theorem3: 𝑨 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝑯 𝒐𝒇 𝒂 𝒈𝒓𝒐𝒖𝒑 𝑮 𝒊𝒔 𝒂 𝒏𝒐𝒓𝒎𝒂𝒍 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 ⟺ 
 
𝑻𝒉𝒆 𝒑𝒓𝒐𝒅𝒖𝒄𝒕 𝒐𝒇 𝒕𝒘𝒐 𝒓𝒊𝒈𝒉𝒕 𝒄𝒐𝒔𝒆𝒕𝒔 𝒐𝒇 𝑯 𝒊𝒏 𝑮 𝒊𝒔 𝒂𝒈𝒂𝒊𝒏 𝒂 𝒓𝒊𝒈𝒉𝒕 𝒄𝒐𝒔𝒆𝒕 𝒐𝒇 𝑯 𝒊𝒏 𝑮 
 

N.C (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡𝑤𝑜 𝑟𝑖𝑔ℎ𝑡 𝑐𝑜𝑠𝑒𝑡𝑠 𝑜𝑓 𝐻 𝑖𝑛 𝐺 𝑖𝑠 𝑎𝑔𝑎𝑖𝑛 
 
𝑎 𝑟𝑖𝑔ℎ𝑡 𝑐𝑜𝑠𝑒𝑡 𝑜𝑓 𝐻 𝑖𝑛 𝐺 . 
 
𝐹𝑜𝑟 𝑎𝑛𝑦 𝑎, 𝑏 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝐻𝑎, 𝐻𝑏 𝑏𝑒 𝑡𝑤𝑜 𝑟𝑖𝑔ℎ𝑡 𝑐𝑜𝑠𝑒𝑡𝑠 𝑜𝑓 𝐻 𝑖𝑛 𝐺. 
 

𝑁𝑜𝑤 (𝐻𝑎)(𝐻𝑏) = 𝐻(𝑎𝐻)𝑏 
 

= 𝐻(𝐻𝑎)𝑏 ( ∵ 𝐻 ⊳ 𝐺 ⟺ 𝐻𝑎 = 𝑎𝐻 ) 
 

= 𝐻𝐻𝑎𝑏 
 

= 𝐻𝑎𝑏 ( ∵ 𝐻 < 𝐺𝑡ℎ𝑒𝑛 𝐻𝐻 = 𝐻 ) 
 
𝑠𝑖𝑛𝑐𝑒 𝑎 ∈ 𝐺, 𝑏 ∈ 𝐺 ⟹ 𝑎𝑏 ∈ 𝐺 
 
∴ 𝐻𝑎𝑏 𝑖𝑠 𝑎 𝑟𝑖𝑔ℎ𝑡 𝑐𝑜𝑠𝑒𝑡 𝑜𝑓 𝐻 𝑖𝑛 𝐺 
 

S.C (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 
 
𝑡𝑤𝑜 𝑟𝑖𝑔ℎ𝑡 𝑐𝑜𝑠𝑒𝑡𝑠 𝑜𝑓 𝐻 𝑖𝑛 𝐺 𝑖𝑠 𝑎𝑔𝑎𝑖𝑛 𝑎 𝑟𝑖𝑔ℎ𝑡 𝑐𝑜𝑠𝑒𝑡 𝑜𝑓 𝐻 𝑖𝑛 𝐺 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑖. 𝑒. ∀ℎ ∈ 𝐻, ∀𝑥 ∈ 𝐺 ⟹ 𝑥ℎ𝑥−1 ∈ 𝐻 
 
𝐿𝑒𝑡 ℎ ∈ 𝐻 𝑎𝑛𝑑 𝑥 ∈ 𝐺 
 

𝑁𝑜𝑤 𝑥ℎ𝑥−1 = (ℎ𝑥−1) ∈ 𝐻𝑥𝐻𝑥−1 

 

⟹ 𝑥ℎ𝑥−1 ∈ 𝐻𝑥𝐻𝑥−1 

 

⟹ 𝑥ℎ𝑥−1 ∈ 𝐻𝑥𝑥−1 ( ∵ 𝐻𝑎 ⋅ 𝐻𝑏 = 𝐻𝑎𝑏 ) 
 

⟹ 𝑥ℎ𝑥−1 ∈ 𝐻𝑒 
 

⟹ 𝑥ℎ𝑥−1 ∈ 𝐻 
 

∴ ∀ℎ ∈ 𝐻, ∀𝑥 ∈ 𝐺 ⟹ 𝑥ℎ𝑥 −1 ∈ 𝐻 
 
𝑇ℎ𝑢𝑠 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺
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Theorem4: Every subgroup of an abelian is always normal subgroup 
 

Proof: Let 𝐺 be an abelian group and 𝐻 be a subgroup 
 

To prove that 𝐻 is a normal subgroup of 𝐺 (i.e.∀ℎ ∈ 𝐻, ∀𝑥 ∈ 𝐺 ⟹ 𝑥ℎ𝑥−1 ∈ 𝐻) 
 
Let ℎ ∈ 𝐻, 𝑎𝑛𝑑 𝑥 ∈ 𝐺 
 

𝑥ℎ𝑥−1 = (𝑥−1ℎ) (∵ 𝑥 ∈ 𝐺 ⟹ 𝑥−1 ∈ 𝐺, ℎ ∈ 𝐻 ⟹ ℎ ∈ 𝐺 ⟹ ℎ−1𝑥 = 𝑥−1ℎ, 𝐺 𝑖𝑠 𝑎𝑏𝑒𝑙𝑖𝑎𝑛) 
 

= (𝑥𝑥−1)ℎ 
 

= 𝑒ℎ 
 

= ℎ ∈ 𝐻 
 

∴ 𝑥ℎ𝑥−1 ∈ 𝐻 ∴ 𝐻 is a normal subgroup of 𝐺 
 
Theorem5: The intersection of any two normal subgroups of a group is a normal subgroup 
 

(OR) 
 

𝑳𝒆𝒕 𝑯, 𝑲 𝒃𝒆 𝒕𝒘𝒐 𝒏𝒐𝒓𝒎𝒂𝒍 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑𝒔 𝒐𝒇 𝒂 𝒈𝒓𝒐𝒖𝒑𝑮 𝒕𝒉𝒆𝒏 𝑯 ∩ 𝑲 𝒊𝒔 𝒂𝒍𝒔𝒐 𝒏𝒐𝒓𝒎𝒂𝒍 
 
𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮. 
 
Proof: 𝐿𝑒𝑡 𝐻,  𝑎𝑟𝑒 𝑡𝑤𝑜 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠 𝑜𝑓 𝑎 𝑔𝑟𝑜𝑢𝑝 𝐺 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻 ∩ 𝐾 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 

 

(𝑖)𝑆𝑖𝑛𝑐𝑒 𝐻, 𝐾 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠 𝑜𝑓 𝐺 
 
∴ 𝑒 ∈ 𝐻 𝑎𝑛𝑑 𝑒 ∈ 𝐾 ⟹ 𝑒 ∈ 𝐻 ∩ 𝐾 ⟹ 𝐻 ∩ 𝐾 ≠ 𝜙 
 

(𝑖𝑖)𝐶𝑙𝑒𝑎𝑟𝑙𝑦 𝐻 ∩ 𝐾 ⊆ 𝐺 (∵ 𝐻 ⊆ 𝐺, 𝐾 ⊆ 𝐺) 
 

(𝑖𝑖𝑖) 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐻 ∩ 𝐾 ⟹ 𝑎, 𝑏 ∈ 𝐻 𝑎𝑛𝑑 𝑎, 𝑏 ∈ 𝐾 
 

𝑆𝑖𝑛𝑐𝑒 𝑎, 𝑏 ∈ 𝐻, 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ 𝑎𝑏−1 ∈ 𝐻 
 

𝑎𝑙𝑠𝑜 𝑠𝑖𝑛𝑐𝑒 𝑎, 𝑏 ∈ 𝐾, 𝐾 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 ⟹ 𝑎𝑏−1 ∈ 𝐾 
 

∴ 𝑎𝑏−1 ∈ 𝐻 𝑎𝑛𝑑 𝑎𝑏−1 ∈ 𝐾 ⟹ 𝑎𝑏−1 ∈ 𝐻 ∩ 𝐾 
 
∴ 𝐻 ∩ 𝐾 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
𝐿𝑒𝑡 𝑥 ∈ 𝐺, 𝑦 ∈ 𝐻 ∩ 𝐾 ⟹ 𝑦 ∈ 𝐻 𝑎𝑛𝑑 𝑦 ∈ 𝐾 

 

𝑠𝑖𝑛𝑐𝑒 𝑥 ∈ 𝐺, 𝑦 ∈  ,  ⊳ 𝐺 ⟹ 𝑥𝑦𝑥−1 ∈ 𝐻
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𝐴𝑙𝑠𝑜 𝑥 ∈ 𝐺, 𝑦 ∈  ,  ⊳ 𝐺 ⟹ 𝑥𝑦𝑥−1 ∈ 𝐾 
 

∴ 𝑥𝑦𝑥−1 ∈ 𝐻 ∩ 𝐾 ∀𝑥 ∈ 𝐺, ∀𝑦 ∈ 𝐻 ∩ 𝐾 
 
∴ 𝐻 ∩ 𝐾 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
 
 

Theorem6: 𝑳𝒆𝒕 𝑵 𝒂𝒏𝒅 𝑴 𝒃𝒆 𝒏𝒐𝒓𝒎𝒂𝒍 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑𝒔 𝒐𝒇 𝒂 𝒈𝒓𝒐𝒖𝒑𝑮 𝒕𝒉𝒆𝒏 𝑵𝑴 𝒊𝒔 𝒂 𝒏𝒐𝒓𝒎𝒂𝒍 
 
𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮. 
 
Proof: 𝑆𝑖𝑛𝑐𝑒 𝑁 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺,  ℎ𝑎𝑣𝑒 𝑁𝑎 = 𝑎𝑁 ∀𝑎 ∈ 𝐺 
 
𝐼𝑛 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑎 ∈ 𝑀 , 
 
ℎ𝑒𝑛𝑐𝑒 𝑁𝑀 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 

𝑁𝑀 = 𝑀𝑁 𝑎𝑛𝑑 
 

(∵ 𝐻 < 𝐺, 𝐾 < 𝐺 𝑡ℎ𝑒𝑛 𝐻𝐾 < 𝐺 ⟺ 𝐻𝐾 = 𝐾𝐻) 
 
𝐹𝑜𝑟 𝑎𝑛𝑦 𝑎 ∈ 𝐺, 𝑤𝑒 ℎ𝑎𝑣𝑒 
 

(𝑁𝑀)𝑎 = 𝑁(𝑀𝑎) 
 

= 𝑁(𝑎𝑀) (∵ 𝑀 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 ) 
 

= (𝑁𝑎)𝑀 
 

= (𝑎𝑁)𝑀 (∵ 𝑁 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 ) 
 

= 𝑎(𝑁𝑀) 
 

∴ (𝑁𝑀)𝑎 = 𝑎(𝑁𝑀) ⟹ 𝑁𝑀 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
Theorem7: If 𝑮 is a group and 𝑯 is a subgroup of index 2 in 𝑮 then 𝑯 is a normal 

subgroup of 𝑮. (OR) 
 

𝑳𝒆𝒕 𝑯 𝒃𝒆 𝒂 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒂 𝒈𝒓𝒐𝒖𝒑 𝑮 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆𝒓𝒆 𝒂𝒓𝒆 𝒆𝒙𝒂𝒄𝒕𝒍𝒚 𝒕𝒘𝒐 𝒍𝒆𝒇𝒕 𝒄𝒐𝒔𝒆𝒕𝒔 𝒐𝒇 𝑯 𝒊𝒏 𝑮 
 
𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒆𝒗𝒆𝒓𝒚 𝒓𝒊𝒈𝒉𝒕 𝒄𝒐𝒔𝒆𝒕 𝒐𝒇 𝑯 𝒊𝒏 𝑮 𝒊𝒔 𝒂 𝒍𝒆𝒇𝒕 𝒄𝒐𝒔𝒆𝒕 𝒂𝒏𝒅 𝒗𝒊𝒄𝒆 − 𝒗𝒆𝒓𝒔𝒂 
 
Proof: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑖𝑛𝑑𝑒𝑥 2 
 
∴ 𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑟𝑖𝑔ℎ𝑡 𝑜𝑟 𝑙𝑒𝑓𝑡 𝑐𝑜𝑠𝑒𝑡𝑠 𝑜𝑓 𝐻 𝑖𝑛 𝐺 𝑖𝑠 2 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺. 
 
𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑥𝐻 = 𝐻𝑥 ∀𝑥 ∈ 𝐺 
 
𝐿𝑒𝑡 𝑥 ∈ 𝐺
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𝐼𝑓 𝑥 ∈ 𝐻 𝑡ℎ𝑒𝑛 𝑥𝐻 = 𝐻𝑥 (𝐻 < 𝐺, ℎ ∈ 𝐻 ⟺ ℎ𝐻 = 𝐻ℎ = 𝐻) 
 
∴ 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

𝐼𝑓𝑥 ∉ 𝐻 𝑡ℎ𝑒𝑛 𝑥𝐻 ≠ 𝐻 ≠ 𝐻𝑥 ( ℎ ∉ 𝐻 ⟺ ℎ𝐻 ≠ 𝐻ℎ ≠ 𝐻) 
 
𝑆𝑖𝑛𝑐𝑒 𝑖𝑛𝑑𝑒𝑥 𝑜𝑓 𝐻 𝑖𝑛 𝐺 𝑖𝑠 2 
 
∴ 𝐺 = 𝑥𝐻 ∪ 𝐻 = 𝐻𝑥 ∪ 𝐻 
 

= 𝑇ℎ𝑒𝑟𝑒 𝑖𝑠 𝑛𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝑐𝑜𝑚𝑚𝑜𝑛 𝐻𝑥 𝑎𝑛𝑑 𝐻 𝑎𝑙𝑠𝑜 𝑥𝐻 𝑎𝑛𝑑 𝐻 
 
∴ 𝑊𝑒 𝑚𝑢𝑠𝑡 ℎ𝑎𝑣𝑒 𝐻𝑥 = 𝑥𝐻 ⟹ 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
Simple group: A group G is said to be simple if it has no proper normal subgroups. 
 

Theorem8: Every group of prime order is simple 
 

Proof: 𝐿𝑒𝑡 𝐺 𝑏𝑒 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 (𝐺) = 𝑝 𝑤ℎ𝑒𝑟𝑒 𝑝 𝑖𝑠 𝑎𝑝𝑟𝑖𝑚𝑒. 
 

𝐿𝑒𝑡 𝐻 𝑏𝑒 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑜(𝐻) = 𝑚 
 

𝐵𝑦 𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑒𝑠 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑜(𝐻)|𝑜(𝐺) ⟹ 𝑚|𝑝 
 
𝑆𝑖𝑛𝑐𝑒 𝑝 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 𝑠𝑜 𝑚 = 1 𝑜𝑟 𝑚 = 𝑝 

 

⟹ (𝐻) = 1 𝑜𝑟 (𝐻) = (𝐺) ⟹ 𝐻 = {𝑒} 𝑜𝑟 𝐻 = 𝐺 
 
𝑇ℎ𝑒𝑠𝑒 𝑎𝑟𝑒 𝑖𝑚𝑝𝑟𝑜𝑝𝑒𝑟 𝑜𝑟 𝑡𝑟𝑖𝑣𝑖𝑎𝑙 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. 
 
𝑖. 𝑒. 𝐺 ℎ𝑎𝑠 𝑜𝑛𝑙𝑦 𝑖𝑚𝑝𝑟𝑜𝑝𝑒𝑟 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠 
 
𝑇ℎ𝑢𝑠 𝐺 ℎ𝑎𝑠 𝑛𝑜 𝑝𝑟𝑜𝑝𝑒𝑟 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠 
 
𝑇ℎ𝑢𝑠 𝐺 𝑖𝑠 𝑎 𝑠𝑖𝑚𝑝𝑙𝑒 𝑔𝑟𝑜𝑢𝑝. 
 
Centre of a group: 𝐿𝑒𝑡 𝐺 𝑏𝑒 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 𝑎 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑛 𝐺 
 

𝑤ℎ𝑖𝑐ℎ 𝑎𝑟𝑒 𝑐𝑜𝑚𝑚𝑢𝑡𝑒𝑠 𝑤𝑖𝑡ℎ 𝑒𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺 𝑎𝑛𝑑 𝑖𝑡 𝑖𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝐶(𝐺) 𝑜𝑟 𝑍(𝐺) 
 

𝑖. 𝑒. 𝐶(𝐺) = {𝑥 ∈ 𝐺⁄𝑎𝑥 = 𝑥𝑎 ∀𝑎 ∈ 𝐺} 
 

Theorem9: 𝑳𝒆𝒕 𝑮 𝒃𝒆 𝒂 𝒈𝒓𝒐𝒖𝒑 𝒂𝒏𝒅 𝒂 ∈ 𝑮 𝒕𝒉𝒆𝒏 (𝑮) 𝒊𝒔 𝒂 𝒏𝒐𝒓𝒎𝒂𝒍 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 
 

Proof: (𝐺) = {𝑥 ∈ 𝐺⁄𝑎𝑥 = 𝑥𝑎 ∀𝑎 ∈ 𝐺} 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐶(𝐺) 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

(𝑖)𝑆𝑖𝑛𝑐𝑒 𝑒 ∈ 𝐺, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑎𝑒 = 𝑒𝑎 ∀𝑎 ∈ 𝐺



 

68 
 
 

∴ 𝑒 ∈ 𝐶(𝐺) ⟹ 𝐶(𝐺) ≠ 𝜙 
 

(𝑖𝑖)𝐶𝑙𝑒𝑎𝑟𝑙𝑦 (𝐺) ⊆ 𝐺 (𝑏𝑦 def 𝑜𝑓 (𝐺)) 
 

(𝑖𝑖𝑖)𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝐶(𝐺) 𝑡ℎ𝑒𝑛 𝑎𝑥 = 𝑥𝑎 𝑎𝑛𝑑 𝑎𝑦 = 𝑦𝑎 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑥𝑦−1 ∈ (𝐺) 
 

𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 (𝑥𝑦−1) = (𝑥𝑦−1) 
 

𝐹𝑖𝑟𝑠𝑡 𝑤𝑒 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑦−1 ∈ (𝐺) 
 
𝑠𝑖𝑛𝑐𝑒 𝑎𝑦 = 𝑦𝑎 
 

⟹ 𝑦−1(𝑎𝑦)𝑦−1 = 𝑦−1(𝑦𝑎)𝑦−1 

 

⟹ 𝑦−1(𝑦𝑦−1) = (𝑦−1𝑦)𝑎𝑦−1 

 

⟹ 𝑦−1𝑎 = 𝑎𝑦−1 

 

⟹ 𝑦−1 ∈ (𝐺) 
 

𝑁𝑜𝑤 (𝑥𝑦−1) = (𝑎𝑥)−1 

 

= (𝑥𝑎)−1 

 

= (𝑎𝑦−1) 
 

= (𝑦−1𝑎) 
 

= (𝑥𝑦−1) 
 

∴ (𝑥𝑦−1) = (𝑥𝑦−1) ⟹ 𝑥𝑦−1 ∈ (𝐺) 
 

∴ 𝐶(𝐺) 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

𝑁𝑜𝑤 𝑤𝑒 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝐶(𝐺) 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

𝐿𝑒𝑡 𝑎 ∈ 𝐺, 𝑥 ∈ 𝐶(𝐺) 
 

𝑁𝑜𝑤 𝑎𝑥𝑎−1 = (𝑎𝑥)−1 = (𝑥𝑎)𝑎−1 = 𝑥(𝑎𝑎−1) = 𝑥𝑒 = 𝑥 ∈ 𝐶(𝐺) 
 

∴ 𝑎𝑥𝑎−1 ∈ (𝐺) ⟹ (𝐺) 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

Theorem10: 𝑳𝒆𝒕 𝑯 𝒃𝒆 𝒂 𝒏𝒐𝒓𝒎𝒂𝒍 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆 𝒔𝒆𝒕 
𝑯 

= {𝑯𝒂⁄𝒂 ∈ 𝑮} 

 

𝒊𝒔 𝒂 𝒈𝒓𝒐𝒖𝒑 𝒖𝒏𝒅𝒆𝒓 𝒄𝒐𝒔𝒆𝒕 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏



 

 

 

 

69 
 
 

Proof: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺. 
 
𝐹𝑜𝑟 𝑎 ∈ 𝐺, 𝐻𝑎 = 𝑎𝐻 
 

𝑇ℎ𝑒 𝑠𝑒𝑡 
𝐻 

= {𝐻𝑎⁄𝑎 ∈ 𝐺] = 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑐𝑜𝑠𝑒𝑡𝑠 𝑜𝑓 𝐻 𝑖𝑛 𝐺 

 

𝐷𝑒𝑓𝑖𝑛𝑒 𝑎 𝑐𝑜𝑠𝑒𝑡 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝐻𝑎 ⋅ 𝐻𝑏 = 𝐻𝑎𝑏 ∀𝐻𝑎, 𝐻𝑏 ∈ 
𝐻 

 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 

𝐻 
= {𝐻𝑎⁄𝑎 ∈ 𝐺] 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑐𝑜𝑠𝑒𝑡 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 

 
(𝒊)𝑩𝒚 𝒄𝒍𝒐𝒔𝒖𝒓𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝐻𝑎, 𝐻𝑏 ∈ 

𝐻 
𝑤ℎ𝑒𝑟𝑒 𝑎, 𝑏 ∈ 𝐺 

 
𝑁𝑜𝑤 𝐻𝑎 ⋅ 𝐻𝑏 = 𝐻𝑎𝑏 ∈ 

𝐻 
(∵ 𝑎, 𝑏 ∈ 𝐺 ⟹ 𝑎𝑏 ∈ 𝐺) 

 

∴′ ⋅′  𝑖𝑠 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 
 

(𝒊𝒊)𝑨𝒔𝒔𝒐𝒄𝒊𝒂𝒕𝒊𝒗𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝐻𝑎, 𝐻𝑏, 𝐻𝑐 ∈ 
𝐻 

 
(𝐻𝑎 ⋅ 𝐻𝑏) ⋅ 𝐻𝑐 = 𝐻𝑎𝑏 ⋅ 𝐻𝑐 

 

= 𝐻(𝑎𝑏 ⋅ 𝑐) 
 

= 𝐻𝑎 ⋅ (𝑏𝑐) 
 

= 𝐻𝑎 ⋅ (𝐻𝑏𝑐) 
 

= 𝐻𝑎 ⋅ (𝐻𝑏 ⋅ 𝐻𝑐) 
 

(𝒊𝒊𝒊)𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝑊𝑒 ℎ𝑎𝑣𝑒 𝑒 ∈ 𝐺 ⟹ 𝐻𝑒 ∈ 
𝐻 

 
𝐿𝑒𝑡 𝐻𝑎 ∈ 

𝐻 

 
𝑁𝑜𝑤 𝐻𝑒 ⋅ 𝐻𝑎 = 𝐻𝑒𝑎 = 𝐻𝑎 

 
𝑎𝑙𝑠𝑜 𝐻𝑎 ⋅ 𝐻𝑒 = 𝐻𝑎𝑒 = 𝐻𝑎 
 

∴ 𝐻𝑒 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 
𝐻 

 
(𝒊𝒗)𝑰𝒏𝒗𝒆𝒓𝒔𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝐻𝑎 ∈ 

𝐻 
⟹ 𝑎 ∈ 𝐺 

 

⟹ 𝑎−1 ∈ 𝐺 
 

⟹ 𝐻𝑎−1 ∈ 
𝐻 

𝑁𝑜𝑤 𝐻𝑎 ⋅ 𝐻𝑎−1 = 𝐻𝑎𝑎−1 = 𝐻𝑒



 

 

 

 

70 
 
 

∴ 𝐻𝑎−1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝐻𝑎 
 

∴ 𝐸𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛
𝐻 

ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒. 

 
𝐻𝑒𝑛𝑐𝑒 

𝐻 
= {𝐻𝑎⁄𝑎 ∈ 𝐺} 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑐𝑜𝑠𝑒𝑡 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 

 

𝑸𝒖𝒐𝒕𝒊𝒆𝒏𝒕 𝒈𝒓𝒐𝒖𝒑 𝒐𝒓 𝒇𝒂𝒄𝒕𝒐𝒓 𝒈𝒓𝒐𝒖𝒑: 𝐿𝑒𝑡 𝐻 𝑏𝑒 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 
 

𝑠𝑒𝑡 
𝐻 

= {𝐻𝑎⁄𝑎 ∈ 𝐺} 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑐𝑜𝑠𝑒𝑡 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑠 𝑄𝑢𝑜𝑡𝑖𝑒𝑛𝑡 𝑔𝑟𝑜𝑢𝑝 . 

 

Theorem11: Every quotient group of an abelian group is abelian. 
 

Proof: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺. 
 
𝐹𝑜𝑟 𝑎 ∈ 𝐺, 𝐻𝑎 = 𝑎𝐻 
 

𝑇ℎ𝑒 𝑠𝑒𝑡 
𝐻 

= {𝐻𝑎⁄𝑎 ∈ 𝐺] = 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑐𝑜𝑠𝑒𝑡𝑠 𝑜𝑓 𝐻𝑖𝑛 𝐺 

 

𝐷𝑒𝑓𝑖𝑛𝑒 𝑎 𝑐𝑜𝑠𝑒𝑡 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝐻𝑎 ⋅ 𝐻𝑏 = 𝐻𝑎𝑏 ∀𝐻𝑎, 𝐻𝑏 ∈ 
𝐻 

 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 

𝐻 
= {𝐻𝑎⁄𝑎 ∈ 𝐺] 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑐𝑜𝑠𝑒𝑡 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 

 
(𝒊)𝑩𝒚 𝒄𝒍𝒐𝒔𝒖𝒓𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝐻𝑎, 𝐻𝑏 ∈ 

𝐻 
𝑤ℎ𝑒𝑟𝑒 𝑎, 𝑏 ∈ 𝐺 

 
𝑁𝑜𝑤 𝐻𝑎 ⋅ 𝐻𝑏 = 𝐻𝑎𝑏 ∈ 

𝐻 
(∵ 𝑎, 𝑏 ∈ 𝐺 ⟹ 𝑎𝑏 ∈ 𝐺) 

 

∴′ ⋅′  𝑖𝑠 𝑎 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 
 

(𝒊𝒊)𝑨𝒔𝒔𝒐𝒄𝒊𝒂𝒕𝒊𝒗𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝐻𝑎, 𝐻𝑏, 𝐻𝑐 ∈ 
𝐻 

 
(𝐻𝑎 ⋅ 𝐻𝑏) ⋅ 𝐻𝑐 = 𝐻𝑎𝑏 ⋅ 𝐻𝑐 

 

= 𝐻(𝑎𝑏 ⋅ 𝑐) 
 

= 𝐻𝑎 ⋅ (𝑏𝑐) 
 

= 𝐻𝑎 ⋅ (𝐻𝑏𝑐) 
 

= 𝐻𝑎 ⋅ (𝐻𝑏 ⋅ 𝐻𝑐) 
 

(𝒊𝒊𝒊)𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝑊𝑒 ℎ𝑎𝑣𝑒 𝑒 ∈ 𝐺 ⟹ 𝐻𝑒 ∈ 
𝐻 

 
𝐿𝑒𝑡 𝐻𝑎 ∈ 

𝐻



 

 

71 
 
 

𝑁𝑜𝑤 𝐻𝑒 ⋅ 𝐻𝑎 = 𝐻𝑒𝑎 = 𝐻𝑎 
 
𝑎𝑙𝑠𝑜 𝐻𝑎 ⋅ 𝐻𝑒 = 𝐻𝑎𝑒 = 𝐻𝑎 
 

∴ 𝐻𝑒 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 
𝐻 

 
(𝒊𝒗)𝑰𝒏𝒗𝒆𝒓𝒔𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝐻𝑎 ∈ 

𝐻 
⟹ 𝑎 ∈ 𝐺 

 

⟹ 𝑎−1 ∈ 𝐺 
 

⟹ 𝐻𝑎−1 ∈ 
𝐻 

𝑁𝑜𝑤 𝐻𝑎 ⋅ 𝐻𝑎−1 = 𝐻𝑎𝑎−1 = 𝐻𝑒 

 

∴ 𝐻𝑎−1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝐻𝑎 
 

∴ 𝐸𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛
𝐻 

ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒. 

 
𝐻𝑒𝑛𝑐𝑒 

𝐻 
= {𝐻𝑎⁄𝑎 ∈ 𝐺} 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑐𝑜𝑠𝑒𝑡 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 

 

(𝒗)𝑪𝒐𝒎𝒎𝒖𝒕𝒂𝒕𝒊𝒗𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝐻𝑎, 𝐻𝑏 ∈ 
𝐻 

 
𝑁𝑜𝑤 𝐻𝑎 ⋅ 𝐻𝑏 = 𝐻𝑎𝑏 
 

= 𝐻𝑏𝑎 ( ∵ 𝐺 𝑖𝑠 𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 ) 
 

= 𝐻𝑏 ⋅ 𝐻𝑎 
 

∴ 
𝐻 

= {𝐻𝑎⁄𝑎 ∈ 𝐺} 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝
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UNIT-4: HOMOMORPHISM FOR GROUPS 

Homomorphism: Let 𝐺, 𝐺1 be two groups. A mapping 𝑓: 𝐺 → 𝐺1 𝐺 

is said to be homomorphism if (𝑎 ⋅ 𝑏) = (𝑎) ⋅ (𝑏)                                   
𝑎 

𝑏 
 

𝑎𝑏 

 

𝐺1 

(𝑎) 
 

𝑓(𝑏) 
 

𝑓(𝑎) ⋅ 𝑓(𝑏) 

 
 

Homomorphic image set: If 𝑓: 𝐺 → 𝐺1 is a homomorphism then the image of 𝐺 is called as 

homomorphic image set. i.e. (𝐺) = {(𝑎) ∈ 𝐺1⁄𝑎 ∈ 𝐺} 
 

Monomorphism: A homomorphism 𝑓: 𝐺 → 𝐺1 is said to be monomorphism if f is one-one 

mapping. 
 

Epimorphism: A homomorphism 𝑓: 𝐺 → 𝐺1 is said to be Epimorphism if f is on-to mapping. 
 

Isomorphism: A homomorphism 𝑓: 𝐺 → 𝐺1 is said to be isomorphism if f is one-one and on-to 

mapping. 

 

Endomorphism: If 𝑓: 𝐺 → 𝐺 is a homomorphism then f is called as endomorphism. 
 

Automorphism: If 𝑓: 𝐺 → 𝐺 is an isomorphism then f is called as Automorphism. 
 

Notations: If 𝑓: 𝐺 → 𝐺1 is a homomorphism then 𝐺1 is the homomorphic image of 𝐺 
 
(I.e. f is homo and onto) we write 𝐺1 ≃ 𝐺 (i.e. 𝐺1is the homomorphic image of 𝐺) 
 

If 𝑓: 𝐺 → 𝐺1 is an isomorphism then 𝐺1 is the isomorphic image of 𝐺 and 𝐺, 𝐺1are isomorphic 

images to each other. We write 𝐺1 ≅ 𝐺 
 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟏: 𝑳𝒆𝒕𝒇: 𝑮 → 𝑮𝟏 𝒃𝒆 𝒂 𝒉𝒐𝒎𝒐𝒎𝒐𝒓𝒑𝒉𝒊𝒔𝒎 𝒕𝒉𝒆𝒏 
 

(𝒊)𝒇(𝒆) = 𝒆𝟏 𝒘𝒉𝒆𝒓𝒆 𝒆, 𝒆𝟏 𝒂𝒓𝒆 𝒊𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒐𝒇 𝑮 𝒂𝒏𝒅 𝑮𝟏 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚 
 

(𝒊𝒊)𝒇(𝒂−𝟏) = [𝒇(𝒂)]−𝟏 ∀𝒂 ∈ 𝑮 
 

𝑷𝒓𝒐𝒐𝒇: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑓: 𝐺 → 𝐺1 𝑖𝑠 𝑎 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 
 

(𝑖)𝑠𝑖𝑛𝑐𝑒 𝑒 ∈ 𝐺, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑒 ⋅ 𝑒 = 𝑒 
 

⟹ 𝑓(𝑒 ⋅ 𝑒) = 𝑓(𝑒) ( ∵ 𝑓 𝑖𝑠 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 ) 
 

⟹ 𝑓(𝑒) ⋅ 𝑓(𝑒) = 𝑓(𝑒) ( ∵ 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 )
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⟹ (𝑒) ⋅ (𝑒) = (𝑒) ⋅ 𝑒1 ( ∵ 𝑓(𝑒) ∈ 𝐺1, 𝑒1 ∈ 𝐺1 ) 
 

⟹ (𝑒) = 𝑒1 ( ∵ 𝐵𝑦 𝑙. 𝑐. 𝑙 ) 
 

(𝑖𝑖)𝐿𝑒𝑡 𝑎 ∈ 𝐺 ⟹ 𝑎−1 ∈ 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎𝑎−1 = 𝑒 = 𝑎−1𝑎 
 

∴ 𝑎𝑎−1 = 𝑒 
 

⟹ (𝑎𝑎−1) = (𝑒) 
 

⟹ (𝑎)(𝑎−1) = 𝑒1 𝑏𝑦(𝑖)𝑓(𝑒) = 𝑒1 

 

⟹ (𝑎−1) = [(𝑎)]−1 

 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟐: The homomorphic image of a group is also a group. 
 

(OR) 
 

If 𝒇 is homomorphism from a group 𝑮 into a group 𝑮𝟏 then ((𝑮),⋅) is a subgroup of 𝑮𝟏 

 

𝑷𝒓𝒐𝒐𝒇: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑓: 𝐺 → 𝐺1𝑖𝑠 𝑎 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 
 

(𝐺) = {(𝑎) ∈ 𝐺1⁄𝑎 ∈ 𝐺} = 𝐻𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑖𝑚𝑎𝑔𝑒 𝑠𝑒𝑡 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 (𝐺) 𝑖𝑠 𝑔𝑟𝑜𝑢𝑝. 𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 (𝐺) 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺1 

 

𝑠𝑖𝑛𝑐𝑒 (𝑖): 𝐺 → 𝐺1𝑖𝑠 𝑎 ℎ𝑜𝑚𝑜, 𝑤𝑒 ℎ𝑎𝑣𝑒 (𝑒) = 𝑒1 

 

⟹ 𝑒1 = (𝑒) ∈ (𝐺) 
 

⟹ 𝑒1 ∈ (𝐺) ⟹ (𝐺) ≠ 𝜙 
 

(𝑖𝑖) 𝐵𝑦 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 (𝐺) 𝑐𝑙𝑒𝑎𝑟𝑙𝑦 (𝐺) ⊆ 𝐺1 

 

(𝑖𝑖𝑖) 𝐿𝑒𝑡 𝑎1, 1 ∈ 𝑓(𝐺) 𝑠𝑜 ∃ 𝑎, 𝑏 ∈ 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓(𝑎) = 𝑎1, 𝑓(𝑏) = 𝑏1 

 

𝑁𝑜𝑤 𝑎1(𝑏1)−1 = 𝑓(𝑎)[𝑓(𝑏)]−1 

 

= (𝑎)(𝑏−1) 
 

= (𝑎𝑏−1) 
 

= (𝑎𝑏−1) ∈ (𝐺) 
 

∴ 𝑎1(𝑏1)−1 ∈ 𝑓(𝐺) 
 

∴ (𝐺) 𝑖𝑠 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺1 

 

𝐻𝑒𝑛𝑐𝑒 𝑓(𝐺) 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝
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𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟑: 𝐓𝐡𝐞 𝐡𝐨𝐦𝐨𝐦𝐨𝐫𝐩𝐡𝐢𝐜 𝐢𝐦𝐚𝐠𝐞 𝐨𝐟 𝐚𝐧 𝐚𝐛𝐞𝐥𝐢𝐚𝐧 𝐠𝐫𝐨𝐮𝐩 𝐢𝐬 𝐚𝐥𝐬𝐨 𝐚𝐧 𝐚𝐛𝐞𝐥𝐢𝐚𝐧 𝐠𝐫𝐨𝐮𝐩 
 

𝑷𝒓𝒐𝒐𝒇: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑓: 𝐺 → 𝐺1𝑖𝑠 𝑎 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 
 

(𝐺) = {(𝑎) ∈ 𝐺1⁄𝑎 ∈ 𝐺} = 𝐻𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑖𝑚𝑎𝑔𝑒 𝑠𝑒𝑡 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑓(𝐺) 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝. 
 

𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 (𝐺) 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓𝐺1 

 

𝑠𝑖𝑛𝑐𝑒 (𝑖): 𝐺 → 𝐺1𝑖𝑠 𝑎 ℎ𝑜𝑚𝑜, 𝑤𝑒 ℎ𝑎𝑣𝑒 (𝑒) = 𝑒1 

 

⟹ 𝑒1 = (𝑒) ∈ (𝐺) 
 

⟹ 𝑒1 ∈ (𝐺) ⟹ (𝐺) ≠ 𝜙 
 

(𝑖𝑖)𝐵𝑦 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 (𝐺) 𝑐𝑙𝑒𝑎𝑟𝑙𝑦 (𝐺) ⊆ 𝐺1 

 

(𝑖𝑖𝑖) 𝐿𝑒𝑡 𝑎1, 1 ∈ 𝑓(𝐺) 𝑠𝑜 ∃ 𝑎, 𝑏 ∈ 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓(𝑎) = 𝑎1, 𝑓(𝑏) = 𝑏1 

 

𝑁𝑜𝑤 𝑎1(𝑏1)−1 = 𝑓(𝑎)[𝑓(𝑏)]−1 

 

= (𝑎)(𝑏−1) 
 

= (𝑎𝑏−1) 
 

= (𝑎𝑏−1) ∈ (𝐺) 
 

∴ 𝑎1(𝑏1)−1 ∈ 𝑓(𝐺) 
 

∴ (𝐺) 𝑖𝑠 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺1 

 

𝐻𝑒𝑛𝑐𝑒 𝑓(𝐺) 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 
 

(𝑖𝑣)𝐶𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦: 𝐿𝑒𝑡 𝑎1, 1 ∈ 𝑓(𝐺)𝑠𝑜 ∃ 𝑎, 𝑏 ∈ 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓(𝑎) = 𝑎1, 𝑓(𝑏) = 𝑏1 

 

𝑁𝑜𝑤 𝑎1 ⋅ 𝑏1 = (𝑎)(𝑏) 
 

= 𝑓(𝑎𝑏) 
 

= 𝑓(𝑏𝑎) (∵ 𝐺 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 ) 
 

= 𝑓(𝑏)𝑓(𝑎) 
 

= 𝑏1 ⋅ 𝑎1 

 

∴ The homomorphic image of an abelian group is also an abelian group
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Kernel of a homomorphism: Let 𝑓: 𝐺 → 𝐺1 be a homomorphism then 𝑓 

the set of elements in 𝐺 which are mapped with the identity element of 𝐺1 

 

is called as kernel of the homomorphism. It is denoted by Ker f 
 

𝐾𝑒𝑟𝑓 = {𝑥 ∈ 𝐺⁄(𝑥) = 𝑒1 𝑤ℎ𝑒𝑟𝑒 𝑒1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺1} 
 

Note: 1. 𝑝 ∈ 𝑘𝑒𝑟𝑓 ⟺ (𝑝) = 𝑒1 

 

2. 𝑓: 𝐺 → 𝐺1𝑖𝑠 𝑎 ℎ𝑜𝑚𝑜, 𝑤𝑒 ℎ𝑎𝑣𝑒 (𝑒) = 𝑒1 ⟹ 𝑒 ∈ 𝑘𝑒𝑟𝑓 ⟹ 𝑘𝑒𝑟𝑓 ≠ 𝜙 
 
3. 𝐵𝑦 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑡𝑖𝑜𝑛 𝑜𝑓 𝑘𝑒𝑟𝑓, 𝑎𝑟𝑙𝑦 𝑘𝑒𝑟𝑓 ⊆ 𝐺 
 
𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟒: 𝑰𝒇 𝒇: 𝑮 → 𝑮𝟏 𝒊𝒔 𝒉𝒐𝒎𝒐𝒎𝒐𝒓𝒑𝒉𝒊𝒔𝒎 𝒕𝒉𝒆𝒏 𝒌𝒆𝒓𝒇 𝒊𝒔 𝒂 𝒏𝒐𝒓𝒎𝒂𝒍 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮. 
 

𝑷𝒓𝒐𝒐𝒇: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑓: 𝐺 → 𝐺1 𝑖𝑠 𝑎 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 
 

𝐾𝑒𝑟𝑓 = {𝑥 ∈ 𝐺⁄(𝑥) = 𝑒1 𝑤ℎ𝑒𝑟𝑒 𝑒1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺1} 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑘𝑒𝑟𝑓 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

(𝑖)𝑠𝑖𝑛𝑐𝑒 𝑓: 𝐺 → 𝐺1𝑖𝑠 𝑎 ℎ𝑜𝑚𝑜, 𝑤𝑒 ℎ𝑎𝑣𝑒 (𝑒) = 𝑒1 ⟹ 𝑒 ∈ 𝑘𝑒𝑟𝑓 ⟹ 𝑘𝑒𝑟𝑓 ≠ 𝜙 
 

(𝑖𝑖). 𝐵𝑦 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑡𝑖𝑜𝑛 𝑜𝑓 𝑘𝑒𝑟𝑓, 𝑐𝑙𝑒𝑎𝑟𝑙𝑦 𝑘𝑒𝑟𝑓 ⊆ 𝐺 
 

(𝑖𝑖𝑖)𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝑘𝑒𝑟𝑓 ⟹ (𝑎) = 𝑒1, (𝑏) = 𝑒1 

 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑎𝑏−1 ∈ 𝑘𝑒𝑟𝑓 (𝑖. 𝑒. (𝑎𝑏−1) = 𝑒1 ) 
 

𝑁𝑜𝑤 (𝑎𝑏−1) = (𝑎)(𝑏−1) 
 

= (𝑎)[𝑓(𝑏)]−1 

 

= 𝑒1(𝑒1)−1 

 

= 𝑒1 

 

∴ 𝑎𝑏−1 ∈ 𝑘𝑒𝑟𝑓 
 

(𝑖𝑣) 𝐿𝑒𝑡 𝑎 ∈ 𝐺, 𝑥 ∈ 𝑘𝑒𝑟𝑓 ⟹ (𝑥) = 𝑒1 

 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑎𝑥𝑎−1 ∈ 𝑘𝑒𝑟𝑓 (𝑖. 𝑒. (𝑎𝑥𝑎−1) = 𝑒1) 
 

𝑁𝑜𝑤 (𝑎𝑥𝑎−1) = (𝑎)(𝑥)𝑓(𝑎−1) 
 

= (𝑎)(𝑥)[𝑓(𝑎)]−1 

 

= (𝑎)1[𝑓(𝑎)]−1
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= (𝑎)[𝑓(𝑎)]−1 

 

= 𝑒1 

 

∴ 𝑎𝑥𝑎−1 ∈ 𝑘𝑒𝑟𝑓 
 

∴ 𝑘𝑒𝑟𝑓 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
Problems: 
 

1. 𝐼𝑓 𝐺 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑛𝑜𝑛 − 𝑧𝑒𝑜 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 
 

𝜙: 𝐺 → 𝐺 𝑤ℎ𝑒𝑟𝑒 (𝑥) = 𝑥2 ∀𝑥 ∈ 𝐺 𝑖𝑠 ℎ𝑜𝑚𝑜, 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒 𝑘𝑒𝑟𝑛𝑒𝑙𝜙 
 

𝒔𝒐𝒍: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝜙: 𝐺 → 𝐺 𝑏𝑦 (𝑥) = 𝑥2     ∀𝑥 ∈ 𝐺 
 

𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 ⟹ (𝑎) = 𝑎2 𝑎𝑛𝑑 (𝑏) = 𝑏2 𝑎𝑙𝑠𝑜 𝑎𝑏 ∈ 𝐺 ⟹ (𝑎𝑏) = 𝑎2𝑏2 

 

𝑁𝑜𝑤 (𝑎𝑏) = 𝑎2𝑏2 = (𝑎)(𝑏) 
 
∴ 𝜙 𝑖𝑠 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 
 

𝑘𝑒𝑟𝜙 = {𝑥 ∈ 𝐺⁄(𝑥) = 𝑒1 𝑤ℎ𝑒𝑟𝑒 𝑒1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺} 
 

= {𝑥 ∈ 𝐺⁄𝑥2 = 1} 
 

= {𝑥 ∈ 𝐺⁄𝑥 = ±1} 
 

∴ 𝑘𝑒𝑟𝜙 = {±1} 
 

2.(ℤ, +)𝑖𝑠 𝑎𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠. 𝑃. 𝑇 𝑓: ℤ → ℤ 𝑏𝑦 (𝑥) = 2𝑥 ∀𝑥 ∈ 

ℤ 𝑖𝑠 𝑎 ℎ𝑜𝑚𝑜 𝑎𝑛𝑑 𝑎𝑙𝑠𝑜 𝑓𝑖𝑛𝑑 𝑘𝑒𝑟𝑓? 
 

Sol: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎 𝑓: ℤ → ℤ 𝑏𝑦 (𝑥) = 2𝑥 ∀𝑥 ∈ ℤ 
 
𝐿𝑒𝑡 𝑥, 𝑦 ∈ ℤ ⟹ 𝑥 + 𝑦 ∈ ℤ 
 

∴ (𝑥) = 2𝑥, (𝑦) = 2𝑦 
 

(𝑥 + 𝑦) = 2(𝑥 + 𝑦) 
 

= 2𝑥 + 2𝑦 
 

= 𝑓(𝑥) + 𝑓(𝑦) 
 
∴ 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 
 

𝑘𝑒𝑟𝑓 = {𝑥 ∈ 𝐺⁄(𝑥) = 𝑒1 𝑤ℎ𝑒𝑟𝑒 𝑒1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 ℤ}
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= {𝑥 ∈ ℤ⁄2𝑥 = 0} 
 

= {𝑥 ∈ ℤ⁄𝑥 = 0} 
 

∴ 𝑘𝑒𝑟𝑓 = {0} 
 

3. 𝐼𝑓 𝐺 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝜙: 𝐺 → 𝐺 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 (𝑥) = 𝑥−1     ∀𝑥 ∈ 𝐺 
 
𝑡ℎ𝑒𝑛 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝜙 𝑖𝑠 𝑛𝑜𝑡 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚. 
 

Sol: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝜙: 𝐺 → 𝐺 𝑏𝑦 (𝑥) = 𝑥−1     ∀𝑥 ∈ 𝐺 
 

𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝐺 ⟹ (𝑥) = 𝑥−1 𝑎𝑛𝑑 (𝑦) = 𝑦−1 𝑎𝑙𝑠𝑜 𝑥𝑦 ∈ 𝐺 ⟹ (𝑥𝑦) = (𝑥𝑦)−1 

 

𝑁𝑜𝑤 (𝑥𝑦) = (𝑥𝑦)−1 = 𝑦−1𝑥−1 = 𝜙(𝑦)𝜙(𝑥) ≠ 𝜙(𝑥)𝜙(𝑦) 
 
∴ 𝜙 𝑖𝑠 𝑛𝑜𝑡 𝑎 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 
 

4. 𝐼𝑓 𝐺 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑓: 𝐺 → 𝐺 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 (𝑎) = 𝑎 + 2 ∀𝑎 ∈ 𝐺 
 
𝑡ℎ𝑒𝑛 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝜙 𝑖𝑠 𝑛𝑜𝑡 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚. 
 

Sol: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑓: 𝐺 → 𝐺 𝑏𝑦 (𝑎) = 𝑎 + 2 ∀𝑎 ∈ 𝐺 
 

𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 ⟹ (𝑎) = 𝑎 + 2 𝑎𝑛𝑑 (𝑏) = 𝑏 + 2 𝑎𝑙𝑠𝑜 𝑎 + 𝑏 ∈ 𝐺 ⟹ (𝑎 + 𝑏) = 𝑎 + 𝑏 + 2 
 

𝑁𝑜𝑤 (𝑎 + 𝑏) = 𝑎 + 𝑏 + 2 
 

(𝑎) + (𝑏) = 𝑎 + 2 + 𝑏 + 2 ≠ (𝑎 + 𝑏) 
 
∴ 𝑓 𝑖𝑠 𝑛𝑜𝑡 𝑎 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 
 

5. 𝐼𝑓 𝑓: 𝐺 → 𝐺 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 (𝑥) = {
−1, 𝑥 < 0 

𝑤ℎ𝑒𝑟𝑒 𝐺 𝑖𝑠 𝑠𝑒𝑡 𝑜𝑓 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 

 

𝑎𝑛𝑑 𝐺 = {−1,1} 𝑎𝑟𝑒 𝑔𝑟𝑜𝑢𝑝𝑠 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 𝑃. 𝑇 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 𝑎𝑛𝑑 𝑓𝑖𝑛𝑑 𝑘𝑒𝑟𝑓. 
 

Sol: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑓: 𝐺 → 𝐺𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 (𝑥) = {
−1, 𝑥 < 0 

 
𝑇𝑜𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 
 
𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝐺 
 

𝒄(𝒊)𝐼𝑓 𝑥 > 0, 𝑦 > 0 ⟹ 𝑥𝑦 > 0 
 

(𝑥) = 1, (𝑦) = 1 𝑎𝑛𝑑 𝑓(𝑥𝑦) = 1 𝑎𝑛𝑑 𝑎𝑙𝑠𝑜 𝑓(𝑥)𝑓(𝑦) = 1.1 = 1 
 

∴ 𝑓(𝑥𝑦) = 𝑓(𝑥)𝑓(𝑦) ⟹ 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜
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𝒄(𝒊𝒊)𝐼𝑓 𝑥 < 0, 𝑦 < 0 ⟹ 𝑥𝑦 > 0 
 

(𝑥) = −1, (𝑦) = −1 𝑎𝑛𝑑 𝑓(𝑥𝑦) = 1 𝑎𝑛𝑑 𝑎𝑙𝑠𝑜 𝑓(𝑥)𝑓(𝑦) = (−1)(−1) = 1 
 

∴ 𝑓(𝑥𝑦) = 𝑓(𝑥)𝑓(𝑦) ⟹ 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 
 

𝒄(𝒊𝒊𝒊)𝐼𝑓 𝑥 < 0, 𝑦 > 0 ⟹ 𝑥𝑦 < 0 
 

(𝑥) = −1, (𝑦) = 1 𝑎𝑛𝑑 𝑓(𝑥𝑦) = −1 𝑎𝑛𝑑 𝑎𝑙𝑠𝑜 𝑓(𝑥)𝑓(𝑦) = (−1)1 = −1 
 

∴ 𝑓(𝑥𝑦) = 𝑓(𝑥)𝑓(𝑦) ⟹ 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 
 

𝒄(𝒊𝒗)𝐼𝑓 𝑥 > 0, 𝑦 < 0 ⟹ 𝑥𝑦 < 0 
 

(𝑥) = 1, (𝑦) = −1 𝑎𝑛𝑑 𝑓(𝑥𝑦) = −1 𝑎𝑛𝑑 𝑎𝑙𝑠𝑜 𝑓(𝑥)𝑓(𝑦) = 1. (−1) = −1 
 

∴ 𝑓(𝑥𝑦) = 𝑓(𝑥)𝑓(𝑦) ⟹ 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 
 

𝐼𝑛 𝑎𝑙𝑙 𝑎𝑏𝑜𝑣𝑒 4 𝑐𝑎𝑠𝑒𝑠 (𝑥𝑦) = (𝑥)(𝑦) ⟹ 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 
 

𝑘𝑒𝑟𝑓 = {𝑥 ∈ 𝐺⁄(𝑥) = 𝑒1 𝑤ℎ𝑒𝑟𝑒 𝑒1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺} 
 

= {𝑥 ∈ ℝ − {0}⁄𝑓(𝑥) = 1} 
 

= {𝑥 ∈ ℝ − {0}⁄𝑥 > 0} 
 

∴ 𝑘𝑒𝑟𝑓 = {ℝ+} 
 

6. 𝐼𝑓 𝑓: 𝐺 → 𝐺𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 (𝑥) = {
−1, 𝑥 > 0 

𝑤ℎ𝑒𝑟𝑒 𝐺 𝑖𝑠 𝑠𝑒𝑡 𝑜𝑓 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 

 

𝑎𝑛𝑑 {−1,1} 𝑎𝑟𝑒 𝑔𝑟𝑜𝑢𝑝𝑠 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 𝑃. 𝑇 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 𝑎𝑛𝑑 𝑓𝑖𝑛𝑑 𝑘𝑒𝑟𝑓 Ans) {ℝ−} 
 

7. 𝐼𝑓 𝐺 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑓: 𝐺 → 𝐺 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 (𝑥) = 𝑥−1     ∀𝑥 ∈ 𝐺 
 
𝑃. 𝑇 𝑓 𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒 𝑎𝑛𝑑 𝑜𝑛 − 𝑡𝑜. 𝐴𝑙𝑠𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 𝑖𝑓𝑓 𝐺 𝑖𝑠 𝑎𝑏𝑒𝑙𝑖𝑎𝑛. 
 

Sol: 𝐺𝑖𝑣𝑒𝑛 𝑓: 𝐺 → 𝐺 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 (𝑥) = 𝑥−1     ∀𝑥 ∈ 𝐺 
 

(𝒊)𝒇𝒊𝒔 𝒐𝒏𝒆 − 𝒐𝒏𝒆: 𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓(𝑥) = 𝑓(𝑦) 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑥 = 𝑦 
 

𝑠𝑖𝑛𝑐𝑒 (𝑥) = (𝑦) ⟹ 𝑥−1 = 𝑦−1 

 

⟹ (𝑥−1)−1 = (𝑦−1)−1 

 

⟹ 𝑥 = 𝑦
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(𝒊𝒊)𝒇 𝒊𝒔 𝒐𝒏 − 𝒕𝒐: 𝐿𝑒𝑡 𝑦 ∈ 𝐺 (𝑐𝑜 − 𝑑𝑜𝑚𝑎𝑖𝑛) ∃ 𝑦−1 ∈ 𝐺 (𝑑𝑜𝑚𝑎𝑖𝑛). 
 

𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 𝑦−1 ∈ 𝐺 𝑤𝑒ℎ𝑎𝑣𝑒 (𝑦−1) = (𝑦−1)−1 = 𝑦 
 

∴ ∀𝑦 ∈ 𝐺 ∃ 𝑦−1 ∈ 𝐺 ∋ (𝑦−1) = 𝑦 ⟹ 𝑓 𝑖𝑠 𝑜𝑛 − 𝑡𝑜 
 
𝑁𝑒𝑥𝑡 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 𝑖𝑓𝑓 𝐺 𝑖𝑠 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 
 

𝑵. 𝑪(⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜. 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐺 𝑖𝑠 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 (𝑖. 𝑒. 𝑥𝑦 = 𝑦𝑥 ∀𝑥, 𝑦 ∈ 𝐺 ) 
 
𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝐺 ⟹ 𝑥𝑦 ∈ 𝐺 
 

𝑠𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 ⟹ 𝑓(𝑥𝑦) = 𝑓(𝑥)𝑓(𝑦) 
 

⟹ (𝑥𝑦)−1 = 𝑥 −1𝑦−1 

 

⟹ 𝑦−1𝑥−1 = 𝑥 −1𝑦−1 

 

⟹ (𝑦−1𝑥−1)−1 = (𝑥−1𝑦−1)−1 

 

⟹ 𝑥𝑦 = 𝑦𝑥 
 

S.C (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐺 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛. 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 
 

𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝐺 ⟹ 𝑥𝑦 ∈ 𝐺 ∴ (𝑥) = 𝑥−1, (𝑦) = 𝑦−1, 𝑎𝑛𝑑 (𝑥𝑦) = (𝑥𝑦)−1 

 

𝑁𝑜𝑤 (𝑥𝑦) = (𝑥𝑦)−1 

 

= 𝑦−1𝑥−1 

 

= 𝑥−1𝑦−1 

 

= 𝑓(𝑥)𝑓(𝑦) 
 
∴ 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 
 

8. 𝐼𝑓 𝑓𝑜𝑟 𝑎 𝑔𝑟𝑜𝑢𝑝 𝐺, : 𝐺 → 𝐺 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 𝑓(𝑥) = 𝑥2 𝑖𝑠 𝑎 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚. 
 
𝑃. 𝑇 𝐺 𝑖𝑠 𝑎𝑏𝑒𝑙𝑖𝑎𝑛. 
 

Sol: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑓: 𝐺 → 𝐺 𝑏𝑦 (𝑥) = 𝑥2 ∀𝑥 ∈ 𝐺 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐺 𝑖𝑠 𝑎𝑏𝑒𝑙𝑖𝑎𝑛(𝑖. 𝑒. 𝑥𝑦 = 𝑦𝑥 ∀ 𝑥, 𝑦 ∈ 𝐺) 
 
𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝐺 ⟹ 𝑥𝑦 ∈ 𝐺
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𝑠𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 ⟹ 𝑓(𝑥𝑦) = 𝑓(𝑥)𝑓(𝑦) 
 

⟹ (𝑥𝑦)2 = 𝑥2𝑦2 

 

⟹ (𝑥𝑦)(𝑥𝑦) = (𝑥𝑥)(𝑦𝑦) 
 

⟹ 𝑥(𝑦𝑥)𝑦 = 𝑥(𝑥𝑦)𝑦 
 
⟹ 𝑥𝑦 = 𝑦𝑥 ∴ 𝐺 𝑖𝑠 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 
 

9. 𝑆ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑔𝑟𝑜𝑢𝑝𝑠 𝐺 = ({0,1,2,3}, +4), 𝐺1 = ({1, −1, 𝑖, −𝑖},⋅) 𝑎𝑟𝑒 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐. 
 

Sol: 𝐺 = ({0,1,2,3}, +4) 𝐺1 = ({1, −1, 𝑖, −𝑖},⋅) 
 
+𝟒 0 1 2 3 ⋅ 𝟏 −𝟏 𝒊 −𝒊 

 
0 0 1 2 3 𝟏 𝟏 −𝟏 𝒊 −𝒊 

 

1 1 2 3 0 −𝟏 −𝟏 𝟏 −𝒊 𝒊 
 

2 2 3 0 1 𝒊 𝒊 −𝒊 −𝟏 𝟏 
 

3 3 0 1 2 −𝒊 −𝒊 𝒊 𝟏 −𝟏 
 
 

𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑎𝑛 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑓: 𝐺 → 𝐺1 

 

𝑇ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑖𝑛 𝐺 𝑖𝑠 0 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑖𝑛 𝐺1 𝑖𝑠 1. 
 

𝐿𝑒𝑡 (0) = 1𝑎𝑙𝑠𝑜 (𝑎) = [(𝑎)]−1 ∀𝑎 ∈ 𝐺 
 

𝐷𝑒𝑓𝑖𝑛𝑒 (1) = 𝑖 
 

(3) = (1−1) = [(1)]−1 = (𝑖)−1 = −𝑖 𝑎𝑛𝑑 𝑓(2) = −1 
 

[(2) = (2−1) = [(2)]−1 = (−1)−1 = −1] 
 

∴ (0) = 1, (1) = 𝑖 , 𝑓(2) = −1, 𝑓(3) = −𝑖 
 
𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 ⟹ 𝑎+4𝑏 ∈ 𝐺 

 

(𝑎+4𝑏) = 𝑓(𝑎)𝑓(𝑏) 
 

𝐹𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 (0+42) = (2) = −1 𝑎𝑛𝑑 (0)𝑓(2) = 1(−1) = −1 
 

∴ 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 . 
 
𝒇 𝒊𝒔 𝒐𝒏𝒆 − 𝒐𝒏𝒆 ∶ 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 ℎ𝑎𝑣𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡 𝑖𝑚𝑎𝑔𝑒𝑠
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𝒇 𝒊𝒔 𝒐𝒏 − 𝒕𝒐: 𝐹𝑜𝑟 𝑎𝑙𝑙 𝑦 ∈ 𝐺1 𝑠𝑜 ∃ 𝑎𝑡𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑥 𝑖𝑛 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 (𝑥) = 𝑦 
 

∴ 𝑓: 𝐺 → 𝐺1𝑖𝑠 𝑎𝑛 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 (0) = 1, (1) = 𝑖 , 𝑓(2) = −1, 𝑓(3) = −𝑖 
 

∴ 𝐺1 ≅ 𝐺 
 
𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟓: If 𝒇 is homomorphism from a group 𝑮 onto a group𝑮𝟏 with 𝒌𝒆𝒓𝒇 then 𝒇 is 

one-one ⟺ 𝒌𝒆𝒓𝒇 = {𝒆} 
 

𝑵. (⟹): 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑓: 𝐺 → 𝐺1 𝑖𝑠 𝑎𝑛 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑘𝑒𝑟𝑓 = {𝑒} 
 

𝐿𝑒𝑡 𝑎 ∈ 𝐾𝑒𝑟𝑓 𝑡ℎ𝑒𝑛 (𝑎) = 𝑒1 

 

𝑆𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜. 𝑤𝑒 ℎ𝑎𝑣𝑒 (𝑒) = 𝑒1 

 

∴ 𝑓(𝑎) = 𝑓(𝑒) ⟹ 𝑎 = 𝑒 (∴ 𝑓 𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒 ) 
 

∴ 𝑘𝑒𝑟𝑓 = {𝑒} 
 

S.C (⟸): 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑓 is homomorphism from a group 𝐺 onto a group 𝐺1 

 

with 𝑘𝑒𝑟𝑓 = {𝑒}. 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑓 𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒 
 

𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓(𝑎) = 𝑓(𝑏) 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑎 = 𝑏 
 

𝑆𝑖𝑛𝑐𝑒 𝑓(𝑎) = 𝑓(𝑏) ⟹ 𝑓(𝑎)[𝑓(𝑏)]−1 = 𝑓(𝑏)[𝑓(𝑏)]−1 

 

⟹ (𝑎)(𝑏−1) = 𝑒1 

 

⟹ (𝑎𝑏−1) = 𝑒1 

 

⟹ 𝑎𝑏−1 ∈ 𝑘𝑒𝑟𝑓 = {𝑒] 
 

⟹ 𝑎𝑏−1 = 𝑒 
 

⟹ 𝑎 = 𝑏 
 

∴ 𝑓 𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒
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𝑻𝒉𝒐𝒓𝒆𝒎𝟔: 𝑻𝒉𝒆 𝒔𝒆𝒕 𝒐𝒇 𝒂𝒍𝒍 𝒂𝒖𝒕𝒐𝒎𝒐𝒓𝒑𝒉𝒊𝒔𝒎 𝒐𝒇 𝒂 𝒈𝒓𝒐𝒖𝒑 𝑮 𝒇𝒓𝒐𝒎 𝒂 𝒈𝒓𝒐𝒖𝒑 𝑮 𝒘. 𝒓. 𝒕 
 
𝒄𝒐𝒎𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒎𝒂𝒑𝒑𝒊𝒏𝒈 𝒊𝒔 𝒈𝒓𝒐𝒖𝒑. 
 

𝑷𝒓𝒐𝒐𝒇: 𝐿𝑒𝑡 𝐴(𝐺) = {𝑓⁄𝑓 𝑖𝑠 𝑎𝑛 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑓𝑟𝑜𝑚 𝐺 𝑡𝑜 𝐺} 
 
𝐿𝑒𝑡 ′ ∘ ′𝑏𝑒 𝑡ℎ𝑒 𝑐𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑣𝑒𝑟 𝐺 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐴(𝐺) 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑤ℎ𝑒𝑛 ′ ∘ ′ 
 

(𝒊)𝑪𝒍𝒐𝒔𝒖𝒓𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝑓, 𝑔 ∈ 𝐴(𝐺) ⟹ 𝑓, 𝑔 𝑎𝑟𝑒 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑜𝑛 
 

⟹ 𝑔𝑜𝑓 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑜𝑛 
 
𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 ⟹ 𝑎𝑏 ∈ 𝐺 
 

𝑁𝑜𝑤 𝑔𝑜𝑓(𝑎𝑏) = 𝑔[𝑓(𝑎𝑏)] 
 

= 𝑔[𝑓(𝑎)𝑓(𝑏)] 
 

= 𝑔[𝑓(𝑎)]𝑔[𝑓(𝑏)] 
 

= 𝑔𝑜𝑓(𝑎). 𝑔𝑜𝑓(𝑏) 
 

∴ 𝑔𝑜𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 ⟹ 𝑔𝑜𝑓 ∈ 𝐴(𝐺) 
 

(𝒊𝒊)𝑨𝒔𝒔𝒐𝒄𝒊𝒂𝒕𝒊𝒗𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝑐𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑖𝑛 𝐴(𝐺) 𝑖𝑠 𝑎𝑛 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒. 
 

(𝒊𝒊𝒊)𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝐼: 𝐺 → 𝐺 𝑏𝑒 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑚𝑎𝑝𝑝𝑖𝑛𝑔. 
 

𝑆𝑖𝑛𝑐𝑒 𝐼 𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒 𝑎𝑛𝑑 𝑜𝑛 − 𝑡𝑜 𝑎𝑛𝑑 𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 𝑖𝑠 𝑝𝑟𝑒𝑠𝑒𝑟𝑣𝑖𝑛𝑔 𝑖. 𝑒. 𝐼 ∈ 𝐴(𝐺) 
 

𝐿𝑒𝑡𝑓 ∈ 𝐴(𝐺) ⟹ 𝑓 𝑖𝑠 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜. 
 

𝑤𝑒 ℎ𝑎𝑣𝑒 𝑓𝑜𝐼 = 𝐼𝑜𝑓 = 𝑓 ⟹ 𝐼𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑥𝑖𝑠𝑡𝑠 𝑖𝑛 𝐴(𝐺)𝑎𝑛𝑑 𝑖𝑡 𝑖𝑠 𝐼 
 

(𝒊𝒗)𝑰𝒏𝒗𝒆𝒓𝒔𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝑓 ∈ 𝐴(𝐺) ⟹ 𝑓𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒 𝑎𝑛𝑑 𝑜𝑛 − 𝑡𝑜 
 

⟹ 𝑓−1𝑖𝑠 𝑎𝑙𝑠𝑜 𝑜𝑛𝑒 − 𝑜𝑛𝑒 𝑎𝑛𝑑 𝑜𝑛 − 𝑡𝑜 
 

𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑓−1 𝑖𝑠 ℎ𝑜𝑚𝑜. 
 

𝐿𝑒𝑡 𝑓 −1(𝑎) = 𝑎1, 𝑓 −1(𝑏) = 𝑏1 𝑓𝑜𝑟 𝑎1, 𝑏1 ∈ 𝐺 
 

⟹ (𝑎1) = 𝑎, (𝑏1) = 𝑏 
 
𝑁𝑜𝑤 𝑓−1(𝑎𝑏) = 𝑓 −1(𝑓(𝑎1)𝑓(𝑏1)) 
 

= 𝑓−1(𝑓(𝑎1𝑏1))
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= 𝑎1𝑏1 

 

= 𝑓−1(𝑎). 𝑓−1(𝑏) 
 

∴ 𝑓−1 𝑖𝑠 ℎ𝑜𝑚𝑜 
 

𝑤𝑒 ℎ𝑎𝑣𝑒 𝑓−1𝑜𝑓 = 𝑓𝑜𝑓−1 = 𝐼 
 

∴ 𝑓−1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑓. 
 

𝐸𝑎𝑐ℎ 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐴(𝐺) ℎ𝑎𝑠 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑎𝑏𝑙𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 
 

∴ 𝐴(𝐺) 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑐𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 
 

Theorem7: 𝑰𝒇 𝑵 𝒊𝒔 𝒂 𝒏𝒐𝒓𝒎𝒂𝒍 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑮 𝒂𝒏𝒅 𝒂 𝒎𝒂𝒑𝒑𝒊𝒏𝒈 𝒇: 𝑮 → 
𝑵 

𝒃𝒚 (𝒙) = 𝑵𝒙 ∀𝒙 ∈ 

𝑮 𝒕𝒉𝒆𝒏 𝒇 𝒊𝒔 𝒐𝒏 − 𝒕𝒐 𝒉𝒐𝒎𝒐𝒎𝒐𝒓𝒑𝒉𝒊𝒔𝒎 𝒂𝒏𝒅 𝒌𝒆𝒓𝒇 = 𝑵 
 

Proof: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑓: 𝐺 → 
𝑁 

𝑏𝑦 (𝑥) = 𝑁𝑥 ∀𝑥 ∈ 𝐺 

 

(𝒊)𝒇 𝒊𝒔 𝒉𝒐𝒎𝒐: 𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝐺 ⟹ 𝑥𝑦 ∈ 𝐺 
 
𝑓(𝑥𝑦) = 𝑁𝑥𝑦 
 

= 𝑁𝑥. 𝑁𝑦 
 

= 𝑓(𝑥)𝑓(𝑦) 
 

∴ 𝑓𝑖𝑠 ℎ𝑜𝑚𝑜 
 
 

(𝒊𝒊)𝒇 𝒊𝒔 𝒐𝒏 − 𝒕𝒐: 𝐿𝑒𝑡 𝑁𝑥 ∈ 
𝑁 

⟹ 𝑥 ∈ 𝐺 

 

𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 𝑥 ∈ 𝐺, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑓(𝑥) = 𝑁𝑥 
 
 

∀𝑁𝑥 ∈ 
𝑁 

𝑠𝑜 ∃ 𝑥 ∈ 𝐺 ∋ 𝑓(𝑥) = 𝑁𝑥 ∴ 𝑓𝑖𝑠 𝑜𝑛 − 𝑡𝑜 

 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑘𝑒𝑟𝑓 = 𝑁 (𝑖. 𝑒. 𝑘𝑒𝑟𝑓 ⊆ 𝑁 𝑎𝑛𝑑 𝑁 ⊆ 𝑘𝑒𝑟𝑓 ) 
 

𝐿𝑒𝑡 𝑝 ∈ 𝐾𝑒𝑟𝑓 ⟹ 𝑓(𝑝) = 𝑁𝑒 = 𝑁 
 

𝑠𝑖𝑛𝑐𝑒 𝑝 ∈ 𝑘𝑒𝑟𝑓 ⟹ 𝑝 ∈ 𝐺 (∵ 𝑘𝑒𝑟𝑓 ⊆ 𝐺) 
 

⟹ 𝑓(𝑝) = 𝑁𝑝 
 

⟹ 𝑁𝑒 = 𝑁𝑝 
 

⟹ 𝑝𝑒−1 ∈ 𝑁
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⟹ 𝑝 ∈ 𝑁 
 

∴ 𝑘𝑒𝑟𝑓 ⊆ 𝑁 → (1) 
 
𝑁𝑒𝑥𝑡 𝑙𝑒𝑡 𝑞 ∈ 𝑁 
 

𝑠𝑖𝑛𝑐𝑒 𝑞 ∈ 𝑁 ⟹ 𝑞 ∈ 𝐺 (∵ 𝑁 ⊳ 𝐺) 
 

⟹ 𝑓(𝑞) = 𝑁𝑞 
 

⟹ 𝑓(𝑞) = 𝑁 (∵ ℎ ∈ 𝐻, 𝐻ℎ = 𝐻 = ℎ𝐻 ) ⟹ 𝑞 ∈ 𝑘𝑒𝑟𝑓 
 

∴ 𝑁 ⊆ 𝑘𝑒𝑟𝑓 → (2) 
 

𝐹𝑟𝑜𝑚 (1) 𝑎𝑛𝑑 (2) 𝑘𝑒𝑟𝑓 = 𝑁 
 
Fundamental theorem of homomorphism for groups: (first isomorphism theorem) 
 

Statement: If 𝒇 is homomorphism from a group 𝑮 onto a group 𝑮𝟏 with 𝑲𝒆𝒓𝒇 then 
𝑲𝒆𝒓𝒇 

is 

isomorphic to the group 𝑮𝟏 

 

(Or) 
 

Every homomorphic image of a group 𝑮 is isomorphic to some quotient group of the group 

𝑮 
 

Proof: Given that 𝑓: 𝐺 → 𝐺1 is on-to homomorphism. 
 

𝑘𝑒𝑟𝑓 = {𝑥 ∈ 𝐺⁄(𝑥) = 𝑒1 𝑤ℎ𝑒𝑟𝑒 𝑒1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺1} 
 
We know that ker f is a normal subgroup of 𝐺, write 𝑘𝑒𝑟𝑓 = K 
 
 

𝐾 
= {𝐾𝑥⁄𝑥 ∈ 𝐺} 𝑖𝑠 𝑎 

𝑔
𝑟

𝑜
𝑢𝑝

 
𝑢𝑛𝑑𝑒𝑟

 
𝐾𝑥 ⋅ 𝐾𝑦 = 𝐾𝑥𝑦 

∀
𝐾𝑥, 𝐾𝑦 ∈ 

𝐾 

 

This group is called quotient group. 
 

𝐷𝑒𝑓𝑖𝑛𝑒 𝜓:
𝐾 

→ 𝐺1 𝑏𝑦 (𝐾𝑥) = (𝑥), ∀𝐾𝑥 ∈ 
𝐾 

 
i) 𝝍 is well-define and one-one: - 𝐿𝑒𝑡 𝐾𝑥 = 𝐾𝑦 ∈ 

𝐾 
∋ 𝐾𝑥 = 𝐾𝑦 

 

𝑆𝑖𝑛𝑐𝑒 𝐾𝑥 = 𝐾𝑦 ⟺ 𝑥𝑦−1 ∈ 𝐾 = 𝐾𝑒𝑟𝑓 (∵ 𝐻𝑎 = 𝐻𝑏 ⟺ 𝑎𝑏−1 ∈ 𝐻) 
 

⟺ 𝑥𝑦−1 ∈ 𝐾𝑒𝑟𝑓 
 

⟺ (𝑥𝑦−1) = 𝑒1



85 
 
 

⟺ (𝑥)(𝑦−1) = 𝑒1     (∵ 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 ) 
 

⟺ (𝑥)[𝑓(𝑦)]−1 = 𝑒1 

 

⟺ (𝑥)[𝑓(𝑦)]−1𝑓(𝑦) = 𝑒1𝑓(𝑦) 
 

⟺ 𝑓(𝑥) = 𝑓(𝑦) 
 

⟺ 𝜓(𝐾𝑥) = 𝜓(𝐾𝑦) 
 
∴ 𝜓 𝑖𝑠 𝑤𝑒𝑙𝑙 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑛𝑑 𝑜𝑛𝑒 − 𝑜𝑛𝑒 
 

ii) 𝝍 is homomorphism: 𝐿𝑒𝑡 𝐾𝑥,  ∈ 
𝐾 

 
𝑁𝑜𝑤 𝜓(𝐾𝑥 ⋅ 𝐾𝑦) = 𝜓(𝐾𝑥𝑦) 
 

= 𝑓(𝑥𝑦) (∵ 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜) 
 

= 𝑓(𝑥) ∙ 𝑓(𝑦) 
 

= 𝜓(𝐾𝑥)𝜓(𝑘𝑦) 
 

∴ 𝜓 is homomorphism 
 

iii) 𝝍 is on-to: - 𝐿𝑒𝑡 𝑦1 ∈ 𝐺1 

 

Since f is on-to so ∃ 𝑦 ∈ 𝐺 ∋ (𝑦) = 𝑦1 

 

For this 𝑦 ∈ 𝐺 ⟹ 𝑘𝑦 ∈ 
𝐾 

⟹ (𝑘𝑦) = (𝑦) = 𝑦1 

 

Thus ∀𝑦1 ∈ 𝐺1 ∃ 𝑘𝑦 ∈ 
𝐾 

⟹ (𝑘𝑦) = (𝑦) = 𝑦1 

 

∴ 𝜓 is on-to. Hence 𝜓 is an isomorphism from 
𝐾 

to 𝐺1 i.e. 
𝐾 

≅ 𝐺1 

 

Second isomorphism theorem: -Let N be a normal subgroup of G and H be a subgroup of 

G then H N is a normal subgroup of H and HN is a subgroup of G and 
H

H 

K 


N 

HN {hn / hH , n N} 
 

Proof: Given that H, N are subgroups of G, clearly H N is a subgroup of H or N 
 

Let nH N and hH  nH and nN and hH 
 

hnh1 N (Since N G and hG ) 
 

And hnh1 H (since nH , hH nh1 H , hH  hnh1 H , H is a subgroup of G)



x 
1 1 x 2 1 2 1 

   


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And hence hnh1 H K Therefore H N is a normal subgroup of H. 
 

To prove that HN is a subgroup of G 
 

Let 1, x2 HN then 1 h n x2 h n2 where h , h H and n ,n2 N 

 

Now x x
2

1 (h n )(h
2
n

2 
)1 

 

(h n )(n
2

1h
2 

1) 

 

h n
3
h

2 

1 Where n
3 
n n

2

1  N 

 

h en3 2

1 

h h1h n3h
1 

 

hh
2
n

3
h1 

 

hn4 HN 

 

Since h 
1
h

2 

1 

 

Where n
4 
h

2
n

3
h

2 

1  N as N G 

 

 x x
2

1 HN HN is a subgroup of G. 

 

And that N is a normal subgroup of HN so that the quotient group 
HN 

 {Nx / xHN} 
 
 

Define f : H 
HN 

by f (x) Nx,xH 
 
 

i)  f is homo: Let x, yH xyH 

f (xy) Nxy (Nx)(Ny) 

= f (x) f ( y) 

 f is homo 
 

ii)  f is on-to: Any element 
N 

is of the form Nax ,where aH and xN 

and f (a) Na Nax (since N is a normal, a1xaN ) 

 f is on-to 

ker f {xH / f (x)  the identity in 
HN 

} 
 

{xH / Nx N} 

{xH / x N} N H





  G 
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Therefore, by the fundamental theorem of homomorphism, 
H HN 

H K N 
 
Third isomorphism theorem: -Let N and K be normal subgroups of a group G such that 

G 

N K .Then 
N 

is a normal subgroup of 
N 

and N 
K 


K 

N 
 
 

Proof: -For any Na, and Nb
N 

where a, bK. 

 
 

We have (Na)(Nb)1 (Na)(Nb1) N (ab1)
N 

 
 And also (Nx)(Na)(Nx)1 N (xax1)

N 
,xG 

 
 


N 

 
 Now define 

G 

N 

 

f : 
N 


K 
by f (Na) Ka,aG 

 
 

i) f is well-define: -Let Na, Nb
N 
Na Nb,a,bG 

 

{Na / Ka K} 
 

{Na / aK}
N 

 Since Na Nb ab1 N K 

ab1 K 

ka Kb 

 f (Na)  f (Nb) 
 

 f is well-defined 
 

ii) f is homo: -Let Na, Nb
N 
Nab

N 

f (Nab) Kab (Ka)(Kb)  f (Na) f (Nb) 

 f is homo 
 

ii) f is on-to: -Let Ka
K 

where aG
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For this aG Na
N 

, we have f (Na) Ka 

 

Ka
K 

soNa
N 
 f (Na) Ka 

 f is on-to 
 

ker f  {Na
N 

/ f (Na)  the identity in 
N 

} 

{Na / Ka K} 
 

{Na / aK}
N 

 G 

Therefore, by fundamental theorem of homomorphism N 
K 


K 

N



1 3 1 3 1 3 1 3 1 3 1 3 

   

1 3 1 3 
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UNIT-5: PERMUTATION GROUPS 
 

𝑷𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 ∶ 𝐿𝑒𝑡 𝑆 𝑏𝑒 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑒𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑛 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡 𝑎 
 
𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑓: 𝑆 → 𝑆 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑛 𝑆. 𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 
 
𝑖𝑛 𝑆 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑠 𝑑𝑔𝑟𝑒𝑒 𝑜𝑓 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 

 

𝑵𝒐𝒕𝒂𝒕𝒊𝒐𝒏: 𝐿𝑒𝑡 𝑆 𝑏𝑒 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑒𝑡 ℎ𝑎𝑣𝑖𝑛𝑔 𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖. 𝑒. 𝑆 = {𝑎1, 𝑎2, … } 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 
 

𝑎 𝑎 … 
𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑓 = ((𝑎1) (𝑎2) … 

𝑎 

𝑓(𝑎𝑛)) 

 

𝑖. 𝑒. 𝑒𝑎𝑐ℎ 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝑠𝑒𝑐𝑜𝑛𝑑 𝑟𝑜𝑤 𝑖𝑠 𝑡ℎ𝑒 𝑓 𝑖𝑚𝑎𝑔𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑛 𝑓𝑖𝑟𝑠𝑡 𝑟𝑜𝑤. 
 

𝑬𝒙: 𝐿𝑒𝑡 𝑆 = {1,2,3} 𝑎𝑛𝑑 𝑓: 𝑆 → 𝑆 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓(1) = 2, 𝑓(2) = 3, 𝑓(3) = 1 
 
 

𝑡ℎ𝑒𝑛 𝑓 = ((1) 
2 

(2) 

 

(3)) = (
2 

 

2 
3 

 

1
) 𝑖𝑠 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 3. 

 

𝐸𝑥𝑎𝑚𝑝𝑙𝑒: 𝑆 = {1,2} 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 
 
 
 
 
 
 
 
 
 
 
 
 

∴ 𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑆 𝑖𝑠 2 
 
𝑵𝒐𝒕𝒆: 𝑇𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑆 𝑖𝑛 𝑛 𝑠𝑦𝑚𝑏𝑜𝑙𝑠 𝑖𝑠 𝑛! 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 
 
𝑡ℎ𝑒𝑠𝑒 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 𝑓𝑜𝑟𝑚 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 
 
𝑇ℎ𝑖𝑠 𝑔𝑟𝑜𝑢𝑝 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 𝑖𝑡 𝑖𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝑆𝑛. 
 

𝑖. 𝑒 𝑆𝑛 = {𝑓⁄𝑓 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛} 
 

𝑬𝒙: 𝑺 = {𝟏, 𝟐, 𝟑} 𝒃𝒆 𝒂 𝒇𝒊𝒏𝒊𝒕𝒆 𝒔𝒆𝒕 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝑺𝟑 

 
𝑺𝒐𝒍: 𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 3 𝑖𝑠 3! = 6 
 
 

𝑠3 = {(
1 

2 
2 

 

3
) , (

1 
2 
3 

 

2
) , (

3 
2 
2 

 

1
) , (

2 
2 
1 

 

3
) , (

2 
2 
3 

 

1
) , (

3 
2 
1 

 

2
)} 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 

 

𝑢𝑛𝑑𝑒𝑟 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠.



1 3 3 1 

       𝑎 𝑎 … 𝑎  1 2 … 𝑛 

       𝑎 𝑎 … 𝑎         𝑏 𝑏 … 
𝑐 

       𝑏 𝑏 … 𝑏    𝑎 𝑎 … 𝑎         𝑎 𝑎 … 𝑎  

𝟏 𝟑 𝟏 𝟑 

1 3 1 3 

1 3 1 3 1 3 1 3 1 3 1 3 

𝟏 𝟒 𝟏 𝟕 

1 4 1 7 1 7 
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𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒐𝒇 𝒕𝒘𝒐 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏: 𝐿𝑒𝑡 𝑓 𝑎𝑛𝑑 𝑔 𝑏𝑒 𝑡𝑤𝑜 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒𝑦 𝑎𝑟𝑒 𝑐𝑎𝑙𝑙𝑒𝑑 
 

𝑒𝑞𝑢𝑎𝑙 ⟺ 𝑓(𝑎) = 𝑔(𝑎) ∀𝑎 ∈ 𝑆 
 
𝑖. 𝑒. 𝑖𝑚𝑎𝑔𝑒 𝑜𝑓 𝑒𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑆 𝑢𝑛𝑑𝑒𝑟 𝑏𝑜𝑡ℎ 𝑓 𝑎𝑛𝑑 𝑔 𝑎𝑟𝑒 𝑒𝑞𝑢𝑎𝑙. 

 
 

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝑓 = (
3 

2 
2 

 

1
) 𝑎𝑛𝑑 𝑔 = (

1 
2 
2 

 

3
) 

 

𝐻𝑒𝑟𝑒 (1) = 3 = (1) 
 

(2) = 2 = (2) 
 

(3) = 1 = (3) 
 
𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏: 𝐴 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑓 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑆 
 

𝑖𝑓 (𝑎) = 𝑎 ∀𝑎 ∈ 𝑆 𝑬𝒙: 𝐼 = (𝑎1 𝑎2 … 𝑎𝑛
) 𝑜𝑟 (

1 2 … 𝑛
) 

 

𝑷𝒓𝒐𝒅𝒖𝒄𝒕 𝒐𝒇 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏𝒔 (𝒐𝒓)𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏𝒔: 
 

𝐿𝑒𝑡 𝑆 = {𝑎1, 2, … 𝑎𝑛} 𝑏𝑒 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑒𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑛 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠. 
 
 

𝐿𝑒𝑡 𝑓 = (𝑏1 𝑏2 … 𝑏𝑛
) 𝑎𝑛𝑑 𝑔 = (𝑐1 𝑐2 … 

𝑏𝑛) 𝑏𝑒 𝑡𝑤𝑜 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 
𝑛 

 

𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡𝑤𝑜 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑎 𝑐𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 
 

𝑖. 𝑒. (𝑔𝑜𝑓)(𝑥) = 𝑔𝑜𝑓(𝑥) = 𝑔[𝑓(𝑥)] 
 
 

𝑔𝑜𝑓 = (𝑐1 𝑐2 … 𝑐𝑛
) ∘ ( 𝑏1 𝑏2 … 𝑏𝑛

) = (𝑐1 𝑐2 …  
) 

 
 

𝑬𝒙: 𝟏. 𝒇 = (
𝟐 

𝟐 
𝟑 

 

𝟏
) 𝒂𝒏𝒅 𝒈 = (

𝟑 
𝟐 
𝟏 

 

𝟐
) 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝒇𝒈 𝒂𝒏𝒅 𝒈𝒇 

 
 

𝑺𝒐𝒍: 𝑓 = (
2 

2 
3 

 

1
) 𝑎𝑛𝑑 𝑔 = (

3 
2 
1 

 

2
) 

 
 

𝑓𝑔 = (
2 

2 
3 

 

1
) (

3 
2 
1 

 

2
) = (

1 
2 
2 

 

3
)  𝑔𝑓 = (

3 
2 
1 

 

2
) (

2 
2 
3 

 

1
) = (

1 
2 
2 

 

3
) 

 

∴ 𝑓𝑔 = 𝑔𝑓 
 
 

𝟐. 𝑪𝒐𝒎𝒑𝒖𝒕𝒆 (
𝟑 

 𝟐     𝟑 
𝟐     𝟒 

 

𝟏
) 𝒐 (

𝟑 
𝟐     𝟑     𝟒     𝟓     𝟔 
𝟔     𝟐     𝟓     𝟏     𝟕 

 

𝟒
) 

 
 

: (
3 

 2     3 
2     4 

 

1
)  (

3 
2     3     4     5     6 
6     2     5     1     7 

 

4
) = (

4 
2     3     4     5     6 
6     2     5     3     7 

 

1
)



1 6 1 6 

1 6 

1 6 1 6 

1 6 

𝑓 =  
𝑎  

𝟏 𝟔 

1 6 

𝟏 𝟖 

1 8 

1,2, … 𝑛 
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𝟑. 𝑺 = {𝟏, 𝟐, 𝟑, 𝟒, 𝟓, 𝟔} 𝒂𝒏𝒅 𝒇 = (𝟐 𝟑 𝟔), 𝒈 = (𝟏 𝟒 𝟔) 𝒇𝒊𝒏𝒅 𝒇𝒈 𝒂𝒏𝒅 𝒈𝒇 
 
 

𝑺𝒐𝒍: 𝑓𝑔 = (2 3 6)(1 4 6) = (
1 

2     3     4     5 
3     6     4     5 

 

2
) (

4 
2     3     4     5 
2     3     6     5 

 

1
) 

 
 

= (
4 

2     3     4     5 
3     6     2     5 

 

1
) = (1 4 2 3 6) 

 
 

𝑔𝑓 = (1 4 6)(2 3 6) = (
4 

2     3     4     5 
2     3     6     5 

 

1
) (

1 
2     3     4     5 
3     6     4     5 

 

2
) 

 
 

= (
4 

2     3     4     5 
3     1     6     5 

 

2
) = (1 4 6 2 3) 

 

𝑪𝒚𝒄𝒍𝒊𝒄 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏: 𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑎 𝑠𝑒𝑡 𝑆 = {𝑎1, 𝑎2, … } 𝑎𝑛𝑑 
 

𝑎1 𝑎2 … 𝑎𝑘 𝑎𝑘+1 … 
𝑎2 𝑎3 … 𝑎1 𝑎𝑘+1 … 

 

𝑎𝑛
) 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 𝑡ℎ𝑒𝑛 (𝑎1) = 𝑎2, 

 

(𝑎2) = 𝑎3, … (𝑎𝑘) = 𝑎1, 𝑓(𝑎𝑘+1) = 𝑎𝑘+1, … 𝑓(𝑎𝑛) = 𝑎𝑛 

 
𝑇ℎ𝑖𝑠 𝑡𝑦𝑝𝑒 𝑜𝑓 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑓 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑠 𝑐𝑦𝑐𝑙𝑖𝑐 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑙𝑒𝑛𝑔𝑡ℎ 𝑘 𝑎𝑛𝑑 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛. 
 

𝐼𝑡 𝑖𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 (𝑎1 𝑎2 … 𝑎𝑘) 𝑜𝑟 (𝑎2 𝑎3 … 𝑎𝑘 𝑎1) 
 
 

𝑬𝒙: 𝟏. 𝒇 = (
𝟒 

𝟐     𝟑     𝟒     𝟓 
𝟏     𝟐     𝟑     𝟓 

 

𝟔
) 𝒃𝒆 𝒂 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒕𝒉𝒆𝒏 𝒇 𝒊𝒔 𝒂 𝒄𝒚𝒄𝒍𝒊𝒄 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 

 

𝑖. 𝑒. 𝑓 = (1 4 3 2) 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑙𝑒𝑛𝑔𝑡ℎ 4 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 6 
 
 

2. 𝑓 = (
4 

2     3     4     5 
1     2     3     6 

 

5
) = (1 4 3 2)(5 6) 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. 

 
 

𝟑. 𝑬𝒙𝒑𝒓𝒆𝒔𝒔 𝒇 = (
𝟐 

𝟐     𝟑     𝟒     𝟓     𝟔     𝟕 
𝟒     𝟔     𝟕     𝟑     𝟏     𝟓 

 

𝟖
) 𝒊𝒏 𝒄𝒚𝒄𝒍𝒊𝒄 𝒇𝒐𝒓𝒎. 

 
 

𝑺𝒐𝒍: 𝑓 = (
2 

2     3     4     5     6     7 
4     6     7     3     1     5 

 

8
) = (1 2 4 7 5 3 6) 

 

𝑳𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒄𝒚𝒄𝒍𝒆: 𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑛 𝑐𝑦𝑐𝑙𝑒 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑠 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑐𝑦𝑐𝑙𝑒. 
 

𝑬𝒙: 𝑓 = (1 2 3 4 5) 𝑡ℎ𝑒𝑛 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑓 𝑖𝑠 5 
 
𝐼𝑓 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑐𝑦𝑐𝑙𝑒 𝑖𝑠" r "𝑡ℎ𝑒𝑛 𝑖𝑡 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑟 − 𝑐𝑦𝑐𝑙𝑒. 𝐴𝑏𝑜𝑣𝑒 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 𝑖𝑠 5 − 𝑐𝑦𝑐𝑙𝑒 
 
𝑵𝒐𝒕𝒆: 1. 𝐴 𝑐𝑦𝑐𝑙𝑒 𝑜𝑓 𝑙𝑒𝑛𝑔𝑡ℎ 1 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑠 𝐼𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. 
 

𝑬𝒙: 𝑓 = (
1,2, … 𝑛

) = (1)(2)(3) … (𝑛) 

 

2. 𝐴 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑐𝑦𝑐𝑙𝑒 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑐𝑦𝑐𝑙𝑒



𝟏 𝟓 

1 5 5 1 1 5 

1 6 1 6 1 6 

1 6 1 6 1 6 

1 6 

1 7 
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𝑬𝒙: 𝑓 = (1 2 3 4) 𝑡ℎ𝑒𝑛 (𝑓) = 4 
 

𝟑. 𝑰𝒏𝒗𝒆𝒓𝒔𝒆 𝒐𝒇 𝒂 𝒄𝒚𝒄𝒍𝒆: 𝐿𝑒𝑡 𝑓 = (1 2 3 4) 𝑡ℎ𝑒𝑛 𝑓−1 = (4 3 2 1) 
 
 

𝟐. 𝑾𝒓𝒊𝒕𝒆 𝒅𝒐𝒘𝒏 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒐𝒇 𝒇 = (
𝟓 

𝟐     𝟑     𝟒 
𝟑     𝟒     𝟐 

 

𝟏
) 

 
 

: (𝑖) 𝑓 = (
5 

2     3     4 
3     4     2 

 

1
) ⟹ 𝑓−1 = (

1 
3     4     2 
2     3     4 

 

5
) = (

5 
2     3     4 
4     2     3 

 

1
) 

 
 
 

𝑫𝒊𝒔𝒋𝒐𝒊𝒏𝒕 𝒄𝒚𝒄𝒍𝒆𝒔: 𝐿𝑒𝑡 𝑆 = {𝑎1, 2, … 𝑎𝑛} 𝑏𝑒 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑒𝑡. 
 

𝑇𝑤𝑜 𝑐𝑦𝑐𝑙𝑒𝑠 𝑓 𝑎𝑛𝑑 𝑔 𝑎𝑟𝑒 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡 𝑐𝑦𝑐𝑙𝑒𝑠 𝑖𝑓 𝑡ℎ𝑒𝑦 ℎ𝑎𝑣𝑒 𝑛𝑜 𝑐𝑜𝑚𝑚𝑜𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 
 

𝑬𝒙: 𝐿𝑒𝑡 𝑆 = {1,2,3,4,5,6} 𝑎𝑛𝑑 𝑓 = (1 3 5) 𝑔 = (2 4 6) 𝑎𝑟𝑒 𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡 𝑐𝑦𝑐𝑙𝑒𝑠 𝑎𝑛𝑑 
 

𝑓 = (1 3 5 4) 𝑎𝑛𝑑 𝑔 = (2 4 6) 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑑𝑖𝑠𝑗𝑜𝑛𝑡 𝑐𝑦𝑐𝑙𝑒𝑠. 
 
𝑷𝒓𝒐𝒅𝒖𝒄𝒕 𝒐𝒇 𝒅𝒊𝒔𝒋𝒐𝒊𝒏𝒕 𝒄𝒚𝒄𝒍𝒆𝒔 𝒂𝒓𝒆 𝒄𝒐𝒎𝒎𝒖𝒕𝒆𝒔: 𝐿𝑒𝑡𝑓, 𝑔 𝑎𝑟𝑒 𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡 𝑐𝑦𝑐𝑙𝑒𝑠 
 
𝑡ℎ𝑒𝑛 𝑡ℎ𝑒𝑦 ℎ𝑎𝑣𝑒 𝑛𝑜 𝑐𝑜𝑚𝑚𝑜𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠. 
 

(𝑎) ≠ 𝑎 𝑡ℎ𝑒𝑛 (𝑎) = 𝑎 ⟹ (𝑓𝑔)(𝑎) = 𝑓[𝑔(𝑎)] = 𝑓(𝑎) ⟹ 𝑓𝑔 = 𝑓 → (1) 
 

𝑁𝑒𝑥𝑡 (𝑎) = 𝑎 𝑡ℎ𝑒𝑛 (𝑎) ≠ 𝑎 ⟹ (𝑔𝑓)(𝑎) = 𝑔[𝑓(𝑎)] = 𝑓(𝑎) ⟹ 𝑔𝑓 = 𝑓 → (2) 
 
∴ 𝑓𝑔 = 𝑔𝑓 
 

𝑬𝒙: 𝐿𝑒𝑡 𝑆 = {1,2,3,4,5,6} 𝑎𝑛𝑑 𝑓 = (1 3 5) 𝑔 = (2 4 6) 𝑎𝑟𝑒 𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡 𝑐𝑦𝑐𝑙𝑒𝑠 𝑡ℎ𝑒𝑛 
 
 

𝑓𝑔 = (
3 

 
𝑔𝑓 = (

1 

2     3     4     5 
2     5     4     1 
 

2     3     4     5 
4     3     6     5 

 

6
) (

1 

 

2
) (

3 

2     3     4     5 
4     3     6     5 
 

2     3     4     5 
2     5     4     1 

 

2
) = (

3 

 

6
) = (

3 

2     3     4     5 
4     5     6     1 
 

2     3     4     5 
4     5     6     1 

 

2
) 

 

2
) 

 

∴ 𝑓𝑔 = 𝑔𝑓 
 
𝑵𝒐𝒕𝒆: 𝐸𝑣𝑒𝑟𝑦 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑐𝑎𝑛 𝑏𝑒 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑒𝑑 𝑎𝑠 𝑡ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡 𝑐𝑦𝑐𝑙𝑒𝑠 
 
 

𝑬𝒙: 𝐿𝑒𝑡 𝑓 = (
6 

2     3     4     5 
5     4     3     1 

 

2
) 𝑡ℎ𝑒𝑛 𝑓 = (1 6 2 5)(3 4) 

 

𝟏. 𝑾𝒓𝒊𝒕𝒆 𝒅𝒐𝒘𝒏 𝒕𝒉𝒆 𝒑𝒓𝒐𝒅𝒖𝒄𝒕 𝒐𝒇 𝒅𝒊𝒔𝒋𝒐𝒊𝒏𝒕 𝒄𝒚𝒄𝒍𝒆𝒔 
 
 

(𝑖)(1 3 2)(5 6 7)(2 6 1)(4 5) = (
1 

2     3     4     5     6 
7     2     6     4     3 

 

5
) = (1)(2 7 5 4 6 3)



1 7 

1 6 

𝟏 𝟕 

1 7 

1 7 

1 7 
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(𝑖𝑖) (1 3 6)(1 3 5 7)(6 7)(1 2 3 4) = (
2 

2     3     4     5     6 
5     4     6     7     3 

 

1
) = (1 2 5 7)(3 4 6 ) 

 

(𝑖𝑖𝑖)(4 5)(1 2 3)(3 2 1)(5 4)(2 6)(1 4) = (2 6)(1 4) 
 
𝑶𝒓𝒅𝒆𝒓 𝒐𝒇 𝒂 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏: 𝐿𝑒𝑡 𝑆𝑛 𝑏𝑒 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑔𝑟𝑜𝑢𝑝 𝑜𝑛 𝑎 𝑠𝑒𝑡 𝑆. 𝐼𝑓 𝑓 ∈ 𝑆𝑛 𝑠𝑢𝑐ℎ𝑡ℎ𝑎𝑡 
 

𝑓𝑛 = 𝐼 𝑤ℎ𝑒𝑟𝑒 𝐼 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑝𝑒𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑛 𝑖𝑠 𝑎 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 
 
𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑛 
 
𝑵𝒐𝒕𝒆: 𝐴 𝑝𝑒𝑟𝑚𝑡𝑎𝑡𝑖𝑜𝑛 𝑐𝑎𝑛 𝑏𝑒 𝑒𝑥𝑝𝑟𝑠𝑠𝑒𝑑 𝑎𝑠 𝐾 − 𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡 𝑐𝑦𝑐𝑙𝑒𝑠 𝑤ℎ𝑜𝑠𝑒 𝑙𝑒𝑛𝑔𝑡ℎ𝑠 𝑎𝑟𝑒 
 

𝑀1, 𝑀2, … 𝑀𝑛 𝑡ℎ𝑒𝑛 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝐿. 𝐶. 𝑀 𝑜𝑓 { 1, 𝑀2, … 𝑀𝑛} 
 
 

𝑬𝒙: 𝐿𝑒𝑡 𝑓 == (
6 

2     3     4     5 
5     4     3     1 

 

2
) 𝑡ℎ𝑒𝑛 𝑓 = (1 6 2 5)(3 4) 

 

∴ 𝑂(𝑓) = 𝐿. 𝐶. {4,2} = 4 
 
 

𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒐𝒓𝒅𝒆𝒓 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 (
𝟒 

𝟐     𝟑     𝟒     𝟓     𝟔 
𝟑     𝟏     𝟐     𝟔     𝟕 

 

𝟓
) 𝒊𝒏 𝑺𝟕 

 
 

𝑺𝒐𝒍: 𝐺𝑖𝑣𝑒𝑛 (
4 

2     3     4     5     6 
3     1     2     6     7 

 

5
) = (1 4 2 3)(5 6 7) = 𝐿. 𝐶. {3,4} = 12 

 

𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒐𝒓𝒅𝒆𝒓 𝒐𝒇 𝒇 = (𝟏 𝟑 𝟓 𝟕)(𝟐 𝟑 𝟒)(𝟏 𝟐 𝟑 𝟓) 
 

𝑺𝒐𝒍: 𝑓 = (1 3 5 7)(2 3 4)(1 2 3 5) → 𝑇ℎ𝑒𝑠𝑒 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡 𝑐𝑦𝑐𝑙𝑒𝑠 
 
 

= (
5 

2     3     4     5     6 
4     7     2     3     6 

 

1
) = (1 5 3 7)(2 4) = 𝐿. 𝐶. {2,4} = 4 

 

𝑻𝒓𝒂𝒏𝒔𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏: . 𝐴 𝑐𝑦𝑐𝑙𝑒 𝑜𝑓 𝑙𝑒𝑛𝑔𝑡ℎ 2 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑠 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 
 

𝑬𝒙: 𝒇 = (2 4), (𝑖 𝑗) 𝑏𝑜𝑡ℎ 𝑎𝑟𝑒 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛𝑠.` 
 

𝑵𝒐𝒕𝒆: 1. 𝑂𝑟𝑑𝑒𝑟 𝑜𝑓 𝑒𝑣𝑒𝑟𝑦 𝑡𝑟𝑎𝑛𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑖𝑠 2 ⟹ 𝐸𝑣𝑒𝑟𝑦 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑖𝑠 𝑠𝑒𝑙𝑓 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 
 
2. 𝐸𝑣𝑒𝑟𝑦 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑐𝑎𝑛 𝑏𝑒 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑒𝑑 𝑎𝑠 𝑎 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛. 
 

𝐿𝑒𝑡 𝑎 𝑐𝑦𝑐𝑙𝑒 ( 1, 𝑎2, 𝑎3, … 𝑎𝑛−1, 𝑎𝑛 ) = (𝑎1 𝑎2)(𝑎1 𝑎3)(𝑎1 𝑎4) … (𝑎1 𝑎𝑛−1)(𝑎1 𝑎𝑛) 
 
 

𝑬𝒙: 𝑓 = (
4 

2     3     4     5     6 
3     1     2     6     7 

 

5
) = (1 4 2 3)(5 6 7) = (1 4)(1 2)(1 3)(5 6)(5 7) 

 

𝑂(𝑓) = 𝐿. 𝐶. {3,4} = 12 
 

𝑰𝒏𝒗𝒆𝒓𝒔𝒊𝒐𝒏: 𝐿𝑒𝑡 𝑓 𝑏𝑒 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑝𝑎𝑖𝑟 (𝑖, 𝑗) 0 < 𝑖 < 𝑗 ≤ 𝑛 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑣𝑒𝑟𝑠𝑖𝑜𝑛



1 6 

1 6 

  𝑎 𝑎 … 
𝑏 

       𝑏 𝑏 … 
𝑎 

1 5 4 1 

1 5 5 1 1 5 

4 1 2 3 1 4 
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𝑓𝑜𝑟 𝑓 𝑖𝑓 𝑓(𝑖) > 𝑓(𝑗) 
 
 

𝐸𝑥: 𝑓 = (
3 

2     3     4     5 
1     2     4     6 

 

5
) 

 

𝐻𝑒𝑟𝑒 1 < 2 𝑏𝑢𝑡 (1) > (2) = 3 > 1 
 

𝐻𝑒𝑟𝑒 1 < 3 𝑏𝑢𝑡 (1) > (3) = 3 > 2 
 

𝐻𝑒𝑟𝑒 1 < 4 𝑏𝑢𝑡 (1) < (4) = 3 < 4 𝑡ℎ𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑖𝑛𝑣𝑒𝑟𝑠𝑖𝑜𝑛 𝑝𝑎𝑖𝑟 
 

𝐻𝑒𝑟𝑒 5 < 6 𝑏𝑢𝑡 (5) > (6) = 6 > 5 
 

𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑝𝑎𝑖𝑟 (1 2), (1 3) 𝑎𝑟𝑒 𝑐𝑎𝑙𝑙𝑒𝑑 𝑖𝑛𝑣𝑒𝑟𝑠𝑖𝑜𝑛 
 
𝑺𝒊𝒈𝒏𝒂𝒕𝒖𝒓𝒆: 𝑇ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑢𝑐ℎ 𝑖𝑛𝑣𝑒𝑟𝑠𝑖𝑜𝑛 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑓 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 
 
𝑠𝑖𝑔𝑛𝑎𝑡𝑢𝑟𝑒 𝑎𝑛𝑑 𝑖𝑡 𝑖𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝑆𝑖𝑔 𝑓. 
 
 

𝐿𝑒𝑡 𝑓 = 𝑓 = (
2 

2     3     4     5 
4     1     3     6 

 

5
) 

 

𝐻𝑒𝑟𝑒 𝑡ℎ𝑒 𝑖𝑣𝑒𝑟𝑠𝑖𝑜𝑛 𝑝𝑎𝑖𝑟𝑠 𝑎𝑟𝑒 (1 3), (2 3), (2 4), (5 6)𝑠𝑜 𝑆𝑖𝑔 𝑓 = 4 
 
 

𝑰𝒏𝒗𝒆𝒓𝒔𝒆 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏: 𝐼𝑓 𝑓 = ( 𝑏1 𝑏2 … 

𝑎𝑛
) 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑡ℎ𝑒𝑛 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 

𝑛 
 
 

𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑓 𝑖𝑠 𝑓−1 = (𝑎
1 𝑎2 … 

𝑏𝑛) ℎ𝑒𝑟𝑒 𝑓−1 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒. 
𝑛 

 

∴ 𝑓𝑓−1 = 𝑓−1𝑓 = 𝐼 
 

𝑬𝒙: 𝑰𝒇 𝒇 = (𝟐 𝟑 𝟒 𝟏) 𝒐𝒇 𝒅𝒆𝒈𝒓𝒆𝒆 𝟓 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝒇−𝟏 

 

𝑺𝒐𝒍: 𝑓 = (2 3 4 1) ⟹ 𝑓−1 = (1 4 3 2) 
 
𝟐. 𝑾𝒓𝒊𝒕𝒆 𝒅𝒐𝒘𝒏 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏𝒔 
 
 

(𝑖) 𝑓 = (
5 

2     3     4 
3     4     2 

 

1
) (𝑖𝑖) = (

2 
2     3 
4     1 

 

3
) 

 
 

: (𝑖) 𝑓 = (
5 

2     3     4 
3     4     2 

 

1
) ⟹ 𝑓−1 = (

1 
3     4     2 
2     3     4 

 

5
) = (

5 
2     3     4 
4     2     3 

 

1
) 

 
 

(𝑖𝑖) 𝑔 = (
2 

2     3 
4     1 

 

3
) ⟹ 𝑔−1 = (

4 
4     1 
2     3 

 

1
) = (

3 
2     3 
4     1 

 

2
) 

 

𝟑. 𝑬𝒙𝒑𝒓𝒆𝒔𝒔 𝒕𝒉𝒆 𝒑𝒓𝒐𝒅𝒖𝒄𝒕 (𝟐 𝟓 𝟒)(𝟏 𝟒 𝟑)(𝟐 𝟏)𝒂𝒔 𝒂 𝒑𝒓𝒐𝒅𝒖𝒄𝒕 𝒐𝒇 𝒅𝒊𝒔𝒋𝒐𝒊𝒏𝒕 𝒄𝒚𝒄𝒍𝒆𝒔 
 
𝒂𝒏𝒅 𝒇𝒊𝒏𝒅 𝒊𝒕𝒔 𝒊𝒏𝒗𝒆𝒓𝒔𝒆.



1 5 

1 5 

𝟏 𝟔 

1 6 

1 2 

1 3 

1 5 
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𝑺𝒐𝒍: 𝐺𝑖𝑣𝑒𝑛 (2 5 4)(1 4 3)(2 1) = (
5 

2     3     4 
2     1     3 

 

4
) = (1 5 4 3)(2) 

 
 

⟹ 𝑓−1 = (3 4 5 1) = (
3 

2     3     4 
2     4     5 

 

1
) 

 
 

𝟒. 𝑬𝒙𝒑𝒓𝒆𝒔𝒔 𝒕𝒉𝒆 𝒇 = (
𝟑 

𝟐     𝟑     𝟒     𝟓 
𝟏     𝟐     𝟒     𝟔 

 

𝟓
) 𝒂𝒔 𝒂 𝒑𝒓𝒐𝒅𝒖𝒄𝒕 𝒐𝒇 𝒕𝒓𝒂𝒏𝒔𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏𝒔. 

 
 

: (𝑖)𝑓 = (
3 

2     3     4     5 
1     2     4     6 

 

5
) = (1 3 2)(5 6) = (1 3)(1 2)(5 6) 

 

(𝑖𝑖)𝑓 = (1 2 3 4 5 6) = (1 6)(1 5)(1 4)(1 3)(1 2) 
 
 
 

𝑬𝒗𝒆𝒏 𝒂𝒏𝒅 𝒐𝒅𝒅 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏: 𝐴 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑓 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑒𝑣𝑒𝑛 (𝑜𝑑𝑑) 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑓 
 

𝑡ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑎𝑟𝑒 𝑒𝑣𝑒𝑛(𝑜𝑑𝑑) . 
 

𝑬𝒙: 𝐿𝑒𝑡 𝑓 = (1 2 3 4 5 6 7) = (1 2)(1 3)(1 4)(1 5)(1 6)(1 7) = 6 (𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛) 
 
𝐸𝑣𝑒𝑛 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 = 𝐸𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 
 

𝑵𝒐𝒕𝒆: 𝟏. 𝐴 𝑐𝑦𝑐𝑙𝑒 𝑜𝑓 𝑙𝑒𝑛𝑔𝑡ℎ 𝑛 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑒𝑣𝑒𝑛 𝑝𝑒𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛(𝑜𝑑𝑑) 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑(𝑒𝑣𝑒𝑛) 
 

: () 3 − 𝑐𝑦𝑐𝑙𝑒 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑝𝑒𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖. 𝑒. 𝑓 = (1 2 3 ) = (1 2)(1 3) 
 
= 𝐸𝑣𝑒𝑛 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 
 

(𝑖𝑖) 4 − 𝑐𝑦𝑐𝑙𝑒 𝑖𝑠 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. 𝑖. 𝑒. 𝑓 = (1 2 3 4) = (1 2)(1 3)(1 4) 
 
= 𝑜𝑑𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 
 

2. 𝐸𝑣𝑒𝑟𝑦 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. : (2 4), (5 6) 𝑎𝑟𝑒 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. 
 
3. 𝑇ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝐼 𝑐𝑎𝑛 𝑏𝑒 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑒𝑑 
 

𝑎𝑠 𝑎 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 2 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛. : (1 2)(2 1) = (
1 2

), 

 

(1 2)(2 1)(3 1)(1 3) = (
1 

2 
2 

 

3
) 

 

4. 𝑇ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡𝑤𝑜 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛. 𝐸𝑥: (12)(3 4) 
 
5. 𝑇ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡𝑤𝑜 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛. 
 
 

𝑬𝒙: 𝑓 = (1 2 3),  = (3 4 5) 𝑡ℎ𝑒𝑛 𝑓𝑔 = (
2 

2     3     4 
3     4     5 

 

1
) = (1 2 3 4 5)



1 7 

1 8 

1 5 

  𝑎 𝑎 … 𝑎         𝑏 𝑏 … 
𝑐 

  𝑎 𝑎 … 
𝑐 𝑛 

       𝑎 𝑎 … 𝑎         𝑏 𝑏 … 
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6. 𝑇ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑒𝑣𝑒𝑛 𝑎𝑛𝑑 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑜𝑑𝑑. 
 

𝑬𝒙: 𝑓 = (1 2 3) → 𝑒𝑣𝑒𝑛 𝑎𝑛𝑑 𝑔 = (1 2 3 4) → 𝑜𝑑𝑑 
 

𝑡ℎ𝑒𝑛 𝑓𝑔 = (1 2 3)(1 2 3 4) = (1 3 4 2) → 𝑜𝑑𝑑 
 
7. 𝑇ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑜𝑑𝑑 
 
8. 𝑇ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛 
 
𝟏. 𝑬𝒙𝒂𝒎𝒊𝒏𝒆 𝒘𝒆𝒂𝒕𝒉𝒆𝒓 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒂𝒓𝒆 𝒆𝒗𝒆𝒏 𝒐𝒓 𝒐𝒅𝒅? 
 
 

(𝑖) 𝑓 = (
3 

2     3     4     5     6 
2     4     5     6     7 

 

1
) = (1 3 4 5 6 7) = (1 7)(1 6)(1 5)(1 4)(1 3) 

 

= 5 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 
 
∴ 𝑓 𝑖𝑠 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. 
 
 

(𝑖𝑖) 𝑓 = (
7 

2     3     4     5     6     7 
3     1     8     5     6     2 

 

4
) = (1 7 2 3)(4 8) = (1 7)(1 2)(1 3)(4 8) 

 

= 4 𝑡𝑟𝑎𝑛𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 ∴ 𝑓 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. 
 
 

(𝑖𝑖𝑖) 𝑓 = (1 2 3 4 5)(1 2 3)(4 5) = (
3 

2     3     4 
4     2     1 

 

5
) = (1 3 2 4) = (1 4)(1 2)(1 3) 

 

= 3 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 ∴ 𝑓 𝑖𝑠 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 
 
𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟏: 𝑳𝒆𝒕 𝑺𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒔𝒆𝒕 𝒐𝒇 𝒅𝒆𝒈𝒓𝒆𝒆 𝒏 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓 𝒏! 𝒇𝒐𝒓𝒎 𝒂 𝒇𝒊𝒏𝒊𝒕𝒆 
 

𝒈𝒓𝒐𝒖𝒑 𝒖𝒏𝒅𝒆𝒓 𝒑𝒓𝒐𝒅𝒖𝒄𝒕 𝒐𝒇 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏. 𝑰𝒇 𝒏 ≤ 𝟐 𝒕𝒉𝒆𝒏 𝑺𝒏𝒊𝒔 𝒂𝒃𝒆𝒍𝒊𝒂𝒏 𝒈𝒓𝒐𝒖𝒑 𝒂𝒏𝒅 
 

𝒊𝒇𝒏 ≥ 𝟑 𝒕𝒉𝒆𝒏 𝑺𝒏 𝒊𝒔 𝒏𝒐𝒏 − 𝒂𝒃𝒆𝒍𝒊𝒂𝒏 𝒈𝒓𝒐𝒖𝒑. 
 

𝑷𝒓𝒐𝒐𝒇: 𝐿𝑒𝑡 𝑆 = {𝑎1, 𝑎2, … } 𝑏𝑒 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑒𝑡 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑛 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 
 

∴ 𝑆𝑛 = {𝑓⁄𝑓 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛} 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑆𝑛 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. 
 
 

(𝒊)𝑪𝒍𝒐𝒔𝒖𝒓𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝑓 = (𝑏1 𝑏2 … 𝑏𝑛
) 𝑎𝑛𝑑 𝑔 = (

𝑐1 𝑐2 … 

𝑏𝑛) 𝑏𝑒 𝑡𝑤𝑜 
𝑛 

 

 

𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 𝑡ℎ𝑒𝑛 𝑔𝑜𝑓 = (𝑐1 𝑐2 … 

𝑎𝑛) ∈ 𝑆 
𝑛 

 
 

(𝒊𝒊)𝑨𝒔𝒔𝒐𝒄𝒊𝒂𝒕𝒊𝒗𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝑓 = (𝑏1 𝑏2 … 𝑏𝑛
) 𝑎𝑛𝑑 𝑔 = ( 

1 𝑐2 … 

𝑏𝑛), 
𝑛



      𝑐 𝑐 … 
𝑑 

       𝑎 𝑎 …    𝑎 𝑎 𝑎 … 𝑎  

       𝑎 𝑎 … 
𝑎 

       𝑎 𝑎 … 
𝑏  

  𝑎 𝑎 … 
 

𝑎    𝑎 𝑎 … 
𝑏 

       𝑎 𝑎 … 
𝑎 

1 2 3 … 
 𝑔 =   

1 2 3 … 𝑛 1 2 3 … 𝑛 
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ℎ = (𝑑1 𝑑2 … 

𝑐𝑛 
) 𝑏𝑒 𝑡ℎ𝑟𝑒𝑒 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 

𝑛 

 

𝑁𝑜𝑤 ℎ(𝑔𝑜𝑓) = (𝑑1 𝑑2 … 𝑑𝑛
) 𝑎𝑛𝑑 (ℎ𝑜𝑔)𝑜𝑓 = (𝑑1 𝑑2 … 𝑑𝑛

) 

 

∴ ℎ𝑜(𝑔𝑜𝑓) = (ℎ𝑜𝑔)𝑜𝑓 
 

(𝒊𝒊𝒊)𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏: 𝐿𝑒𝑡 𝐼 = (𝑎1 𝑎2 … 

 
 𝑎𝑛) 𝑏𝑒 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 

𝑛 
 

 

𝐿𝑒𝑡𝑓 = (𝑏1 𝑏2 … 

𝑎𝑛
) 𝑏𝑒 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑆 

𝑛 
 

 

𝑓𝑜𝐼 = (𝑏1 𝑏2 … 

𝑎𝑛         𝑎1 𝑎2 … 
𝑏𝑛         𝑎1 𝑎2 … 

 

𝑎𝑛
) = (𝑏1 𝑏2 … 

𝑎𝑛
) = 𝑓 

𝑛 
 

 

𝑎𝑙𝑠𝑜 𝐼𝑜𝑓 = 𝑓 ∴ 𝐼 = (𝑎1 𝑎2 … 

𝑎𝑛
) 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛. 

𝑛 
 

(𝒊𝒗)𝑰𝒏𝒗𝒆𝒓𝒔𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡𝑓 ∈ 𝑆𝑛 ⟹ 𝑓 𝑖𝑠 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 ⟹ 𝑓−1 𝑖𝑠 𝑏𝑖𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑠𝑜𝑓−1 ∈ 𝑆𝑛 

 
𝑓𝑜𝑓−1 = 𝐼 𝑜𝑟 𝑓−1𝑜𝑓 = 𝐼 
 

∴ 𝑓−1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑓 
 
𝐸𝑣𝑒𝑟𝑦 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑛𝑆𝑛 ℎ𝑎𝑠 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑎𝑏𝑙𝑒 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 ∴ 𝑆𝑛 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑛! 
 

𝐼𝑓 𝑛 = 1 𝑡ℎ𝑒𝑛 (𝑆𝑛) = 1! = 1 
 

𝑖. 𝑒. 𝐸𝑣𝑒𝑟𝑦 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 1 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑎𝑏𝑒𝑙𝑖𝑎𝑛. 
 

𝐼𝑓 𝑛 = 2 𝑡ℎ𝑒𝑛 (𝑆𝑛) = 2! = 2 
 

∴ 𝐸𝑣𝑒𝑟𝑦 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 2 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 
 
 

𝐼𝑓 𝑛 ≥ 3
 
𝑡ℎ𝑒𝑛

 
𝑓 = (

2 3 4 … 
𝑛 − 1 𝑛                1 2 3 …     𝑛 − 1 𝑛 
𝑛        1                 2 1 3 …     𝑛 − 1 𝑛 

 

𝑓𝑔 = (
3 2 4 … 1

) 𝑎𝑛𝑑 𝑔𝑓 = (
1 3 4 … 2

) 

 

∴ 𝑓𝑔 ≠ 𝑔𝑓 ⟹ 𝑆𝑛 𝑖𝑠 𝑛𝑜𝑛 − 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝 𝑖𝑓 𝑛 ≥ 3 
 
 
 
 
 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟐: 𝑳𝒆𝒕 𝑺𝒏 𝒃𝒆 𝒂 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒅𝒆𝒈𝒓𝒆𝒆 𝒏 𝒕𝒉𝒆𝒏 𝒐𝒇 𝒏! 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒊𝒏
𝒏!



𝟐 

𝑗  𝑗  

𝑗  

2 

2 

2 
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𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒂𝒓𝒆 𝒆𝒗𝒆𝒏 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 
𝒏! 

𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒂𝒓𝒆 𝒐𝒅𝒅 𝒑𝒆𝒓𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒅𝒆𝒈𝒓𝒆𝒆 𝒏. 
 

𝑷𝒓𝒐𝒐𝒇: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑆𝑛 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑛! 
 

𝑖. 𝑒. 𝑆𝑛 = {𝑒1, 2, … 𝑒𝑝, 𝑜1, 𝑜2, … 𝑜𝑞} 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛 
 

( 𝑆𝑛) = 𝑛! ℎ𝑒𝑟𝑒 𝑒1, 𝑒2, … 𝑒𝑝 𝑎𝑟𝑒 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛. 
 

𝑎𝑛𝑑 𝑜1, 2, … 𝑜𝑞 𝑎𝑟𝑒 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛. 
 
∴ 𝑝 + 𝑞 = 𝑛!  
 
𝑆𝑖𝑛𝑐𝑒 𝑒𝑣𝑒𝑟𝑦 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑆𝑛 𝑖𝑠 𝑒𝑖𝑡ℎ𝑒𝑟 𝑒𝑣𝑒𝑛 𝑜𝑟 𝑜𝑑𝑑 𝑏𝑢𝑡 𝑛𝑜𝑡 𝑏𝑜𝑡ℎ. 
 

𝐿𝑒𝑡 𝑡 ∈ 𝑆𝑛 𝑤ℎ𝑟𝑒 𝑡 𝑖𝑠 𝑎 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛. 
 

𝑆𝑖𝑛𝑐𝑒 𝑆𝑛 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑔𝑟𝑜𝑢𝑝. 
 

𝐵𝑦 𝑐𝑙𝑜𝑠𝑢𝑟𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦: 𝑡𝑒1, 𝑡𝑒2, … 𝑡𝑒𝑝, 𝑡𝑜1, 𝑡𝑜2, … 𝑡𝑜𝑞 ∈ 𝑆𝑛 

 
𝑆𝑖𝑛𝑐𝑒 𝑡 𝑖𝑠 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑒1, 2, … 𝑒𝑝 𝑎𝑟𝑒 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 
 
∴ 𝑡𝑒1, 𝑡𝑒2, … 𝑡𝑒𝑝 𝑎𝑟𝑒 𝑝 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠. 
 

𝐼𝑓 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑠𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡 𝑡𝑒𝑖 = 𝑡𝑒 ⟹ 𝑒𝑖 = 𝑒 
 
𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑢𝑐𝑡 𝑡𝑜 𝑝 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 ∴ 𝑡𝑒𝑖 ≠ 𝑡𝑒 
 
∴ 𝑡𝑒1, 𝑡𝑒2, … 𝑡𝑒𝑝 𝑎𝑟𝑒 𝑝 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 
 

∴ 𝑝 ≤ 𝑞 → (1) (∵ 𝑆𝑛 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑒𝑥𝑎𝑐𝑡𝑙𝑦 𝑞 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠) 
 

𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦 𝑤𝑒 𝑐𝑎𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑡𝑜1, 𝑡𝑜2, …  𝑎𝑟𝑒 𝑞 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 
 

∴ 𝑞 ≤ 𝑝 → (2) (∵ 𝑆𝑛 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑒𝑥𝑎𝑐𝑡𝑙𝑦 𝑝 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠) 
 

𝐹𝑟𝑜𝑚 (1) (2) 𝑝 = 𝑞 
 

𝑆𝑖𝑛𝑐𝑒 𝑝 + 𝑞 = 𝑛! ⟹ 𝑝 + 𝑝 = 𝑛! ⟹ 2𝑝 = 𝑛! ⟹ 𝑝 = 
𝑛! 

 

⟹ 𝑝 = 𝑞 = 
𝑛! 

 

∴ 𝑞 = 
𝑛!
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∴ 𝐸𝑣𝑒𝑟𝑦 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑖𝑜𝑛 𝑔𝑟𝑜𝑢𝑝 𝑆𝑛 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 
𝑛! 

𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑛𝑑 
𝑛! 

𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 
 

𝑨𝒍𝒕𝒆𝒓𝒏𝒂𝒕𝒊𝒏𝒈 𝒔𝒆𝒕: 𝐿𝑒𝑡 𝑆𝑛 𝑏𝑒 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑛!. 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 
 

𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑠 𝑎𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑛𝑔 𝑠𝑒𝑡 𝑎𝑛𝑑 𝑖𝑡 𝑖𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝐴𝑛 

 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟑: 𝑻𝒉𝒆 𝒂𝒍𝒕𝒆𝒓𝒏𝒂𝒕𝒊𝒏𝒈 𝒔𝒆𝒕 𝑨𝒏 𝒇𝒐𝒓𝒎 𝒂 𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓 
𝒏! 

𝒖𝒏𝒅𝒆𝒓 𝒑𝒓𝒐𝒅𝒖𝒄𝒕 𝒐𝒇 
 

𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏. 
 

𝑷𝒓𝒐𝒐𝒇: 𝐴𝑛 = {𝑓⁄𝑓 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛} 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐴𝑛 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. 
 

(𝒊)𝑪𝒍𝒐𝒔𝒖𝒓𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝑓, 𝑔 ∈ 𝐴𝑛 ⟹ 𝑓𝑎𝑛𝑑 𝑔 𝑎𝑟𝑒 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 
 

. 𝑇ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡𝑤𝑜 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. ∴ 𝑓𝑔 ∈ 𝐴𝑛 

 

(𝒊𝒊)𝑨𝒔𝒔𝒐𝒄𝒊𝒂𝒕𝒊𝒗𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝑆𝑖𝑛𝑐𝑒 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 
 

𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒. 𝑖. 𝑒. (𝑓𝑜𝑔)𝑜ℎ = 𝑓𝑜(𝑔𝑜ℎ) ∀𝑓, 𝑔, ℎ ∈ 𝐴𝑛 

 

(𝒊𝒊𝒊)𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝐼 ∈ 𝐴𝑛 ⟹ 𝐼 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. 
 

𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝑒𝑣𝑒𝑟𝑦 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. 
 
𝐿𝑒𝑡 𝑓 ∈ 𝐴𝑛 ⟹ 𝑓 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 ∴ 𝑓𝑜𝐼 = 𝑓 = 𝐼𝑜𝑓 
 

(𝒊𝒗)𝑰𝒏𝒗𝒆𝒓𝒔𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝑓 ∈ 𝐴𝑛 ⟹ 𝑓 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 
 

𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. ∴ 𝑓−1 ∈ 𝐴𝑛 

 
∴ 𝑓𝑜𝑓−1 = 𝐼 = 𝑓−1𝑜𝑓 ∀𝑓 ∈ 𝐴𝑛 

 

∴ 𝑇ℎ𝑒 𝑎𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑛𝑔 𝑠𝑒𝑡 𝐴𝑛 𝑓𝑜𝑟𝑚 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟
𝑛! 

𝑢𝑛𝑑𝑒𝑟 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 
 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟒: 𝑻𝒉𝒆 𝒂𝒍𝒕𝒆𝒓𝒏𝒂𝒕𝒊𝒏𝒈 𝒈𝒓𝒐𝒖𝒑 𝑨𝒏 𝒊𝒔 𝒂 𝒏𝒐𝒓𝒎𝒂𝒍 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑺𝒏 

 

𝒑𝒓𝒐𝒐𝒇: 𝑆𝑛 = {𝑓⁄𝑓 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛} 𝑖𝑠 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑛! 
 

𝐴𝑛 = {𝑓⁄𝑓 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛} 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 
𝑛! 

 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐴𝑛 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑆𝑛 

 

(𝑖)𝐴𝑛 ≠ 𝜙, 𝐴𝑛 ⊆ 𝑆𝑛 (𝑖𝑖) 𝐿𝑒𝑡 𝑓, 𝑔 ∈ 𝐴𝑛 ⟹ 𝑓 𝑎𝑛𝑑 𝑔 𝑎𝑟𝑒 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛
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⟹ 𝑓, −1 ∈ 𝐴𝑛 ⟹ 𝑓𝑔−1 ∈ 𝐴𝑛 ∴ 𝐴𝑛 𝑖𝑠 𝑎 𝑠𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑆𝑛 

 

(𝑖𝑖𝑖)𝐿𝑒𝑡𝑓 ∈ 𝑆𝑛 𝑎𝑛𝑑 𝑔 ∈ 𝐴𝑛 𝑠𝑖𝑛𝑐𝑒 𝑓 ∈ 𝑆𝑛 ⟹ 𝑓 𝑖𝑠 𝑒𝑖𝑡ℎ𝑒𝑟 𝑒𝑣𝑒𝑛 𝑜𝑟 𝑜𝑑𝑑 
 

𝑪𝒂𝒔𝒆(𝒊)𝐼𝑓 𝑓 𝑖𝑠 𝑒𝑣𝑒𝑛 
 

𝑆𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑒𝑣𝑒𝑛 ⟹ 𝑓−1𝑖𝑠 𝑎𝑙𝑠𝑜 𝑒𝑣𝑒𝑛. 𝑓 𝑖𝑠 𝑒𝑣𝑒𝑛,  𝑖𝑠 𝑒𝑣𝑒𝑛 ⟹ 𝑓𝑔 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑒𝑣𝑒𝑛 
 

∴ 𝑓𝑔 𝑖𝑠 𝑒𝑣𝑒𝑛, −1𝑖𝑠 𝑒𝑣𝑒𝑛 ⟹ 𝑓𝑔𝑓−1 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑒𝑣𝑒𝑛 ∴ 𝑓𝑔𝑓−1 ∈ 𝐴𝑛 

 
𝑪𝒂𝒔𝒆(𝒊𝒊)𝐼𝑓 𝑓 𝑖𝑠 𝑜𝑑𝑑 
 

𝑆𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑜𝑑𝑑 ⟹ 𝑓−1𝑖𝑠 𝑎𝑙𝑠𝑜 𝑜𝑑𝑑. 𝑓 𝑖𝑠 𝑜𝑑𝑑, 𝑔 𝑖𝑠 𝑒𝑣𝑒𝑛 ⟹ 𝑓𝑔 𝑖𝑠 𝑜𝑑𝑑 
 

∴ 𝑓𝑔 𝑖𝑠 𝑜𝑑𝑑, −1𝑖𝑠 𝑜𝑑𝑑 ⟹ 𝑓𝑔𝑓 −1 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑒𝑣𝑒𝑛 ∴ 𝑓𝑔𝑓−1 ∈ 𝐴𝑛 

 
∀𝑓 ∈ 𝑆𝑛 , ∀𝑔 ∈ 𝐴𝑛 ⟹ 𝑓𝑔𝑓−1 ∈ 𝐴𝑛 

 
∴ 𝐴𝑛 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑆𝑛 

 
𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟓: 𝑭𝒐𝒓 𝒂𝒏𝒚 𝒏 > 1 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑖𝑜𝑛 𝑖𝑛 𝑺𝒏 𝒊𝒔 𝒂 𝒏𝒐𝒓𝒎𝒂𝒍 
 

𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝑺𝒏 𝒂𝒏𝒅 𝒐𝒓𝒅𝒆𝒓 𝒐𝒇 𝑨𝒏 𝒊𝒔
𝒏! 

𝒂𝒏𝒅 𝒕𝒉𝒆 𝒊𝒏𝒅𝒆𝒙 𝒐𝒇 𝑨𝒏 𝒊𝒏 𝑺𝒏 𝒊𝒔 𝟐 
 

𝑷𝒓𝒐𝒐𝒇: 𝐿𝑒𝑡 𝑛 > 1 𝑎𝑛𝑑 𝐴𝑛 = {𝑓 ∈ 𝑆𝑛⁄𝑓 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛} 
 

𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝐺 = {1, −1} 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 1 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑜𝑓 𝐺. 
 
 

𝐷𝑒𝑓𝑖𝑛𝑒 𝜙: 𝑆𝑛 → 𝐺 𝑏𝑦 (𝑓) = {
−1, 

𝑖𝑓 𝑓 𝑖𝑠 𝑒𝑣𝑒𝑛 
𝑖𝑓 𝑓 𝑖𝑠 𝑜𝑑𝑑 

 
𝑤𝑒 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝜙: 𝑆𝑛 → 𝐺 𝑖𝑠 𝑜𝑛 − 𝑡𝑜 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑤𝑖𝑡ℎ 𝐴𝑛 𝑎𝑠 𝑘𝑒𝑟𝑛𝑒𝑙 
 

𝑪𝒂𝒔𝒆(𝒊) 𝐿𝑒𝑡 𝑓, 𝑔 𝑎𝑟𝑒 𝑒𝑣𝑒𝑛 ⟹ 𝑓𝑔 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑒𝑣𝑒𝑛 
 

∴ (𝑓) = 1, (𝑔) = 1, (𝑓𝑔) = 1 
 

(𝑓)(𝑔) = 1.1 = 1 = (𝑓𝑔) 
 

𝑪𝒂𝒔𝒆(𝒊𝒊) 𝐿𝑒𝑡 𝑓, 𝑔 𝑎𝑟𝑒 𝑜𝑑𝑑 ⟹ 𝑓𝑔 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑒𝑣𝑒𝑛 
 

∴ (𝑓) = −1, (𝑔) = −1, 𝜙(𝑓𝑔) = 1 
 

(𝑓)(𝑔) = (−1)(−1) = 1 = 𝜙(𝑓𝑔) 
 

𝑪𝒂𝒔𝒆(𝒊𝒊𝒊) 𝐿𝑒𝑡 𝑓 𝑖𝑠 𝑒𝑣𝑒𝑛, 𝑔 𝑎𝑟𝑒 𝑜𝑑𝑑 ⟹ 𝑓𝑔 𝑖𝑠 𝑜𝑑𝑑 
 

∴ (𝑓) = 1, (𝑔) = −1, (𝑓𝑔) = −1



𝑎 𝑎 

 

𝑆 𝑆 𝑆   

𝐴 ( ) 2 2 

  

𝑓 

101 
 
 

(𝑓)(𝑔) = 1(−1) = −1 = (𝑓𝑔) 
 

𝑪𝒂𝒔𝒆(𝒊𝒗) 𝐿𝑒𝑡 𝑓𝑖𝑠 𝑜𝑑𝑑, 𝑔 𝑖𝑠 𝑒𝑣𝑒𝑛 ⟹ 𝑓𝑔 𝑖𝑠 𝑜𝑑𝑑 
 

∴ (𝑓) = −1, (𝑔) = 1, 𝜙(𝑓𝑔) = −1 
 

(𝑓)(𝑔) = (−1). 1 = −1 = (𝑓𝑔) 
 

𝐼𝑛 𝑎𝑙𝑙 𝑎𝑏𝑜𝑣𝑒 𝑐𝑎𝑠𝑒𝑠 𝜙(𝑓𝑔) = 𝜙(𝑓)𝜙(𝑔) ⟹ 𝜙 𝑖𝑠 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 
 

𝑆𝑖𝑛𝑐𝑒 𝑛 > 1, ℎ𝑒 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 (1 2) 𝑖𝑛 𝑆𝑛 𝑖𝑠 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 
 

(1 2) = −1 𝑇ℎ𝑖𝑠 𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝜙 𝑖𝑠 𝑜𝑛 − 𝑡𝑜 
 

𝑘𝑒𝑟𝜙 = {𝑓 ∈ 𝑆𝑛⁄𝜙(𝑓) = 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐺} 
 

= {𝑓 ∈ 𝑆𝑛⁄(𝑓) = 1} 
 

= {𝑓 ∈ 𝑆𝑛⁄𝑓 𝑖𝑠 𝑒𝑣𝑒𝑛} 
 

= 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 
 
= 𝐴𝑛 

 

𝐵𝑦 𝑓𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑜𝑓 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚,
ker 𝜙 

≅ 𝐺 ⟹ 
𝐴𝑛 

≅ 𝐺 ⟹ 𝑜 (
𝐴𝑛

) = 𝑜(𝐺) 

 

⟹ 𝑜 (
 
) = 2 ⟹ 

(𝑆𝑛) 
= 2 ⟹ 𝑜(𝐴𝑛) = 

𝑜(𝑆𝑛) 
⟹ 𝑜(𝐴𝑛) = 

𝑛! 
𝑛

 𝑛 

 
 
 

𝑪𝒂𝒚𝒍𝒆𝒚′𝒔𝒕𝒉𝒆𝒐𝒓𝒆𝒎 𝟔: 𝑬𝒗𝒆𝒓𝒚 𝒇𝒊𝒏𝒊𝒕𝒆 𝒈𝒓𝒐𝒖𝒑 𝒊𝒔 𝒊𝒔𝒐𝒎𝒐𝒓𝒑𝒉𝒊𝒄 𝒕𝒐 𝒔𝒐𝒎𝒆 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒈𝒓𝒐𝒖𝒑 
 

(𝑶𝑹) 
 
𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒂 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒈𝒓𝒐𝒖𝒑 𝒊𝒔 𝒊𝒔𝒐𝒎𝒐𝒓𝒑𝒉𝒊𝒄 𝒕𝒐 𝒂 𝒈𝒓𝒐𝒖𝒑 𝒐𝒏 𝒔𝒖𝒊𝒕𝒂𝒃𝒍𝒆 𝒇𝒊𝒏𝒊𝒕𝒆 𝒔𝒆𝒕 
 
𝑷𝒓𝒐𝒐𝒇: 𝐿𝑒𝑡 𝐺 𝑏𝑒 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 𝑎 ∈ 𝐺. 
 

𝐷𝑒𝑓𝑖𝑛𝑒 𝑓 : 𝐺 → 𝐺 𝑏𝑦 𝑓 (𝑥) = 𝑎𝑥 ∀𝑥 ∈ 𝐺 

(𝒊) 𝒇𝒂 𝒊𝒔 𝒘𝒆𝒍𝒍 − 𝒅𝒆𝒇𝒊𝒏𝒆 𝒂𝒏𝒅 𝒐𝒏𝒆 − 𝒐𝒏𝒆: 𝐺 𝐺 
 

𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝐺 ⟹ 𝑥 = 𝑦 
 
𝑠𝑖𝑛𝑐𝑒 𝑥 = 𝑦 ⟺ 𝑎𝑥 = 𝑎𝑦 ∀𝑎 ∈ 𝐺 

 

𝑥 
𝑎 𝑎𝑥 

 

⟺ 𝑓 (𝑥) = 𝑓 (𝑦)



𝑎 

 

 

  

 

  

         

 

 

      

        

     

𝑓 

𝑓 

𝑓 𝑓 

𝑎 𝑏 𝑐 

𝑒 

102 
 
 

∴ 𝑓 𝑖𝑠 𝑤𝑒𝑙𝑙 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑛𝑑 𝑜𝑛𝑒 − 𝑜𝑛𝑒 
 

(𝒊𝒊)𝒇𝒂 𝒊𝒔 𝒐𝒏 − 𝒕𝒐: 
 

𝐿𝑒𝑡 𝑦 ∈ 𝐺 (𝑐𝑜 − 𝑑𝑜𝑚𝑎𝑖𝑛) 
 

𝑠𝑖𝑛𝑐𝑒 𝑎 ∈ 𝐺, 𝑦 ∈ 𝐺 ⟹ 𝑎−1𝑦 ∈ 𝐺 
 

∴ 𝑓 (𝑎−1𝑦) = (𝑎−1𝑦) = 𝑦 
 

∀𝑦 ∈ 𝐺 𝑠𝑜 ∃ 𝑎−1𝑦 ∈ 𝐺 ∋ 𝑓 (𝑎−1𝑦) = 𝑦 
 
∴ 𝑓 𝑖𝑠 𝑜𝑛 − 𝑡𝑜 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. 
 

𝑊𝑟𝑖𝑡𝑒 𝐺1 = {𝑓 ∈ 𝐺⁄𝑎 ∈ 𝐺} 
 
= 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝐺 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑡𝑜 𝑒𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐺1 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛. 
 

(𝒊)𝑪𝒍𝒐𝒔𝒖𝒓𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿  , 𝑓 ∈ 𝐺1 

 

𝑠𝑖𝑛𝑐𝑒 𝑎, 𝑏 ∈ 𝐺 𝑎𝑛𝑑 𝑥 ∈ 𝐺 
 

𝑓 𝑓 (𝑥) = 𝑓 [𝑓 (𝑥)] 
 

= 𝑓 (𝑏𝑥) 
 

= 𝑎(𝑏𝑥) 
 

= (𝑎𝑏)𝑥 
 

= 𝑓 (𝑥) ∈ 𝐺1 
 

∴ 𝑓 𝑓 (𝑥) = 𝑓 (𝑥) ∈ 𝐺1 ⟹ 𝑓 𝑓 = 𝑓 𝑏 ∈ 𝐺1 ⟶ (1) 
 

(𝒊𝒊)𝑨𝒔𝒔𝒐𝒄𝒊𝒂𝒕𝒊𝒗𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿  , 𝑓 , 𝑓 ∈ 𝐺1 

 

𝑁𝑜𝑤 (𝑓 𝑓 )𝑓 = (𝑓 𝑏)𝑓 
 

= (𝑎𝑏)𝑐 

 
= 𝑎(𝑏𝑐) 

 
= 𝑎( 𝑏𝑐) 

 

= 𝑓 (𝑓 𝑓 ) 
 

(𝒊𝒊𝒊)𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝑠𝑖𝑛𝑐𝑒 𝑒 ∈ 𝐺 ⟹ 𝑓 ∈ 𝐺1



𝑎 𝑎 𝑒 𝑎 𝑎 

𝑒 𝑎 𝑒 𝑎 

𝑎 

    

 

  

  

 

  

 

 

  

𝑓 

𝑓 

𝑓 

103 
 
 

𝐿𝑒𝑡𝑓 ∈ 𝐺1 𝑁𝑜𝑤 𝑓 𝑓 = 𝑓 𝑒 = 𝑓 
 

𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦 𝑓 𝑓 = 𝑓 𝑎 = 𝑓 
 

(𝒊𝒗)𝑰𝒏𝒗𝒆𝒓𝒔𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚: 𝐿𝑒𝑡 𝑓 ∈ 𝐺1 ⟹ 𝑎 ∈ 𝐺 ⟹ 𝑎−1 ∈ 𝐺 ⟹ 𝑓𝑎−1 ∈ 𝐺1 

 

𝑁𝑜𝑤 𝑓 𝑓𝑎−1 = 𝑓𝑎𝑎−1 = 𝑓 𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦 𝑓𝑎−1 𝑓 = 𝑓𝑎−1𝑎 = 𝑓 

𝐺1 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑔𝑟𝑜𝑢𝑝. 
𝐺 

 

𝐺1 

𝐷𝑒𝑓𝑖𝑛𝑒 𝜙: 𝐺 → 𝐺1 𝑏𝑦 (𝑎) = 𝑓 ∀𝑎 ∈ 𝐺 𝑎 
𝜙 

𝑎 

 

(𝒊)𝝓 𝒊𝒔 𝒘𝒆𝒍𝒍 𝒅𝒆𝒇𝒊𝒏𝒆 𝒂𝒏𝒅 𝒐𝒏𝒆 − 𝒐𝒏𝒆: 𝑏 𝑏 

 

𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎 = 𝑏 𝑐 𝑐 

 
𝑠𝑖𝑛𝑐𝑒 𝑎 = 𝑏 ⟺ 𝑎𝑥 = 𝑏𝑥 ∀𝑥 ∈ 𝐺 
 

⟺ 𝑓 (𝑥) = 𝑓 (𝑥) 
 

⟺ 𝑓 = 𝑓 
 

⟺ 𝜙(𝑎) = 𝜙(𝑏) 

(𝒊𝒊)𝝓 𝒊𝒔 𝒉𝒐𝒎𝒐: 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝐺 ⟹ 𝑎𝑏 ∈ 𝐺 
 

𝑁𝑜𝑤 𝜙(𝑎𝑏) = 𝑓 𝑏 

 
= 𝑓 𝑓 

 

= 𝜙(𝑎)𝜙(𝑏) 
 

∴ 𝜙 𝑖𝑠 ℎ𝑜𝑚𝑜 
 

(𝒊𝒊)𝝓 𝒊𝒔 𝒐𝒏 − 𝒕𝒐: 
 

𝐿𝑒𝑡 𝑓 ∈ 𝐺1 ⟹ 𝑏 ∈ 𝐺 
 

𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 𝑏 ∈ 𝐺, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝜙(𝑏) = 𝑓 
 

𝑇ℎ𝑢𝑠∀𝑓 ∈ 𝐺1 𝑠𝑜 ∃ 𝑏 ∈ 𝐺 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 (𝑏) = 𝑓 
 

∴ 𝐸𝑣𝑒𝑟𝑦 𝑓𝑖𝑛𝑖𝑡𝑒 𝑔𝑟𝑜𝑢𝑝 𝑖𝑠 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑐 𝑡𝑜 𝑠𝑜𝑚𝑒 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑔𝑟𝑜𝑢𝑝



− 

  

 

       

 
1 𝜔 1 

 
𝜔 1 𝜔 

  

1 𝜔 1 𝜔 

  

 

         

 

1 −𝑖 1 
 

1 −𝑖 1 
 

𝑖 
1 −𝑖 1 

) 

− 
1 −𝑖 1 

) 
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Problems: 
 

1.𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒈𝒓𝒐𝒖𝒑 𝒊𝒔 𝒊𝒔𝒐𝒎𝒐𝒓𝒑𝒉𝒊𝒄 𝒕𝒐 𝒕𝒉𝒆 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒗𝒆 𝒈𝒓𝒐𝒖𝒑 
 

𝑮 = {𝟏, 𝝎, 𝝎𝟐} 
 

𝑺𝒐𝒍: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐺 = {1, 𝜔, 𝜔2} 
 

𝐵𝑦 𝑢𝑠𝑖𝑛𝑔 𝐶𝑎𝑦𝑙𝑒𝑦′𝑠 𝑡ℎ𝑒𝑜𝑟𝑒𝑚, 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑓 : 𝐺 → 𝐺 𝑏𝑦 𝑓 (𝑥) = 𝑎𝑥 ∀𝑎 ∈ 𝐺 
 
𝑎𝑛𝑑 𝑥 𝑖𝑠 𝑎𝑛𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺 
 
∴ 𝑓 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 
 

𝑇ℎ𝑒 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑔𝑟𝑜𝑢𝑝 𝑖𝑠 𝐺1 = { ,  , 𝑓𝜔2} 
 
 

𝑤ℎ𝑒𝑟𝑒 𝑓 = (
1.1 

1 𝜔 𝜔2 

𝜔 𝜔2 1 

 

𝜔 
1. 𝜔 

2 

1. 𝜔2) = (
1 

 

𝜔 
𝜔 

2 

𝜔2) 𝑓 = (
𝜔. 1 

 

𝜔 
𝜔. 𝜔 

2 

𝜔. 𝜔2) = 

 
 

𝑓
𝜔2 = (

. 𝜔21 

 

𝜔 
𝜔2. 𝜔 

2 

𝜔2. 𝜔2) = (
𝜔2 

 

𝜔 
1 

2 

𝜔 
) 

 

2. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒈𝒓𝒐𝒖𝒑 𝒊𝒔 𝒊𝒔𝒐𝒎𝒐𝒓𝒑𝒉𝒊𝒄 𝒕𝒐 𝒕𝒉𝒆 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒗𝒆 𝒈𝒓𝒐𝒖𝒑 
 

𝑮 = {𝟏, −𝟏, 𝒊, −𝒊} 
 
𝑺𝒐𝒍: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡𝐺 = {1, −1, , −𝑖} 
 

𝐵𝑦 𝑢𝑠𝑖𝑛𝑔 𝐶𝑎𝑦𝑙𝑒𝑦𝑠 𝑡ℎ𝑒𝑜𝑟𝑒𝑚, 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑓 : 𝐺 → 𝐺 𝑏𝑦 𝑓 (𝑥) = 𝑎𝑥 ∀𝑎 ∈ 𝐺 
 
𝑎𝑛𝑑 𝑥 𝑖𝑠 𝑎𝑛𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺 
 
∴ 𝑓 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 
 

𝑇ℎ𝑒 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑔𝑟𝑜𝑢𝑝 𝑖𝑠 𝐺1 = { ,  1, 𝑓 , 𝑓 𝑖} 
 
 

𝑤ℎ𝑒𝑟𝑒 𝑓 = (1.1 
−1 𝑖 

1(−1)     1. 𝑖 

 

1. (−𝑖)) =
 
(

1 

 

−1     𝑖     −𝑖 
−1     𝑖     −𝑖 

 
 

𝑓 1 = (
−1.1 

−1 𝑖 
−1(−1)     −1. 𝑖 

 

−1. (−𝑖)) = (
−1 

 

−1     𝑖     −𝑖 
1       −𝑖     𝑖 

 
 

𝑓 = (𝑖. 1 
−1 𝑖 

(−1)     𝑖. 𝑖 

 

𝑖. (−𝑖)) =
 
(𝑖 

 

−1 𝑖 −𝑖 
−𝑖      −1     1 

 
 

𝑓 𝑖 =
 
(−𝑖. 1 

−1 𝑖 
−(−1)     −𝑖. 𝑖 

 

−𝑖. (−𝑖)) = (−𝑖 

 

−1 𝑖 −𝑖 
𝑖       1 −1



1 3 1 3 1 3 1 3 1 3 1 3 

 
1 3 

 
1 3 

 
1 3 

 
1 3 

 
1 3 

 
1 3 
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𝟑. 𝑭𝒊𝒏𝒅 𝑨𝟑 𝒊𝒔 𝒂 𝒏𝒐𝒓𝒎𝒂𝒍 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇𝑺𝟑 

 

𝑺𝒐𝒍: 𝐺𝑖𝑣𝑒𝑛 𝑆 = {1,2,3} 
 
 

𝑆3 = {(
1 

2 
2 

 

3
) , (

1 
2 
3 

 

2
) , (

3 
2 
2 

 

1
) , (

2 
2 
1 

 

3
) , (

2 
2 
3 

 

1
) , (

3 
2 
1 

 

2
)} 

 

𝐴3 = 𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑡𝑎𝑡𝑖𝑜𝑛 
 
 

𝑓 = (
1 

 
𝑓 = (

1 

 
𝑓 = (

3 

 
𝑓 = (

2 

 
𝑓 = (

2 

 
𝑓 = (

3 

2 
2 

 

2 
3 
 

2 
2 
 

2 
1 
 

2 
3 
 

2 
1 

 

3
) = 𝐼𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑠𝑜 𝑡ℎ𝑖𝑠 𝑖𝑠 𝑒𝑣𝑒𝑛 

 

2
) = (2 3) → 𝑇ℎ𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑠𝑜 𝑖𝑡 𝑖𝑠 𝑜𝑑𝑑 

 

1
) = (1 3 ) → 𝑜𝑑𝑑 

 

3
) = (1 2)) → 𝑜𝑑𝑑 

 

1
) = (1 2 3) = (1 2)(1 3) = 2 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑠𝑜 𝑡ℎ𝑖𝑠 𝑖𝑠 𝑒𝑣𝑒𝑛 

 

2
) = (1 3 2) = (1 3)(1 2) = 2 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑠𝑜 𝑡ℎ𝑖𝑠 𝑖𝑠 𝑒𝑣𝑒𝑛 

 

𝐴3 = {  , 𝑓 , 𝑓 } 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓𝑆3
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CYCLIC GROUPS 
 

𝑪𝒚𝒄𝒍𝒊𝒄 𝒈𝒓𝒐𝒖𝒑: 𝐿𝑒𝑡 (𝐺,⋅) 𝑏𝑒 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 𝑎 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝐺 = {𝑎𝑛⁄𝑛 ∈ ℤ} 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑠 𝑐𝑦𝑐𝑙𝑖𝑐 
 

𝑔𝑟𝑜𝑢𝑝 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 ′𝑎′𝑎𝑛𝑑 𝑖𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑏𝑦 𝐺 =< 𝑎 > 𝑜𝑟 (𝑎) 
 

𝑵𝒐𝒕𝒆: 𝑊ℎ𝑒𝑛 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑎𝑘𝑒𝑛 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛 𝐺 = {𝑛𝑎⁄𝑛 ∈ ℤ} 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 ′𝑎′ 
 

Ex: 1. 𝑃. 𝑇 𝐺 = {1, −1} 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 
 

𝑺𝒐𝒍: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐺 = {1, −1} 
 

𝐿𝑒𝑡 𝑎 = 1 
 
𝐿𝑒𝑡 𝑎 = −1 

𝑁𝑜𝑤 11 = 1, (1) ≠ −1 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑛 ∈ ℤ ⟹ 𝑎 = 1 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 
 

(− 1)1 = −1, (−1)2 = 1 ⟹ 𝑎 = −1 𝑖𝑠 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 
 
∴ 𝐺 =< −1 > ⟹ 𝐺 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 
 

2. 𝑃. 𝑇 𝐺 = {1, 𝜔, 𝜔2} 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 
 

𝑺𝒐𝒍: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐺 = {1, 𝜔, 2} 
 

𝐿𝑒𝑡 𝑎 = 1 
 
𝐿𝑒𝑡 𝑎 = 𝜔 
 

𝐿𝑒𝑡 𝑎 = 𝜔2 

𝑁𝑜𝑤 11 = 1, (1) ≠ 𝜔, 𝜔2 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑛 ∈ ℤ ⟹ 𝑎 = 1 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 
 

(𝜔 )1 = 𝜔, (𝜔)2 = 𝜔2, (𝜔)3 = 1 ⟹ 𝑎 = 𝜔 𝑖𝑠 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 
 

(𝜔2 )1 = 𝜔2, (𝜔2)2 = 𝜔, (𝜔2)3 = 1 ⟹ 𝑎 = 𝜔2 𝑖𝑠 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 
 

∴ 𝐺 =< 𝜔 > 𝑎𝑛𝑑 < 𝜔2 > ⟹ 𝐺 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 
 

3. 𝑃. 𝑇 𝐺 = {1, −1, , −𝑖} 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛. 
 

𝑺𝒐𝒍: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐺 = {1, −1, , −𝑖} 
 

𝐿𝑒𝑡 𝑎 = 1 
 
𝐿𝑒𝑡 𝑎 = −1 

𝑁𝑜𝑤 11 = 1, (1) ≠ −1, , −𝑖 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑛 ∈ ℤ ⟹ 𝑎 = 1 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 
 

(−1 )1 = −1, (−1)2 = 1, (−1)𝑛 ≠ 𝑖, −𝑖 
 
⟹ 𝑎 = −1 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 
 

𝐿𝑒𝑡 𝑎 = 𝑖 
 
𝐿𝑒𝑡 𝑎 = −𝑖 

(𝑖 )1 = 𝑖, (𝑖)2 = −1, (𝑖)3 = −𝑖, (𝑖)4 = 1 ⟹ 𝑎 = 𝑖 𝑖𝑠 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 
 

(−𝑖 )1 = −𝑖, (−𝑖)2 = −1, (−𝑖)3 = 𝑖, (−𝑖)4 = 1 
 
⟹ 𝑎 = −𝑖 𝑖𝑠 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 
 
∴ 𝐺 =< 𝑖 > 𝑎𝑛𝑑 < −𝑖 > ⟹ 𝐺 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 
 

4. 𝑃. 𝑇 𝑡ℎ𝑒 𝑛𝑡ℎ 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑢𝑛𝑖𝑡𝑦 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛.
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2𝑘𝜋𝑖 2𝜋𝑖 

𝑺𝒐𝒍: 𝐿𝑒𝑡 𝐺 = {𝑒 𝑛     ⁄𝑘 = 0,1,2, … (𝑛 − 1)} 𝑤ℎ𝑒𝑟𝑒 𝜔 = 𝑒 𝑛 𝑠𝑜 𝐺 = {1, 𝜔, 𝜔2, … 𝜔𝑛−1} 
 

𝐿𝑒𝑡 𝑎 = 𝜔 𝑁𝑜𝑤 ( )1 = 𝜔, (𝜔)2 = 𝜔2, (𝜔)3 = 𝜔3 … (𝜔)𝑛−1 = 𝜔𝑛−1 

 

⟹ 𝑎 = 𝜔 𝑖𝑠 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 . 𝑖. 𝑒. 𝐺 =< 𝜔 > 
 
∴ 𝐺 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝. 
 
𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑛𝑡ℎ 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑢𝑛𝑖𝑡𝑦 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 
 

5. 𝑆. 𝑇 𝑍6 = {0,1,2,3,4,5} 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 6 𝑢𝑛𝑑𝑒𝑟 +6 

 
𝑺𝒐𝒍: 𝑍6 = {0,1,2,3,4,5} 
 

𝐿𝑒𝑡𝑎 = 1 𝐺 = {0(1), 1(1), 2(1), 3(1), 4(1), 5(1)} = {0,1,2,3,4,5} 
 
∴ 𝐺 =< 1 >⟹ 𝐺 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 
 

𝐿𝑒𝑡𝑎 = 5 𝐺 = {0(5), 1(5), 2(5), 3(5), 4(5), 5(5)} = {0,5,4,3,2,1} 
 
∴ 𝐺 =< 5 >⟹ 𝐺 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 
 

6. 𝑃. 𝑇 (ℤ, +) ℎ𝑎𝑣𝑒 𝑜𝑛𝑙𝑦 𝑡𝑤𝑜 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟𝑠 (𝑂𝑅) 𝑃. 𝑇 (ℤ, +) 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 
 

𝑺𝒐𝒍: 𝐿𝑒𝑡 ℤ = {… − 3, −2, −1,0,1,2,3 … . } 𝑐𝑙𝑒𝑎𝑟𝑙𝑦 (ℤ, +) 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 
 

𝐿𝑒𝑡 𝑎 = 1 𝑡ℎ𝑒𝑛 {… − 3(1), −2(1), −1(1), 0(1), 1(1), 2(1), 3(1) … . } 
 

= {… − 3, −2, −1,0,1,2,3 … . } = ℤ ∴ ℤ =< 1 > ⟹ ℤ 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 
 
𝐴𝑙𝑠𝑜 − 1 𝑖𝑠 𝑡ℎ𝑒 𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 1 ∴ ℤ =< −1 > ⟹ ℤ 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 
 

∴ 1, −1 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟𝑠 𝑜𝑓 (ℤ, +) 
 

𝑺. 𝑵𝒐 𝑰𝒏𝒇𝒊𝒏𝒊𝒕𝒆 𝒄𝒚𝒄𝒍𝒊𝒄 𝒈𝒓𝒐𝒖𝒑𝒔 
 

1 (ℤ, +) 
 

2 (2ℤ, +) 
 

3 (𝑛ℤ, +) 
 

4 𝐺 = {𝑎𝑛⁄𝑛 ∈ ℤ} 
 
 

5 𝐺 = {2𝑛⁄𝑛 ∈ ℤ} 

𝑮𝒆𝒏𝒆𝒓𝒂𝒕𝒐𝒓𝒔 
 

1, −1 
 

2, −2 
 

𝑛, −𝑛 
 
 

𝑎,
𝑎 

 
2 , 

2
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𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟏: 𝑰𝒇′𝒂 ′𝒊𝒔 𝒂 𝒈𝒆𝒏𝒆𝒓𝒂𝒕𝒐𝒓 𝒐𝒇 𝒂 𝒄𝒚𝒄𝒍𝒊𝒄 𝒈𝒓𝒐𝒖𝒑 𝒕𝒉𝒆𝒏 𝒂−𝟏 𝒊𝒔 𝒂𝒍𝒔𝒐 𝒈𝒆𝒏𝒆𝒓𝒂𝒕𝒐𝒓 
 
𝒐𝒇 𝒄𝒚𝒄𝒍𝒊𝒄 𝒈𝒓𝒐𝒖𝒑 
 

(𝑶𝑹) 
 
𝑰𝒇 𝑮 =< 𝑎 > 𝑡ℎ𝑒𝑛 𝑃. 𝑇 𝐺 =< 𝒂−𝟏 > 
 
𝑷𝒓𝒐𝒐𝒇: 𝐿𝑒𝑡 𝐺 =< 𝑎 > 𝑏𝑒 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦′ 𝑎′ 
 

𝑖. 𝑒. 𝐺 = {𝑎𝑛⁄𝑛 ∈ ℤ} 𝐿𝑒𝑡 𝑎𝑟 ∈ 𝐺 𝑤ℎ𝑒𝑟𝑒 𝑟 ∈ ℤ 
 

𝑁𝑜𝑤 𝑎𝑟 = (𝑎−1)−𝑟 𝑤ℎ𝑒𝑟𝑒 − 𝑟 ∈ ℤ 
 
⟹ 𝐺 =< 𝑎−1 > 
 

∴ 𝑎−1 𝑖𝑠 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 
 
𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟐: 𝑨𝒏𝒚 𝒊𝒏𝒇𝒊𝒏𝒊𝒕𝒆 𝒄𝒚𝒄𝒍𝒊𝒄 𝒈𝒓𝒐𝒖𝒑 𝑮 𝒉𝒂𝒔 𝒆𝒙𝒂𝒄𝒕𝒍𝒚 𝒕𝒘𝒐 𝒈𝒆𝒏𝒆𝒓𝒂𝒕𝒐𝒓𝒔 
 

𝑷𝒓𝒐𝒐𝒇: 𝐿𝑒𝑡 𝐺 𝑏𝑒 𝑎𝑛 𝑖𝑓𝑖𝑛𝑖𝑡𝑒 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 𝑎. 𝑇ℎ𝑢𝑠 (𝑎) = 0 𝑜𝑟 ∞ 
 

𝐺 =< 𝑎 > = {𝑎𝑛⁄𝑛 ∈ ℤ} 
 

𝐿𝑒𝑡 𝑎𝑚 𝑏𝑒 𝑎 𝑔𝑒𝑛𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 𝑠𝑖𝑛𝑐𝑒 𝑎 ∈ 𝐺 𝑠𝑜 ∃ 𝑝 ∈ ℤ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡( 𝑎𝑚)𝑝 = 𝑎 
 

⟹ 𝑎𝑚𝑝−1 = 𝑒 ⟹ (𝑎) = 𝑚𝑝 − 1 
 

[  𝑝 − 1 > 0 𝑡ℎ𝑒𝑛 ∃ 𝑞 = 𝑚𝑝 − 1 ∋ 𝑎𝑞 = 𝑒 ⟹ 𝐺 𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒 ] 
 
∴ 𝐺 𝑖𝑠 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑜 𝑚𝑝 − 1 = 0 ⟹ 𝑚𝑝 = 1 ⟹ 𝑚 = ±1 𝑜𝑟 𝑝 = ±1 
 
∴ 𝐺 ℎ𝑎𝑠 𝑒𝑥𝑎𝑐𝑡𝑙𝑦 𝑡𝑤𝑜 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟𝑠 
 
𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟑: 𝑬𝒗𝒆𝒓𝒚 𝒄𝒚𝒄𝒍𝒊𝒄 𝒈𝒓𝒐𝒖𝒑 𝒊𝒔 𝒂𝒍𝒘𝒂𝒚𝒔 𝒂𝒏 𝒂𝒃𝒆𝒍𝒊𝒂𝒏. 𝑰𝒔 𝒕𝒉𝒆 𝒄𝒐𝒏𝒗𝒆𝒓𝒔𝒆 𝒕𝒓𝒖𝒆? 𝒋𝒖𝒔𝒕𝒊𝒇𝒚 
 
𝒚𝒐𝒖𝒓 𝒂𝒏𝒔𝒘𝒆𝒓 
 
𝑷𝒓𝒐𝒐𝒇: 𝐿𝑒𝑡 𝐺 =< 𝑎 > 𝑏𝑒 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 𝑎 
 

𝑖. 𝑒. 𝐺 = {𝑎𝑛⁄𝑛 ∈ ℤ} 𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑥 = 𝑎𝑟 , 𝑦 = 𝑎𝑠 𝑤ℎ𝑒𝑟𝑒 𝑟, 𝑠 ∈ ℤ 
 

𝑁𝑜𝑤 𝑥𝑦 = 𝑎𝑟𝑎𝑠 = 𝑎𝑟+𝑠 = 𝑎𝑠+𝑟 = 𝑎𝑠𝑎𝑟 = 𝑦𝑥 
 
𝑥𝑦 = 𝑦𝑥 ∀𝑥, 𝑦 ∈ 𝐺 ∴ 𝐺 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝 
 
𝑇ℎ𝑒 𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑛𝑒𝑒𝑑 𝑛𝑜𝑡 𝑏𝑒 𝑡𝑟𝑢𝑒



1 0 0 
0 0 

0 0 
0 

0 1 0 1 0 
=   

0 

0 1 −1 0 

−1 0 −1 0 1 0 
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𝑖. 𝑒. 𝐸𝑣𝑒𝑟𝑦 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝 𝑛𝑒𝑒𝑑 𝑛𝑜𝑡 𝑏𝑒 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝. 
 

𝑬𝒙: 𝐺 = {𝑒, 𝑎, 𝑏, 𝑐} 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 
 

𝑁𝑜𝑤 (𝑖)(𝑒)1 = 𝑒, (𝑒)2 = 𝑒 … (𝑒)𝑛 = 𝑒 
 
⟹ 𝑒 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 

(𝑖𝑖)(𝑎)1 = 𝑎, (𝑎)2 = 𝑒, (𝑎)3 = 𝑎, (𝑎)4 = 𝑒, (𝑎)5 = 𝑎 … ⋅ 𝑒 𝑎 𝑏 𝑐 
 

⟹ 𝑎 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 𝑒 𝑒 𝑎 𝑏 𝑐 
 

(𝑖𝑖𝑖)(𝑏)1 = 𝑏, (𝑏)2 = 𝑒, (𝑏)3 = 𝑏, (𝑏)4 = 𝑒, (𝑏)5 = 𝑏 … 𝑎 𝑎 𝑒 𝑐 𝑏 
 
⟹ 𝑏 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 𝑏 𝑏 𝑐 𝑒 𝑎 
 

(𝑖𝑣)(𝑐)1 = 𝑐, (𝑐)2 = 𝑒, (𝑐)3 = 𝑐, (𝑐)4 = 𝑒, (𝑐)5 = 𝑐 … 𝑐 𝑐 𝑏 𝑎 𝑒 
 

⟹ 𝑐 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 
 
∴ 𝐺 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 
 
𝐻𝑒𝑛𝑐𝑒 𝑒𝑣𝑒𝑟𝑦 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝 𝑛𝑒𝑒𝑑 𝑛𝑜𝑡 𝑏𝑒 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 
 

Consider 𝐺 = {𝐴 = [
0 1

] , 𝐵 = [
−1 

1] ,  = [−
1 −

1
] , 𝐷 = [

1 −
1] } 

 

Clearly is G an Abelian group w.r.t matrix multiplication. ⋅ 𝐴 𝐵 𝐶 𝐷 
 
 

𝐵 = [
−

1 0
] , 2 = [

−
1 0

] [
−1 

1 −1 
0           0 

 

−1
] = 𝐶 𝐴 𝐴 𝐵 𝐶 𝐷 

 

 

𝐵3 = 𝐵𝐵2 = [
−1 0

] [ 
0 

−
1

] = 𝐷 

 

𝐵4 = 𝐵2. 𝐵2 = [ 
0 −1

] [ 
0 −1

] = [
0 1

] = 𝐴 

 

𝐺 =< 𝐵 >⟹ 𝐺 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 

𝐵 𝐵 𝐶 𝐷 𝐴 
 
𝐶 𝐶 𝐷 𝐴 𝐵 
 
𝐷 𝐷 𝐴 𝐵 𝐶 

 
𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟒: 𝑳𝒆𝒕 𝑮 𝒃𝒆 𝒂 𝒇𝒊𝒏𝒊𝒕𝒆 𝒄𝒚𝒄𝒍𝒊𝒄 𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓 𝒏. 𝑻𝒉𝒆𝒏 𝒇𝒐𝒓 𝒂𝒏𝒚 𝟏 ≤ 𝒎 ≤ 𝒏, 
 

𝒂𝒎 𝒊𝒔 𝒂 𝒈𝒆𝒏𝒆𝒓𝒂𝒕𝒐𝒓 𝒐𝒇 𝑮 ⟺ 𝒎 𝒊𝒔 𝒓𝒆𝒍𝒂𝒕𝒊𝒗𝒆𝒍𝒚 𝒑𝒓𝒊𝒎𝒆 𝒕𝒐 𝒏. (𝒊. 𝒆 (𝒎, 𝒏) = 𝟏) 
 

𝑷𝒓𝒐𝒐𝒇: 𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝐺 =< 𝑎 > 𝑎𝑛𝑑 𝑜(𝑎) = |𝐺| = 𝑛. 
 
𝐹𝑜𝑟 𝑎𝑛𝑦 𝑏 ∈ 𝐺, 𝑤𝑒 ℎ𝑎𝑣𝑒 < 𝑏 >⊆ 𝐺 =< 𝑎 > 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 
 
𝐺 =< 𝑏 >⟺< 𝑎 >⊆< 𝑏 >⟺ 𝑎 ∈< 𝑏 >



1 

𝑝 𝑝 𝑝 

110 
 
 

∴ 𝑏 𝑖𝑠 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 ⟺ 𝑎 = 𝑏𝑆 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑠. 
 
𝑁𝑜𝑤,  𝑢𝑠 𝑓𝑖𝑥 1 ≤ 𝑚 ≤ 𝑛. 𝑇ℎ𝑒𝑛 
 

𝑎𝑚 𝑖𝑠 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 ⟺ 𝑎 = (𝑎𝑚)𝑆 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑠 ∈ ℤ 
 

⟺ 𝑎𝑚𝑠−1 = 𝑒 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑠 ∈ ℤ 
 

⟺ (𝑎)|𝑚𝑠 − 1 
 

⟺ 𝑛|𝑚𝑠 − 1 
 

⟺ 𝑚𝑠 − 1 = 𝑛𝑡 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑡 ∈ ℤ 
 

⟺ 𝑚𝑠 − 𝑛𝑡 = 1 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑡 ∈ ℤ 
 

⟺ 𝑚 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑝𝑟𝑖𝑚𝑒 𝑡𝑜 𝑛. (𝑖. 𝑒 (𝑚, 𝑛) = 1) 
 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟓: 𝑨 𝒄𝒚𝒄𝒍𝒊𝒄 𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓 ′𝒏′𝒉𝒂𝒔 𝒆𝒙𝒂𝒄𝒕𝒍𝒚 𝝓(𝒏)𝒈𝒆𝒏𝒆𝒓𝒂𝒕𝒐𝒓𝒔 
 

Proof: 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝐺 =< 𝑎𝑚 >⟺ (𝑚, ) = 1 
 

⟹ 𝑎𝑚 𝑖𝑠 𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐺 ⟺ 𝑚 𝑖𝑠 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑙𝑒𝑠𝑠𝑡ℎ𝑎𝑛 𝑛 𝑎𝑛𝑑 
 
𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑝𝑟𝑖𝑚𝑒 𝑡𝑜 𝑛 
 
𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟𝑠 𝑖𝑛 𝐺 ⟺ 𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛 𝑛 𝑎𝑛𝑑 
 

𝑤ℎ𝑖𝑐ℎ 𝑎𝑟𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 𝑝𝑟𝑖𝑚𝑒 𝑡𝑜 𝑛 ⟺ 𝜙(𝑛) 
 

∴ 𝐴 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 ′𝑛′ℎ𝑎𝑠 𝑒𝑥𝑎𝑐𝑡𝑙𝑦 𝜙(𝑛)𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟𝑠 
 
𝑬𝒖𝒍𝒆𝒓𝝓 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏: 𝐸𝑢𝑙𝑒𝑟 𝜙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝜙: ℕ → ℕ 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 
 

(𝑖) (1) = 1 (𝑖𝑖)𝑟 𝑛(> 1) ∈ 𝑁 
 

𝜙(𝑛) = 𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛 𝑛 𝑎𝑛𝑑 𝑤ℎ𝑖𝑐ℎ 𝑎𝑟𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝑙𝑦 
 
𝑝𝑟𝑖𝑚𝑒 𝑡𝑜 𝑛 
 
𝑵𝒐𝒕𝒆: 1. 𝐼𝑓 𝐺 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑡ℎ𝑒𝑛 𝑛 = 𝑝1 

1𝑝2
2 … 𝑝𝑘

𝑘 𝑤ℎ𝑒𝑟𝑒 𝑝1, 2, … 𝑝𝑘 𝑎𝑟𝑒 𝑝𝑟𝑖𝑚𝑒𝑠 
 

𝑎𝑛𝑑 1 < 𝑝1 < 𝑝2 < ⋯ < 𝑝𝑘, 𝛼1, 2, … 𝛼𝑘 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 𝑡ℎ𝑒𝑛 
 

(𝑛) = 𝑛 (1 −   ) (1 − 
1 

) … (1 − 
1 

) 
1 2 𝑘 

 

2. 𝐹𝑢𝑟𝑡ℎ𝑒𝑟 𝑛 = 𝑝𝛼 𝑤ℎ𝑒𝑟𝑒 𝑝 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 𝑎𝑛𝑑 𝑙𝑒𝑠𝑠 𝑡ℎ𝑎𝑛 𝑛 𝑡ℎ𝑒𝑛



𝑝 𝑝 

𝑝 𝑝 

111 
 
 

(𝑛) = 𝑛 (1 − 
1

) = 𝑝𝛼 (
𝑝 − 1

) = 𝑝𝛼−1 (𝑝 − 1) 
 
 

3. 𝐼𝑓 𝑝 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 𝑡ℎ𝑒𝑛 (𝑛) = 𝑛 (1 − 
1

) = 𝑝 (
𝑝 − 1

) = 𝑝 − 1 
 
 

1. 𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟𝑠 𝑜𝑓 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 10 
 

𝑺𝒐𝒍: 𝑛 = 10 𝑡ℎ𝑒𝑛 (10) =? 𝑛 = 10 = 2 × 5 = 21 × 51 

 
 

(𝑛) = 𝑛 (1 −  ) (1 − 
𝑝2

) ⟹ 𝜙(10) = 10 (1 − 
2

) (1 − 
5

) = 10 (
2

) (
5

) = 4 

 

∴ (10) = 4 𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟𝑠 𝑎𝑟𝑒 𝑎1, 𝑎3, 7, 𝑎9 

 

2. 𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟𝑠 𝑜𝑓 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 5,6,8,12,15,36,60,72,100,256 ? 
 

𝑺𝒐𝒍: 𝑛 = 5 → 𝑝𝑟𝑖𝑚𝑒 𝑡ℎ𝑒𝑛 (5) = 5 − 1 = 4 
 
 

(𝑖𝑖)𝑛 = 6 = 2 × 3 = 21 × 31 ⟹ (6) = 6 (1 − 
2

) (1 −  ) = 6 (
2

) (
3

) = 2 

 

(𝑖𝑖𝑖)𝑛 = 8 = 23 ⟹ (8) = 8 (1 − 
2

) = 8 (
2

) = 4 

 

(𝑖𝑣)𝑛 = 100 = 10 × 10 = 22 × 52 ⟹ (100) = 100 (1 − 
2

) (1 − 
5

) = 100 (
2

) (
5

) = 40 

 

(𝑖𝑖𝑖)𝑛 = 256 = 28 ⟹ (256) = 256 (1 −  ) = 256 (
2

) = 128 

 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟔: 𝑬𝒗𝒆𝒓𝒚 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒂 𝒄𝒚𝒄𝒍𝒊𝒄 𝒈𝒓𝒐𝒖𝒑 𝒊𝒔 𝒄𝒚𝒄𝒍𝒊𝒄 
 

𝑷𝒓𝒐𝒐𝒇: 𝐿𝑒𝑡 𝐺 =< 𝑎 > 𝑏𝑒 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 ′𝑎′𝑖. 𝑒. 𝐺 = {𝑎𝑛⁄𝑛 ∈ ℤ} 
 
𝐿𝑒𝑡 𝐻 𝑏𝑒 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 
 
𝑆𝑖𝑛𝑐𝑒 𝐻 ⊆ 𝐺 ⟹ 𝐸𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐻 𝑖𝑠 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺 
 

𝑇ℎ𝑢𝑠 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝑎𝑛 ∈ 𝐻 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑛 ∈ ℤ 
 
𝐿𝑒𝑡 ′𝑑 ′𝑏𝑒 𝑎 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎𝑑 ∈ 𝐻 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 𝑎𝑑 (𝑖. 𝑒. 𝐻 =< 𝑎𝑑 >) 
 

𝐿𝑒𝑡𝑎𝑚 𝑏𝑒 𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐻 𝑓𝑜𝑟𝑠𝑜𝑚𝑒 𝑚 ∈ ℤ



112 
 
 

𝐵𝑦 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚 𝑠𝑜 ∃ 𝑞, 𝑟 ∈∈ ℤ 𝑠𝑢𝑐ℎ𝑡ℎ𝑎𝑡 𝑚 = 𝑑𝑞 + 𝑟 𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑟 < 𝑑 
 

𝑁𝑜𝑤 𝑎𝑚 = 𝑎𝑑𝑞+𝑟 = (𝑎𝑑)𝑞𝑎𝑟 

 

𝑠𝑖𝑛𝑐𝑒 𝑎𝑚 ∈ 𝐻, 𝑎𝑑 ∈ 𝐻 ⟹ 𝑎𝑑𝑞 ∈ 𝐻 ⟹ 𝑎−𝑑𝑞 ∈ 𝐻 
 
𝐵𝑦 𝑐𝑙𝑜𝑠𝑢𝑟𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑎𝑚 ∈ 𝐻, 𝑎−𝑑𝑞 ∈ 𝐻 ⟹ 𝑎𝑚𝑎−𝑑𝑞 ∈ 𝐻 ⟹ 𝑎𝑑𝑞𝑎𝑟𝑎−𝑑𝑞 ∈ 𝐻 
 

⟹ 𝑎𝑟 ∈ 𝐻 𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑟 < 𝑑 
 
𝐼𝑓 0 < 𝑟 < 𝑑 𝑡ℎ𝑒𝑛 𝑎𝑟 ∈ 𝐻 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑢𝑐𝑡 𝑡𝑜 𝑎𝑑 𝑖𝑠 𝑙𝑒𝑎𝑠𝑡 
 

∴ 𝑟 = 0 
 

𝑎𝑚 = 𝑎𝑑𝑞+0 = (𝑎𝑑) 

 

𝑤ℎ𝑖𝑐ℎ 𝑖𝑚𝑝𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑒𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐻 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 (𝑎𝑑)𝑞 

 

∴ 𝐻 =< 𝑎𝑑 > 𝐻𝑒𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝. 
 
𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟕: 𝑬𝒗𝒆𝒓𝒚 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒂 𝒄𝒚𝒄𝒍𝒊𝒄 𝒈𝒓𝒐𝒖𝒑 𝒊𝒔 𝒂 𝒏𝒐𝒓𝒎𝒂𝒍 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑 
 
𝒑𝒓𝒐𝒐𝒇: 1. 𝐸𝑣𝑒𝑟𝑦 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑖𝑠 𝑐𝑦𝑐𝑙𝑖𝑐 
 
2. 𝐸𝑣𝑒𝑟𝑦 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 
 
3. 𝐸𝑣𝑒𝑟𝑦 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 
 

𝑷𝒓𝒐𝒐𝒇𝟏: 𝐿𝑒𝑡 𝐺 =< 𝑎 > 𝑏𝑒 𝑎𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 ′𝑎′𝑖. 𝑒. 𝐺 = {𝑎𝑛⁄𝑛 ∈ ℤ} 
 
𝐿𝑒𝑡 𝐻 𝑏𝑒 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 
 
𝑆𝑖𝑛𝑐𝑒 𝐻 ⊆ 𝐺 ⟹ 𝐸𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐻 𝑖𝑠 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺 
 

𝑇ℎ𝑢𝑠 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝑎𝑛 ∈ 𝐻 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑛 ∈ ℤ 
 
𝐿𝑒𝑡 ′𝑑 ′𝑏𝑒 𝑎 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎𝑑 ∈ 𝐻 
 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝐻 𝑖𝑠 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 𝑎𝑑 (𝑖. 𝑒. 𝐻 =< 𝑎𝑑 >) 
 

𝐿𝑒𝑡𝑎𝑚 𝑏𝑒 𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟 𝑜𝑓 𝐻 𝑓𝑜𝑟𝑠𝑜𝑚𝑒 𝑚 ∈ ℤ 
 
𝐵𝑦 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚 𝑠𝑜 ∃ 𝑞, 𝑟 ∈∈ ℤ 𝑠𝑢𝑐ℎ𝑡ℎ𝑎𝑡 𝑚 = 𝑑𝑞 + 𝑟 𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑟 < 𝑑 
 

𝑁𝑜𝑤 𝑎𝑚 = 𝑎𝑑𝑞+𝑟 = (𝑎𝑑)𝑞𝑎𝑟 

 

𝑠𝑖𝑛𝑐𝑒 𝑎𝑚 ∈ 𝐻, 𝑎𝑑 ∈ 𝐻 ⟹ 𝑎𝑑𝑞 ∈ 𝐻 ⟹ 𝑎−𝑑𝑞 ∈ 𝐻
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𝐵𝑦 𝑐𝑙𝑜𝑠𝑢𝑟𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑎𝑚 ∈ 𝐻, 𝑎−𝑑𝑞 ∈ 𝐻 ⟹ 𝑎𝑚𝑎−𝑑𝑞 ∈ 𝐻 ⟹ 𝑎𝑑𝑞𝑎𝑟𝑎−𝑑𝑞 ∈ 𝐻 
 

⟹ 𝑎𝑟 ∈ 𝐻 𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑟 < 𝑑 
 
𝐼𝑓 0 < 𝑟 < 𝑑 𝑡ℎ𝑒𝑛 𝑎𝑟 ∈ 𝐻 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑢𝑐𝑡 𝑡𝑜 𝑎𝑑 𝑖𝑠 𝑙𝑒𝑎𝑠𝑡 
 
∴ 𝑟 = 0 
 

𝑎𝑚 = 𝑎𝑑𝑞+0 = (𝑎𝑑) 

 

𝑤ℎ𝑖𝑐ℎ 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑒𝑣𝑒𝑟𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝐻 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 (𝑎𝑑)𝑞 

 

∴ 𝐻 =< 𝑎𝑑 > 𝐻𝑒𝑛𝑐𝑒 𝐻 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝. 
 
𝑷𝒓𝒐𝒐𝒇𝟐: 𝐿𝑒𝑡 𝐺 =< 𝑎 > 𝑏𝑒 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 𝑎 
 

𝑖. 𝑒. 𝐺 = {𝑎𝑛⁄𝑛 ∈ ℤ} 𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑥 = 𝑎𝑟 , 𝑦 = 𝑎𝑠 𝑤ℎ𝑒𝑟𝑒 𝑟, 𝑠 ∈ ℤ 
 

𝑁𝑜𝑤 𝑥𝑦 = 𝑎𝑟𝑎𝑠 = 𝑎𝑟+𝑠 = 𝑎𝑠+𝑟 = 𝑎𝑠𝑎𝑟 = 𝑦𝑥 
 
𝑥𝑦 = 𝑦𝑥 ∀𝑥, 𝑦 ∈ 𝐺 ∴ 𝐺 𝑖𝑠 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝 
 
Proof3: Let 𝐺 be an abelian group and 𝐻 be a subgroup 
 

To prove that 𝐻 is a normal subgroup of 𝐺 (i.e.∀ℎ ∈ 𝐻, ∀𝑥 ∈ 𝐺 ⟹ 𝑥ℎ𝑥−1 ∈ 𝐻) 
 
Let.ℎ ∈ 𝐻,  𝑥 ∈ 𝐺 
 

𝑥ℎ𝑥−1 = (𝑥−1ℎ) (∵ 𝑥 ∈ 𝐺 ⟹ 𝑥−1 ∈ 𝐺, ℎ ∈ 𝐻 ⟹ ℎ ∈ 𝐺 ⟹ 𝑥−1ℎ = ℎ𝑥−1,  𝑖𝑠 𝑎𝑏𝑒𝑙𝑖𝑎𝑛) 
 

= (𝑥𝑥−1)ℎ 
 

= 𝑒ℎ 
 

= ℎ ∈ 𝐻 
 

𝑥ℎ𝑥−1 ∈ 𝐻 𝐻 is a normal subgroup of 𝐺 
 
𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟖: 𝑬𝒗𝒆𝒚 𝒒𝒖𝒐𝒕𝒊𝒆𝒏𝒕 𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒂 𝒄𝒚𝒄𝒍𝒊𝒄 𝒈𝒓𝒐𝒖𝒑 𝒊𝒔 𝒂𝒍𝒔𝒐 𝒂 𝒄𝒚𝒄𝒍𝒊𝒄 𝒈𝒓𝒐𝒖𝒑 
 
𝑷𝒓𝒐𝒐𝒇: 𝐿𝑒𝑡 𝐺 =< 𝑎 > 𝑏𝑒 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 ′𝑎′ 
 

𝑖. 𝑒. 𝐺 = {𝑎𝑛⁄𝑛 ∈ ℤ} 
 
𝐿𝑒𝑡 𝑁 𝑏𝑒 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

𝑠𝑖𝑛𝑐𝑒 𝐺 𝑖𝑠 𝑐𝑦𝑐𝑙𝑖𝑐 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑁 𝑖𝑠 𝑎𝑏𝑒𝑙𝑎𝑛 (∵ 𝐸𝑣𝑒𝑟𝑦 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑎𝑏𝑒𝑙𝑖𝑎𝑛) 
 
∴ 𝑁 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 (∵ 𝐸𝑣𝑒𝑟𝑦 𝑠𝑢𝑏𝑔𝑟𝑜𝑝 𝑜𝑓 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 )
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𝑁 
= {𝑁𝑎⁄𝑎 ∈ 𝐺} 𝑖𝑠 𝑎 𝑞𝑢𝑜𝑡𝑖

𝑒
𝑛𝑡 𝑔𝑟𝑜𝑢𝑝 𝑢

𝑛
𝑑

𝑒
𝑟 

𝑁
𝑎 ⋅ 𝑁𝑏 = 𝑁𝑎𝑏 ∀

 
𝑁𝑎,

𝑁
𝑏 ∈ 

𝑁 

 

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 
𝑁 

𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 

 

𝑖. 𝑒. 
𝑁 

=< 𝑁𝑎 > (𝑖. 𝑒.
𝑁 

⊆< 𝑁𝑎 > , < 𝑁𝑎 >⊆ 
𝑁 

) 

 

𝐿𝑒𝑡 𝑎 ∈ 𝐺 ⟹ 𝑁𝑎 ∈ 
𝑁 

⟹< 𝑁𝑎 >∈ 
𝑁 

⟹< 𝑁𝑎 >⊆ 
𝑁 

→ (1) 

 

𝐿𝑒𝑡 𝑁𝑥 ∈ 
𝑁 

⟹ 𝑥 ∈ 𝐺 ⟹ 𝑥 = 𝑎𝑝 𝑤ℎ𝑒𝑟𝑒 𝑝 ∈ ℤ 

 

𝑁𝑥 = 𝑁𝑎𝑝 = 𝑁𝑎 ⋅ 𝑁𝑎 ⋅ 𝑁𝑎 ⋅ … 𝑁𝑎 ( 𝑝 𝑡𝑖𝑚𝑒𝑠) 
 

= (𝑁𝑎)𝑝 ∈< 𝑁𝑎 > 
 
⟹ 𝑁𝑥 ∈< 𝑁𝑎 > 
 
 

∴ 
𝑁 

⊆< 𝑁𝑎 > → (2) 

 

𝐹(1)𝑎𝑛𝑑 (2)
𝑁 

=< 𝑁𝑎 > 

 

∴ 
𝑁 

𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 

 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟗: 𝑬𝒗𝒆𝒓𝒚 𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒑𝒓𝒊𝒎𝒆 𝒐𝒓𝒅𝒆𝒓 𝒊𝒔 𝒂 𝒄𝒚𝒄𝒍𝒊𝒄. 𝑰𝒔 𝒕𝒉𝒆 𝒄𝒐𝒏𝒗𝒆𝒓𝒔𝒆 𝒕𝒓𝒖𝒆? 
 
𝒋𝒖𝒔𝒕𝒊𝒇𝒚 𝒚𝒐𝒖𝒓 𝒂𝒏𝒔𝒘𝒆𝒓? 
 

𝑷𝒓𝒐𝒐𝒇: 𝐿𝑒𝑡 𝐺 𝑏𝑒 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑜(𝐺) = 𝑝 𝑤ℎ𝑒𝑟𝑒 𝑝 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 
 
𝐿𝑒𝑡 𝐺 𝑏𝑒 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑡𝑤𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠, 𝑐𝑒 2 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑝𝑟𝑖𝑚𝑒 𝑛𝑢𝑚𝑏𝑒𝑟. 
 

𝐿𝑒𝑡 ′𝑎′𝑏𝑒 𝑎𝑛𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 ((𝑒) = 1) 
 

∴ (𝑎) ≥ 2 𝐿𝑒𝑡 (𝑎) = 𝑚 ⟹ 𝑎𝑚 = 𝑒 𝑤ℎ𝑒𝑟𝑒 𝑚 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 
 
∴ 𝑚 ≥ 2 
 
𝐿𝑒𝑡 𝐻 =< 𝑎 > 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

𝑖. 𝑒. 𝐻 = {𝑎𝑚⁄𝑚 ∈ ℤ} = {𝑎1, 2, 𝑎3, … 𝑎𝑚, 𝑎2𝑚 … } = {𝑎1, 𝑎2, 𝑎3, … 𝑎𝑚 = 𝑒} 
 

𝑜(𝐻) = 𝑚 = 𝑜(𝑎)
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𝐵𝑦 𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑒𝑠 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑜(𝐻)|𝑜(𝐺) ⟹ 𝑚|𝑝 
 
𝑠𝑖𝑛𝑐𝑒 𝑝 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 𝑎𝑛𝑑 𝑚 ≥ 2 
 

∴ 𝑚 = 𝑝 ⟹ 𝑜(𝐻) = 𝑜(𝐺) 
 
⟹ 𝐻 = 𝐺 ⟹ 𝐺 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 
 
∴ 𝐸𝑣𝑒𝑟𝑦 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑝𝑟𝑖𝑚𝑒 𝑜𝑟𝑑𝑒𝑟 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 
 
𝑇ℎ𝑒 𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎𝑏𝑜𝑣𝑒 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑛𝑒𝑒𝑑 𝑛𝑜𝑡 𝑏𝑒 𝑡𝑟𝑢𝑒 
 
𝑖. 𝑒. 𝐸𝑣𝑒𝑟𝑦 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑛𝑒𝑒𝑑 𝑜𝑡 𝑏𝑒 𝑝𝑟𝑖𝑚𝑒 

 

𝐹𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒 𝐺 = {1, −1, 𝑖, −𝑖} 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 4 𝑏𝑢𝑡 4 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑝𝑟𝑖𝑚𝑒. 
 
𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟏𝟎: 𝑬𝒗𝒆𝒓𝒚 𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒑𝒓𝒊𝒎𝒆 𝒐𝒓𝒅𝒆𝒓 𝒊𝒔 𝒂𝒃𝒆𝒍𝒊𝒂𝒏 
 
𝑷𝒓𝒐𝒐𝒇: 𝐹𝑖𝑟𝑠𝑡 𝑤𝑒 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 1. 𝐸𝑣𝑒𝑟𝑦 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑝𝑟𝑖𝑚𝑒 𝑜𝑟𝑑𝑒𝑟 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 
 
2. 𝐸𝑣𝑒𝑟𝑦 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 
 

𝑷𝒓𝒐𝒐𝒇𝟏: 𝐿𝑒𝑡 𝐺 𝑏𝑒 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑜(𝐺) = 𝑝 𝑤ℎ𝑒𝑟𝑒 𝑝 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 
 
𝐿𝑒𝑡 𝐺 𝑏𝑒 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑠 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑡𝑤𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠, 𝑐𝑒 2 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑝𝑟𝑖𝑚𝑒 𝑛𝑢𝑚𝑏𝑒𝑟. 
 

𝐿𝑒𝑡 ′𝑎′𝑏𝑒 𝑎𝑛𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐺 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 ((𝑒) = 1) 
 

∴ (𝑎) ≥ 2 𝐿𝑒𝑡 (𝑎) = 𝑚 ⟹ 𝑎𝑚 = 𝑒 𝑤ℎ𝑒𝑟𝑒 𝑚 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 
 
∴ 𝑚 ≥ 2 
 
𝐿𝑒𝑡 𝐻 =< 𝑎 > 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 
 

𝑖. 𝑒. 𝐻 = {𝑎𝑚⁄𝑚 ∈ ℤ} = {𝑎1, 2, 𝑎3, … 𝑎𝑚, 𝑎2𝑚 … } = {𝑎1, 𝑎2, 𝑎3, … 𝑎𝑚 = 𝑒} 
 

𝑜(𝐻) = 𝑚 = 𝑜(𝑎) 
 

𝐵𝑦 𝐿𝑎𝑔𝑟𝑎𝑛𝑔𝑒𝑠 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑜(𝐻)|𝑜(𝐺) ⟹ 𝑚|𝑝 
 
𝑠𝑖𝑛𝑐𝑒 𝑝 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 𝑎𝑛𝑑 𝑚 ≥ 2 
 

∴ 𝑚 = 𝑝 ⟹ 𝑜(𝐻) = 𝑜(𝐺) 
 
⟹ 𝐻 = 𝐺 ⟹ 𝐺 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 
 
∴ 𝐸𝑣𝑒𝑟𝑦 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑝𝑟𝑖𝑚𝑒 𝑜𝑟𝑑𝑒𝑟 𝑖𝑠 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 
 
𝑷𝒓𝒐𝒐𝒇𝟐: 𝐿𝑒𝑡 𝐺 =< 𝑎 > 𝑏𝑒 𝑎 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 𝑎
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𝑖. 𝑒. 𝐺 = {𝑎𝑛⁄𝑛 ∈ ℤ} 𝐿𝑒𝑡 𝑥, 𝑦 ∈ 𝐺 𝑡ℎ𝑒𝑛 𝑥 = 𝑎𝑟 , 𝑦 = 𝑎𝑠 𝑤ℎ𝑒𝑟𝑒 𝑟, 𝑠 ∈ ℤ 
 

𝑁𝑜𝑤 𝑥𝑦 = 𝑎𝑟𝑎𝑠 = 𝑎𝑟+𝑠 = 𝑎𝑠+𝑟 = 𝑎𝑠𝑎𝑟 = 𝑦𝑥 
 
𝑥𝑦 = 𝑦𝑥 ∀𝑥, 𝑦 ∈ 𝐺 ∴ 𝐺 𝑖𝑠 𝑎𝑛 𝑎𝑏𝑒𝑙𝑖𝑎𝑛 𝑔𝑟𝑜𝑢𝑝 
 
𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟏𝟏: 𝑨𝒏𝒚 𝒊𝒏𝒇𝒊𝒏𝒊𝒕𝒆 𝒄𝒚𝒄𝒍𝒊𝒄 𝒈𝒓𝒐𝒖𝒑 𝒊𝒔 𝒊𝒔𝒐𝒎𝒐𝒓𝒑𝒉𝒊𝒄 𝒕𝒐 𝒕𝒉𝒆 𝒂𝒅𝒅𝒊𝒕𝒊𝒗𝒆 𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒊𝒏𝒕𝒆𝒈𝒆𝒓. 
 

𝒑𝒓𝒐𝒐𝒇: 𝐿𝑒𝑡 𝐺 𝑏𝑒 𝑎𝑛 𝑖𝑛𝑓𝑖𝑛𝑡𝑒 𝑔𝑟𝑜𝑢𝑝 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦′ 𝑎′ . 
 

𝑇ℎ𝑢𝑠 (𝑎) = 0 𝑜𝑟 ∝ 𝑎𝑛𝑑 𝑎0 = 𝑒 
 

∴ 𝐺 = {𝑎𝑛⁄𝑛 ∈ ℤ} 𝑎𝑛𝑑 𝑙𝑒𝑡 (ℤ, +)𝑏𝑒 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛. 
 

𝐷𝑒𝑓𝑖𝑛𝑒 𝑓: 𝐺 → ℤ 𝑏𝑦 𝑓(𝑎𝑛) = 𝑛 ∀𝑎𝑛 ∈ 𝐺 
 
𝒇 𝒊𝒔 𝟏 − 𝟏: 𝐿𝑒𝑡 𝑎𝑖 , 𝑎𝑗 ∈ 𝐺 ∋ 𝑓(𝑎𝑖) = 𝑓(𝑎𝑗 ) 
 

𝑆𝑖𝑛𝑐𝑒 𝑓(𝑎𝑖) = 𝑓(𝑎𝑗 ) ⟹ 𝑖 = 𝑗 ⟹ 𝑎𝑖 = 𝑎 𝑗  

 

𝒇 𝒊𝒔 𝒐𝒏 − 𝒕𝒐: 𝐿𝑒𝑡 𝑘 ∈ ℤ 
 

∴ 𝑎𝑘 ∈ 𝐺 𝑎𝑛𝑑 𝑓(𝑎𝑘) = 𝑘 
 
𝒇 𝒊𝒔 𝒉𝒐𝒎𝒐: 𝐿𝑒𝑡 𝑎𝑖 , 𝑎 𝑗 ∈ 𝐺 ⟹ 𝑎𝑖 𝑎𝑗 ∈ 𝐺 
 
𝑁𝑜𝑤 𝑓(𝑎𝑖 𝑎𝑗) = 𝑓(𝑎𝑖+𝑗 ) = 𝑖 + 𝑗 = 𝑓(𝑎𝑖) + 𝑓(𝑎𝑗 ) 
 

∴ 𝑓 𝑖𝑠 𝑎𝑛 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑓𝑟𝑜𝑚 𝐺 𝑡𝑜 ℤ 
 
𝑻𝒉𝒆𝒐𝒓𝒆𝒎𝟏𝟐: 𝑬𝒗𝒆𝒓𝒚 𝒇𝒊𝒏𝒊𝒕𝒆 𝒄𝒚𝒄𝒍𝒊𝒄 𝒈𝒓𝒐𝒖𝒑 𝑮 𝒐𝒇 𝒐𝒓𝒅𝒆𝒓 𝒏 𝒊𝒔 𝒊𝒔𝒐𝒎𝒐𝒓𝒑𝒉𝒊𝒄 𝒕𝒐 𝒈𝒓𝒐𝒖𝒑 (ℤ𝒏,+𝒏) 
 

𝑷𝒓𝒐𝒐𝒇: 𝐿𝑒𝑡 𝐺 𝑏𝑒 𝑎 𝑓𝑖𝑛𝑖𝑡𝑒 𝑐𝑦𝑐𝑙𝑖𝑐 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 𝑎. 𝑠𝑜 𝑜(𝑎) = 𝑛 
 

𝐺 = {𝑎0 = 𝑒, 1, 𝑎2, … 𝑎𝑛−1} 
 

∴ 𝐺 = {𝑎𝑚⁄𝑚 ∈ ℤ 𝑎𝑛𝑑 0 ≤ 𝑚 < 𝑛} 
 

ℤ𝑛 = {0,1,2, … 𝑛 − 1} 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 +𝑛 

 

𝐷𝑒𝑓𝑖𝑛𝑒 𝑓: 𝐺 → ℤ𝑛 𝑏𝑦 𝑓(𝑎𝑚) = 𝑚 ∀𝑎𝑚 ∈ 𝐺 
 
𝒇 𝒊𝒔 𝟏 − 𝟏: 𝐿𝑒𝑡 𝑎𝑖 , 𝑎𝑗 ∈ 𝐺 ∋ 𝑓(𝑎𝑖) = 𝑓(𝑎𝑗 ) 
 

𝑆𝑖𝑛𝑐𝑒 𝑓(𝑎𝑖) = 𝑓(𝑎𝑗 ) ⟹ 𝑖 = 𝑗 ⟹ 𝑎𝑖 = 𝑎 𝑗  

 

𝒇 𝒊𝒔 𝒐𝒏 − 𝒕𝒐: 𝐿𝑒𝑡 𝑘 ∈ ℤ
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∴ 𝑎𝑘 ∈ 𝐺 𝑎𝑛𝑑 𝑓(𝑎𝑘) = 𝑘 
 
𝒇 𝒊𝒔 𝒉𝒐𝒎𝒐: 𝐿𝑒𝑡 𝑎𝑖 , 𝑎 𝑗 ∈ 𝐺 ⟹ 𝑎𝑖 𝑎𝑗 ∈ 𝐺 ⟹ 𝑎𝑖+𝑗 ∈ 𝐺 
 

𝐵𝑦 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑎𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚 ∃ 𝑞, 𝑟 ∈ ℤ ∋ 𝑖 + 𝑗 = 𝑛𝑞 + 𝑟 𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑟 < 𝑛 
 
𝑎𝑖 +𝑗 = 𝑎𝑛𝑞+𝑟 = (𝑎𝑛)𝑞𝑎𝑟 = 𝑒𝑞𝑎𝑟 = 𝑎𝑟 

 

𝑓(𝑎𝑖𝑎𝑗) = 𝑓(𝑎𝑖 +𝑗 ) = 𝑓(𝑎𝑟) = 𝑟 = 𝑓(𝑎𝑖)+𝑛𝑓(𝑎𝑗) 
 

∴ 𝑓 𝑖𝑠 𝑎𝑛 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑓𝑟𝑜𝑚 𝐺 𝑡𝑜 ℤ𝑛 


